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Abstract
Full Text

D. F. KALINICHENKO
THE FUNCTIONAL SPACE K}'(9).

SOME APPLICATIONS TO THE THEORY OF
BOUNDARY-VALUE PROBLEMS

(Presented by Academician S. L. Sobolev on 22 II 1963)

In the present article we introduce and study the functional space K{*(€2), which
is a subspace of the known spaces of S. L. Sobolev W}, (*) and W2, ., (*%).
The properties of the functions of the latter spaces, established by S. L. Sobolev
(145), V. I. Kondrashov (*9), L. D. Kudryavtsev (), and subsequently by other
authors, as well as their additional properties obtained in the present work,
play an essential role throughout this investigation. In addition, the theory of

abstract Hilbert space is used to a considerable extent.

In K7'(€2), by means of specially introduced functionals, a certain set of com-
pletely continuous operators Gy, is defined. The results of the study of these
operators are applied to the solution of eigenvalue problems for a certain class
of elliptic equations under very diverse boundary conditions, at least in a gen-
eralized sense.

The method of investigating eigenvalue problems based on the theory of abstract
Hilbert space has been used before. As an example one may cite the work of
Sandgren (7), in which eigenvalue problems for the Laplace equation are studied.
In the present work this method is developed and applied to the theory of
boundary-value problems for elliptic equations of various orders,* as well as
for equations degenerating on the boundary of the domain in which they are
considered, with a variety of boundary conditions.

1. Let the functions u(xq, ..., x,,) have inside Q all generalized (in the sense
of S. L. Sobolev) partial derivatives up to order m inclusive; moreover,
both the functions themselves and all their partial derivatives up to order
m — 1 inclusive are summable in 2 to the power p, and

[l (=

0™u
m m
Ozt Oz ™

) dQ) < oo. (1)

Here  is a bounded domain of the n-dimensional Euclidean space E™ | which
is a Lipschitz image of a cube, with sufficiently smooth (n — 1)-dimensional
boundary I'**; o, are positive, sufficiently differentiable in © functions having
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power order «; of decrease when approaching the corresponding piece of the
boundary I'), a; < p— 1.

Following V. I. Kondrashov (?), we shall say that the functions u(z,...,,)
defined above belong to the space W}, ().

,,,,,

Lemma 1. Suppose that on the boundary I' of the domain Q a system of
functions™

* Some of the problems considered here were also studied earlier (?1*) by the
variational method.

** T' may also be piecewise smooth.

*¥** For m = 1, p = 2, 7 essentially bounded, and with the volume integral
without weight, the corresponding inequality was obtained by Sandgren (7).
The present inequality is proved by another method, different from that used in

().
T’yl,...,'y” (l‘)v for which /FT,YI,W),Y" dr 7& 0 and
T’Y17~~7’)’n (.T) € Lq<r)7 if Z"Y,L <m— 1,

T @ EL D), Y =m 1,

where o;/p < 1/q—1/x (1=1,2,...,8),1/p+1/qg=1.
Then for all u(zq,...,z,) € W™ (€2) one has

Pay,.0
0Tu T
"Y17~-7’Yn, 3:17'{1 6xzn

) dsz], C=Clr, ) (2

/|u|de <C
Q

(5
Q=1 Ziml:m

The lemma is proved by obtaining a chain of auxiliary inequalities and applying
a method developed by S. M. Nikol’ skii (¥) (see also (?)).

x|

antu
m m
Ox; ' ..0xp"

Remark. On the basis of the corresponding embedding theorems for the spaces
Wzl), the conditions of the lemma may be sharpened by imposing weaker require-
ments on the exponent ¢ (1, ©).

2. Let now u(zy,...,z,) € W35, inadomain € with boundary I'. Consider
on the boundary I' of the domain ) the system of functions
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A - {951),,,,5"; T’yl,...7'y,"}‘ (3)

Here it is allowed that part of the functions of the system be prescribed on pieces
(possibly overlapping) of the boundary I', while another part is prescribed on
the whole boundary I'. In addition, the requirements on the functions from
the system A correspond to the conditions of Lemma 1 with the corresponding
remark.

That function of the system A which is prescribed on the part I'y 5 of the
boundary I' is denoted by the symbol 65 5 , and to it are put in correspon-
dence derivatives

0%y

Ox|' ...0xn"

; Zﬁz:ﬂ; f<m—1,

of such functions for which these derivatives on the remaining part of the bound-
ary I' =I'g 3 vanish in the mean with certain exponents corresponding to
the embedding theorems for the spaces under consideration, and, in addition,

/ 03, . [dl'#0.

Fﬁl)'“rﬁn

The function of the system A which is prescribed on the whole boundary I' is
denoted by the symbol 7, . . To it are put in correspondence the deriva-

tives @u/dx]* ...z, of such functions u € W3, ..o, () which satisfy the
condition

"
/FT%’“”"MM:O’ ;%:% y<m—1.

Define the linear functional space as follows:

8Pu
Oxi* 81‘5"

0Nu
———dI'=0
/FT%"“’W" ox* ... 0z }

(B, < m — 1 and for at least one k, 3, and v, are pairwise unequal; the

functions 7., ., in particular, may be constants). In K3'(€2) one defines a
sca-

KQ(Q) =que Wi, o ()

scalar product
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2 Z oMy v
(2D /Q 1 7 ( s, () Oz ... Ozy™ Ozt ... 83@?)
(4)
for all u,v € K*(2).

C m,, (¥) = 0 are bounded summable functions such that

. 2
S 87nu
[1I= [ 2. Con @) G

Xm;=m

m 2
/HUI (M) s, C > 0 (constant).
Smm Oz, ' ..0zxp"

The form (4) has been chosen for simplicity of exposition. The scalar product
in K7*(2) can also be introduced in various other ways; we shall not dwell on
this here. With the aid of (4), a norm is introduced in K}*(£2).

Theorem 1. The space K}'(2) is complete.
The proof follows the schemes developed in papers (2~4), with the use of Lemma
1. K7'(Q) is separable. Thus the space K}'(Q2) is a complete separable Hilbert

space.

3. In K*(2) a system of bilinear functionals is defined:

’ /7 8ﬂu aﬂ'U
[u,v]g., = / Os, ... .

- - 0"y v
dr 5
* Z Z I e (8361/1 Oz Ot ... 83:,{‘) ’ (5)

v Bv=y

where the primes on the sums indicate the possible absence of some terms, and

(U, U),B,'y = (<u7v))m,a1,m,as + [u’v]ﬂ,'y (6)

for all u,v € K*(€2). The meaning of the notation in (6) is clear from (4) and
(5)-

Lemma 2. In the case of nonnegative 03 5 and 7, ., the norms

Jul gy = [(u, 1),
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and

Hu”/i,'y = [((uv u))m,al,“.,a ]1/2

are equivalent in K7'(2).

The proof is carried out by the method used in paper (7), with the use of results
from papers (246:19) " as well as Lemma 1.

Theorem 2. The symmetric bilinear functional [u,v]s ., is bounded in K3'(92),
, there exists a constant C' (independent of u,v) such that

[, v]g 4| < Cllulg, vl

The theorem is proved with the aid of Hélder’ s inequality and Lemma 2.

4. From Theorem 2, on the basis of the corresponding theorem of functional
analysis (1), it follows that the functionals (5) define in K7*() corre-
sponding bounded linear operators G ., by means of the equality

[u? v]ﬁ,'y = ((Gﬁ,'yu? v))m,al,...,as’ u,v € K}\n<Q) (7)

The operators G, map K}'(Q) into K3'(Q2).
From the symmetry of [u,v]4 ., follows the self-adjointness of the operators G4 ..
Theorem 3. The operators G ., are completely continuous.

The proof follows the scheme given in (2), with the use of Lemma 1 and the
compactness theorems (246:10),

From Hilbert’ s theorem (13) it follows that each of the operators G 3, defined
above has a corresponding spectrum of real eigenvalues, as well as an orthogonal
basis consisting of eigenfunctions of the corresponding operators.

5. Assuming sufficient smoothness of the coefficients C\,, .,

(z), by known
methods (>®) one can show that the eigenfunctions of the operators G By
have derivatives in €2 up to order 2m inclusive and satisfy there the equa-
tion

oMu
Z 837 63) n (I:[Ul My, )M> =0 *,

me

as well as the generalized boundary conditions:
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a) on those piecesI'—I' 5 , where the derivatives 85u/8xf1 -+ 928" vanish,
the boundary conditions are assumed in the mean with certain exponents
b, corresponding to the embedding theorems for the spaces under consid-
eration:

b
984,

Py=I=Tg .8, Jr_T Oxy* - Oxp™

b) on the free pieces of the boundary **

dr =0 (Zjﬁ,:ﬂ);

B1s-Bn

2m—1 m—1
hm/@(T w, 20 9v o™ u o™ v )szO.
T

; ? )t m m
r,—T T ox;’ O, Oxy" -+ Oy ™ Ot -+ D

If the eigenfunctions are sufficiently differentiable in the classical sense up to
the boundary, then, in particular, for the degenerating Laplace equation they
are a solution of the problem

where I', is the degeneracy portion (U"\FU =0), and p is an eigenvalue.
We shall not dwell in detail on the boundary conditions ***.

I take this opportunity to express my gratitude to V. I. Kondrashov for suggest-
ing the topic and for valuable advice.
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* The requirements on the operator L™ correspond to the requirements imposed
on the corresponding operators in works (*19).

** For any v € K*(2). Here Y m; =2m—1, > p; =m—1.

*** In some cases the results of the present work can be obtained in a Rieman-
nian space and an estimate can be given for the growth of the eigenvalues.

Note: Figure translations are in progress. See original paper for figures.
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