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Abstract
Full Text

D. F. KALINICHENKO

THE FUNCTIONAL SPACE 𝐾𝑚
Λ (Ω).

SOME APPLICATIONS TO THE THEORY OF
BOUNDARY-VALUE PROBLEMS
(Presented by Academician S. L. Sobolev on 22 II 1963)

In the present article we introduce and study the functional space 𝐾𝑚
Λ (Ω), which

is a subspace of the known spaces of S. L. Sobolev 𝑊 𝑙
𝑝 (1) and 𝑊 𝑚

𝑝,𝛼1,…,𝛼𝑠
(2,3).

The properties of the functions of the latter spaces, established by S. L. Sobolev
(1,4,5), V. I. Kondrashov (2,6), L. D. Kudryavtsev (3), and subsequently by other
authors, as well as their additional properties obtained in the present work,
play an essential role throughout this investigation. In addition, the theory of
abstract Hilbert space is used to a considerable extent.

In 𝐾𝑚
Λ (Ω), by means of specially introduced functionals, a certain set of com-

pletely continuous operators 𝐺𝛽,𝛾 is defined. The results of the study of these
operators are applied to the solution of eigenvalue problems for a certain class
of elliptic equations under very diverse boundary conditions, at least in a gen-
eralized sense.

The method of investigating eigenvalue problems based on the theory of abstract
Hilbert space has been used before. As an example one may cite the work of
Sandgren (7), in which eigenvalue problems for the Laplace equation are studied.
In the present work this method is developed and applied to the theory of
boundary-value problems for elliptic equations of various orders,* as well as
for equations degenerating on the boundary of the domain in which they are
considered, with a variety of boundary conditions.

1. Let the functions 𝑢(𝑥1, … , 𝑥𝑛) have inside Ω all generalized (in the sense
of S. L. Sobolev) partial derivatives up to order 𝑚 inclusive; moreover,
both the functions themselves and all their partial derivatives up to order
𝑚 − 1 inclusive are summable in Ω to the power 𝑝, and

∫
Ω

𝑠
∏
𝑙=1

𝜎𝑙 ⎛⎜
⎝

∑
∑ 𝑚𝑖=𝑚

∣ 𝜕𝑚𝑢
𝜕𝑥𝑚1

1 ⋯ 𝜕𝑥𝑚𝑛𝑛
∣⎞⎟
⎠

𝑝

𝑑Ω < ∞. (1)

Here Ω is a bounded domain of the 𝑛-dimensional Euclidean space 𝐸(𝑛), which
is a Lipschitz image of a cube, with sufficiently smooth (𝑛 − 1)-dimensional
boundary Γ**; 𝜎𝑙 are positive, sufficiently differentiable in Ω functions having
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power order 𝛼𝑙 of decrease when approaching the corresponding piece of the
boundary Γ𝑙, 𝛼𝑙 < 𝑝 − 1.
Following V. I. Kondrashov (2), we shall say that the functions 𝑢(𝑥1, … , 𝑥𝑛)
defined above belong to the space 𝑊 𝑚

𝑝,𝛼1,…,𝛼𝑠
(Ω).

Lemma 1. Suppose that on the boundary Γ of the domain Ω a system of
functions*

* Some of the problems considered here were also studied earlier (2,14) by the
variational method.
** Γ may also be piecewise smooth.
*** For 𝑚 = 1, 𝑝 = 2, 𝜏 essentially bounded, and with the volume integral
without weight, the corresponding inequality was obtained by Sandgren (7).
The present inequality is proved by another method, different from that used in
(7).

𝜏𝛾1,…,𝛾𝑛
(𝑥), for which ∫

Γ
𝜏𝛾1,…,𝛾𝑛

𝑑Γ ≠ 0 and

𝜏𝛾1,…,𝛾𝑛
(𝑥) ∈ 𝐿𝑞(Γ), if ∑

𝑖
𝛾𝑖 < 𝑚 − 1,

𝜏𝛾1,…,𝛾𝑛
(𝑥) ∈ 𝐿𝜒(Γ), if ∑

𝑖
𝛾𝑖 = 𝑚 − 1,

where 𝛼𝑖/𝑝 < 1/𝑞 − 1/𝜒 (𝑖 = 1, 2, … , 𝑠), 1/𝑝 + 1/𝑞 = 1.
Then for all 𝑢(𝑥1, … , 𝑥𝑛) ∈ 𝑊 𝑚

𝑝,𝛼1,…,𝛼𝑠
(Ω) one has

∫
Ω

|𝑢|𝑝 𝑑Ω ≤ 𝐶 ⎡⎢
⎣

𝑚−1
∑
𝛾=0

∑
∑𝑖 𝛾𝑖=𝛾

∣∫
Γ

𝜏𝛾1,…,𝛾𝑛

𝜕𝛾𝑢
𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛
𝑑Γ∣

𝑝
+

+ ∫
Ω

𝑠
∏
𝑙=1

𝜎𝑙
⎛⎜
⎝

∑
∑𝑖 𝑚𝑖=𝑚

∣ 𝜕𝑚𝑢
𝜕𝑥𝑚1

1 … 𝜕𝑥𝑚𝑛𝑛
∣
𝑝
⎞⎟
⎠

𝑑Ω⎤⎥
⎦

, 𝐶 = 𝐶(𝜏𝛾1,…,𝛾𝑛
). (2)

The lemma is proved by obtaining a chain of auxiliary inequalities and applying
a method developed by S. M. Nikol’skii (8) (see also (9)).
Remark. On the basis of the corresponding embedding theorems for the spaces
𝑊 𝑙

𝑝, the conditions of the lemma may be sharpened by imposing weaker require-
ments on the exponent 𝑞 (1, 6).
2. Let now 𝑢(𝑥1, … , 𝑥𝑛) ∈ 𝑊 𝑚

2,𝛼1,…,𝛼𝑠
in a domain Ω with boundary Γ. Consider

on the boundary Γ of the domain Ω the system of functions
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Λ = {𝜃𝛽1,…,𝛽𝑛
; 𝜏𝛾1,…,𝛾𝑛

}. (3)

Here it is allowed that part of the functions of the system be prescribed on pieces
(possibly overlapping) of the boundary Γ, while another part is prescribed on
the whole boundary Γ. In addition, the requirements on the functions from
the system Λ correspond to the conditions of Lemma 1 with the corresponding
remark.

That function of the system Λ which is prescribed on the part Γ𝛽1,…,𝛽𝑛
of the

boundary Γ is denoted by the symbol 𝜃𝛽1,…,𝛽𝑛
, and to it are put in correspon-

dence derivatives

𝜕𝛽𝑢
𝜕𝑥𝛽1

1 … 𝜕𝑥𝛽𝑛𝑛
; ∑

𝑖
𝛽𝑖 = 𝛽; 𝛽 ≤ 𝑚 − 1,

of such functions for which these derivatives on the remaining part of the bound-
ary Γ − Γ𝛽1,…,𝛽𝑛

vanish in the mean with certain exponents corresponding to
the embedding theorems for the spaces under consideration, and, in addition,

∫
Γ𝛽1,…,𝛽𝑛

|𝜃𝛽1,…,𝛽𝑛
| 𝑑Γ ≠ 0.

The function of the system Λ which is prescribed on the whole boundary Γ is
denoted by the symbol 𝜏𝛾1,…,𝛾𝑛

. To it are put in correspondence the deriva-
tives 𝜕𝛾𝑢/𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛 of such functions 𝑢 ∈ 𝑊 𝑚
2,𝛼1,…,𝛼𝑠

(Ω) which satisfy the
condition

∫
Γ

𝜏𝛾1,…,𝛾𝑛

𝜕𝛾𝑢
𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛
𝑑Γ = 0, ∑

𝑖
𝛾𝑖 = 𝛾, 𝛾 ≤ 𝑚 − 1.

Define the linear functional space as follows:

𝐾𝑚
Λ (Ω) =

⎧{
⎨{⎩

𝑢 ∈ 𝑊 𝑚
2,𝛼1,…,𝛼𝑠

(Ω); 𝜕𝛽𝑢
𝜕𝑥𝛽1

1 … 𝜕𝑥𝛽𝑛𝑛
∣
Γ−Γ𝛽1,…,𝛽𝑛

= 0;

∫
Γ

𝜏𝛾1,…,𝛾𝑛

𝜕𝛾𝑢
𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛
𝑑Γ = 0}

(𝛽, 𝛾 ≤ 𝑚 − 1 and for at least one 𝑘, 𝛽𝑘 and 𝛾𝑘 are pairwise unequal; the
functions 𝜏𝛾1,…,𝛾𝑛

, in particular, may be constants). In 𝐾𝑚
Λ (Ω) one defines a

sca-

scalar product
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((𝑢, 𝑣))𝑚,𝛼1,…,𝛼𝑠
= ∫

Ω

𝑠
∏
𝑙=1

𝜎𝑙 ( ∑
Σ𝑚𝑖=𝑚

𝐶𝑚1,…,𝑚𝑛
(𝑥) 𝜕𝑚𝑢

𝜕𝑥𝑚1
1 … 𝜕𝑥𝑚𝑛𝑛

𝜕𝑚𝑣
𝜕𝑥𝑚1

1 … 𝜕𝑥𝑚𝑛𝑛
) 𝑑Ω

(4)

for all 𝑢, 𝑣 ∈ 𝐾𝑚
Λ (Ω).

𝐶𝑚1,…,𝑚𝑛
(𝑥) ⩾ 0 are bounded summable functions such that

∫
Ω

𝑠
∏
𝑙=1

𝜎𝑙 [ ∑
Σ𝑚𝑖=𝑚

𝐶𝑚1,…,𝑚𝑛
(𝑥) ( 𝜕𝑚𝑢

𝜕𝑥𝑚1
1 … 𝜕𝑥𝑚𝑛𝑛

)
2
] 𝑑Ω ⩾

⩾ 𝐶 ∫
Ω

𝑠
∏
𝑙=1

𝜎𝑙 ⋅ ∑
Σ𝑚𝑖=𝑚

( 𝜕𝑚𝑢
𝜕𝑥𝑚1

1 … 𝜕𝑥𝑚𝑛𝑛
)

2
𝑑Ω, 𝐶 > 0 (constant).

The form (4) has been chosen for simplicity of exposition. The scalar product
in 𝐾𝑚

Λ (Ω) can also be introduced in various other ways; we shall not dwell on
this here. With the aid of (4), a norm is introduced in 𝐾𝑚

Λ (Ω).
Theorem 1. The space 𝐾𝑚

Λ (Ω) is complete.

The proof follows the schemes developed in papers (2−4), with the use of Lemma
1. 𝐾𝑚

Λ (Ω) is separable. Thus the space 𝐾𝑚
Λ (Ω) is a complete separable Hilbert

space.

3. In 𝐾𝑚
Λ (Ω) a system of bilinear functionals is defined:

[𝑢, 𝑣]𝛽,𝛾 =
′

∑
𝛽

′
∑

Σ𝛽𝑖=𝛽
∫

Γ𝛽1,…,𝛽𝑛

𝜃𝛽1,…,𝛽𝑛
( 𝜕𝛽𝑢

𝜕𝑥𝛽1
1 … 𝜕𝑥𝛽𝑛𝑛

𝜕𝛽𝑣
𝜕𝑥𝛽1

1 … 𝜕𝑥𝛽𝑛𝑛
) 𝑑Γ+

+
′

∑
𝛾

′
∑

Σ𝛾𝑖=𝛾
∫

Γ
𝜏𝛾1,…,𝛾𝑛

( 𝜕𝛾𝑢
𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛

𝜕𝛾𝑣
𝜕𝑥𝛾1

1 … 𝜕𝑥𝛾𝑛𝑛
) 𝑑Γ, (5)

where the primes on the sums indicate the possible absence of some terms, and

(𝑢, 𝑣)𝛽,𝛾 = ((𝑢, 𝑣))𝑚,𝛼1,…,𝛼𝑠
+ [𝑢, 𝑣]𝛽,𝛾 (6)

for all 𝑢, 𝑣 ∈ 𝐾𝑚
Λ (Ω). The meaning of the notation in (6) is clear from (4) and

(5).

Lemma 2. In the case of nonnegative 𝜃𝛽1,…,𝛽𝑛
and 𝜏𝛾1,…,𝛾𝑛

, the norms

|𝑢|𝛽,𝛾 = [(𝑢, 𝑢)𝛽,𝛾]1/2
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and

‖𝑢‖𝛽,𝛾 = [((𝑢, 𝑢))𝑚,𝛼1,…,𝛼𝑠
]1/2

are equivalent in 𝐾𝑚
Λ (Ω).

The proof is carried out by the method used in paper (7), with the use of results
from papers (2,4,6,10), as well as Lemma 1.

Theorem 2. The symmetric bilinear functional [𝑢, 𝑣]𝛽,𝛾 is bounded in 𝐾𝑚
Λ (Ω),

i.e., there exists a constant 𝐶 (independent of 𝑢, 𝑣) such that

|[𝑢, 𝑣]𝛽,𝛾| ⩽ 𝐶‖𝑢‖𝛽,𝛾‖𝑣‖𝛽,𝛾.

The theorem is proved with the aid of Hölder’s inequality and Lemma 2.

4. From Theorem 2, on the basis of the corresponding theorem of functional
analysis (11), it follows that the functionals (5) define in 𝐾𝑚

Λ (Ω) corre-
sponding bounded linear operators 𝐺𝛽,𝛾 by means of the equality

[𝑢, 𝑣]𝛽,𝛾 = ((𝐺𝛽,𝛾𝑢, 𝑣))𝑚,𝛼1,…,𝛼𝑠
, 𝑢, 𝑣 ∈ 𝐾𝑚

Λ (Ω). (7)

The operators 𝐺𝛽,𝛾 map 𝐾𝑚
Λ (Ω) into 𝐾𝑚

Λ (Ω).
From the symmetry of [𝑢, 𝑣]𝛽,𝛾 follows the self-adjointness of the operators 𝐺𝛽,𝛾.

Theorem 3. The operators 𝐺𝛽,𝛾 are completely continuous.

The proof follows the scheme given in (12), with the use of Lemma 1 and the
compactness theorems (2,4,6,10).
From Hilbert’s theorem (13) it follows that each of the operators 𝐺𝛽,𝛾 defined
above has a corresponding spectrum of real eigenvalues, as well as an orthogonal
basis consisting of eigenfunctions of the corresponding operators.

5. Assuming sufficient smoothness of the coefficients 𝐶𝑚1,…,𝑚𝑛
(𝑥), by known

methods (5,6) one can show that the eigenfunctions of the operators 𝐺𝛽,𝛾
have derivatives in Ω up to order 2𝑚 inclusive and satisfy there the equa-
tion

𝐿𝑚𝑢 ≡ ∑
∑𝑖 𝑚𝑖=𝑚

𝜕𝑚

𝜕𝑥𝑚1
1 ⋯ 𝜕𝑥𝑚𝑛𝑛

(
𝑠

∏
𝑙=1

𝜎𝑙𝐶𝑚1,…,𝑚𝑛
(𝑥) 𝜕𝑚𝑢

𝜕𝑥𝑚1
1 ⋯ 𝜕𝑥𝑚𝑛𝑛

) = 0 ∗,

as well as the generalized boundary conditions:
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a) on those pieces Γ−Γ𝛽1,…,𝛽𝑛
, where the derivatives 𝜕𝛽𝑢/𝜕𝑥𝛽1

1 ⋯ 𝜕𝑥𝛽𝑛𝑛 vanish,
the boundary conditions are assumed in the mean with certain exponents
𝑏, corresponding to the embedding theorems for the spaces under consid-
eration:

lim
Γ𝜂→Γ−Γ𝛽1,…,𝛽𝑛

∫
Γ−Γ𝛽1,…,𝛽𝑛

∣ 𝜕𝛽𝑢
𝜕𝑥𝛽1

1 ⋯ 𝜕𝑥𝛽𝑛𝑛
∣
𝑏

𝑑Γ = 0 (∑
𝑖

𝛽𝑖 = 𝛽) ;

b) on the free pieces of the boundary **

lim
Γ𝜂→Γ

∫
Γ𝜂

Φ (𝜏𝛾1,…,𝛾𝑛
; 𝑢, 𝑣, 𝜕𝑢

𝜕𝑥𝑖
, 𝜕𝑣

𝜕𝑥𝑖
, … , 𝜕2𝑚−1𝑢

𝜕𝑥𝑚1
1 ⋯ 𝜕𝑥𝑚𝑛𝑛

𝜕𝑚−1𝑣
𝜕𝑥𝜇1

1 ⋯ 𝜕𝑥𝜇𝑛𝑛
) 𝑑Γ = 0.

If the eigenfunctions are sufficiently differentiable in the classical sense up to
the boundary, then, in particular, for the degenerating Laplace equation they
are a solution of the problem

𝑛
∑
𝑖=1

𝜕
𝜕𝑥𝑖

(𝜎𝛼 𝜕𝑢
𝜕𝑥𝑖

) = 0 in Ω,

𝜎𝛼 𝜕𝑢
𝜕𝑛 + 1

𝜇 𝜕𝑢∣Γ−Γ𝜎
= 0, 𝑢∣Γ𝜎

= 0,

where Γ𝜎 is the degeneracy portion (𝜎𝛼|Γ𝜎
= 0), and 𝜇 is an eigenvalue.

We shall not dwell in detail on the boundary conditions ***.

I take this opportunity to express my gratitude to V. I. Kondrashov for suggest-
ing the topic and for valuable advice.

Moscow Engineering-Physics Institute

Received
5 II 1963
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