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Abstract
Full Text
THEORY OF ELASTICITY
I. M. RAPOPORT

ON THE FUNDAMENTAL EQUATIONS OF
THE THEORY OF ELASTIC SHELLS
(Presented by Academician A. Yu. Ishlinskii, 26 VI 1963)

In dynamic problems of the theory of elastic shells, the self-adjointness of the
initial differential equations of equilibrium plays an essential role. Refining the
equations of Love—Timoshenko, V. Z. Vlasov (1) obtained self-adjoint equilib-
rium equations for a circular cylindrical shell and for a spherical shell. For shells
of arbitrary configuration, self-adjoint equilibrium equations can be obtained by
generalizing the method of initial functions developed by V. Z. Vlasov (2) as
applied to the problem of equilibrium of a thick plate; however, in the general
case this method leads to extremely cumbersome calculations, especially in the
presence of body forces, which are unavoidable in dynamic problems.

In the present article we indicate a method for solving the three-dimensional
problem of the theory of elasticity for a body having the form of a thin shell,
by means of which one can relatively simply construct a self-adjoint system
of differential equilibrium equations for a shell of arbitrary configuration and
variable thickness, without invoking any simplifying hypotheses. This method
is analogous to the method presented by us in the article (3).
Using the system of orthogonal curvilinear coordinates 𝛼, 𝛽, 𝛾 customary in shell
theory, we introduce into consideration the vectors

F𝑗(𝛼, 𝛽) = ∫
ℎ/2

−ℎ/2
P𝛾𝑗(1 + 𝑘1𝛾)(1 + 𝑘2𝛾) 𝑑𝛾 + p𝑒 [𝛾𝑗(1 + 𝑘1𝛾)(1 + 𝑘2𝛾)]𝛾=ℎ/2

+ p𝑖 [𝛾𝑗(1 + 𝑘1𝛾)(1 + 𝑘2𝛾)]𝛾=−ℎ/2, 𝑗 = 0, 1, … ,
(1)

where P, p𝑒, and p𝑖 are vectors determining the body and surface forces acting
on the shell; ℎ(𝛼, 𝛽) is the shell thickness; 𝑘1(𝛼, 𝛽) and 𝑘2(𝛼, 𝛽) are the principal
curvatures of the middle surface. The vector F0 determines the so-called reduced
forces; the projection of the vector F1 onto the plane tangent to the middle
surface determines the reduced moments.

We shall seek the projections of the elastic displacement u(𝛼, 𝛽, 𝛾) in the form
of power series
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𝑢𝛼 =
∞

∑
𝑖=0

𝑢𝑖(𝛼, 𝛽)𝛾𝑖, 𝑢𝛽 =
∞

∑
𝑖=0

𝑣𝑖(𝛼, 𝛽)𝛾𝑖, 𝑢𝛾 =
∞

∑
𝑖=0

𝑤𝑖(𝛼, 𝛽)𝛾𝑖. (2)

Using the fundamental equations of the theory of elasticity, transformed to
curvilinear coordinates 𝛼, 𝛽, 𝛾, one can express the projections of the vectors P,
p𝑒, and p𝑖 entering formulas (1) through the projections of the vector u, and, in
accordance with the expansions (2), construct for the projections 𝐹𝑗𝛼, 𝐹𝑗𝛽, 𝐹𝑗𝛾
of the vectors F𝑗, 𝑗 = 0, 1, … , expansions in powers of the parameter ℎ. In these
expansions the coefficients of the powers of ℎ will be differential expressions con-
taining the functions 𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 𝑖 = 0, 1, …. Thus, the totality of the expansions
obtained will constitute an infinite system of linear partial differential equations
for the functions 𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 𝑖 = 0, 1, … , determining, in accordance with formulas
(2), the desired elastic displacements 𝑢𝛼, 𝑢𝛽, 𝑢𝛾. Using the asymptotic method
widely applied in shell theory

integrating linear differential equations containing a small parameter, one can
construct asymptotic expansions for the functions 𝑢𝑖, 𝑣𝑖, 𝑤𝑖 and thereby obtain,
in accordance with formulas (2), asymptotic representations for the elastic dis-
placements 𝑢𝛼, 𝑢𝛽, 𝑢𝛾.

Omitting in the infinite system of differential equations for the functions
𝑢𝑖, 𝑣𝑖, 𝑤𝑖 all expressions having order of smallness higher than ℎ3, we obtain,
for the functions 𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 0 ≤ 𝑖 ≤ 3, a system of 12 equations determining
the elastic displacements 𝑢𝛼, 𝑢𝛽, 𝑢𝛾 with errors of order ℎ4. Eliminating from
these equations the functions 𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 𝑖 = 1, 2, 3, one can construct for
the functions 𝑢0, 𝑣0, 𝑤0 a system of 3 equations determining these functions
with errors of order ℎ4. Passing from the notation 𝑢0, 𝑣0, 𝑤0 to the generally
accepted notation 𝑢, 𝑣, 𝑤 and, for simplicity, restricting ourselves to the case of
a homogeneous shell of constant thickness, these 3 equations can be represented
in the form
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1
𝐴 {1 − ℎ2

8 [2𝐻2 − (1 + 𝜈)𝐾]} 𝜕𝜑1
𝜕𝛼 + (1 − 𝜈) [1 + ℎ2

24𝑘1(2𝑘1 + 𝑘2)] 𝜓2

+ ℎ2

24𝐴
𝜕

𝜕𝛼 [𝐾1𝜑1 + 3𝐻𝜑2 − 2(2 + 𝜈)
1 − 𝜈 𝐻𝜑3 + 3(1 + 𝜈)𝜑4 + 1 + 2𝜈

1 − 𝜈 𝜑5]

− ℎ2(1 − 𝜈)
12𝐵

𝜕
𝜕𝛽 [(4𝐻2 − 𝐾)𝜓1 − 4𝐻𝜓4 + 𝜓5]

+ ℎ2(2𝑘1 + 3𝑘2)
24𝐴

𝜕
𝜕𝛼 (1 − 4𝜈

1 − 𝜈 𝐻𝜑1 − 1 − 𝜈
2 𝜑2 + 𝜑3)

− ℎ2(1 − 𝜈)𝑘2
24𝐴

𝜕𝜑3
𝜕𝛼 + ℎ2(1 − 𝜈)𝑘1

3𝐵
𝜕(𝐻𝜓1 − 𝜓4)

𝜕𝛽 + 1 − 𝜈2

𝐸ℎ 𝑋 = 0,

1
𝐵 {1 − ℎ2

8 [2𝐻2 − (1 + 𝜈)𝐾]} 𝜕𝜑1
𝜕𝛽 + (1 − 𝜈) [1 + ℎ2

24𝑘2(𝑘1 + 2𝑘2)] 𝜓3

+ ℎ2

24𝐵
𝜕

𝜕𝛽 [𝐾1𝜑1 + 3𝐻𝜑2 − 2(2 + 𝜈)
1 − 𝜈 𝐻𝜑3 + 3(1 + 𝜈)𝜑4 + 1 + 2𝜈

1 − 𝜈 𝜑5]

+ ℎ2(1 − 𝜈)
12𝐴

𝜕
𝜕𝛼 [(4𝐻2 − 𝐾)𝜓1 − 4𝐻𝜓4 + 𝜓5]

+ ℎ2(3𝑘1 + 2𝑘2)
24𝐵

𝜕
𝜕𝛽 (1 − 4𝜈

1 − 𝜈 𝐻𝜑1 − 1 − 𝜈
2 𝜑2 + 𝜑3)

− ℎ2(1 − 𝜈)𝑘1
24𝐵

𝜕𝜑3
𝜕𝛽 − ℎ2(1 − 𝜈)𝑘2

3𝐴
𝜕(𝐻𝜓1 − 𝜓4)

𝜕𝛼 + 1 − 𝜈2

𝐸ℎ 𝑌 = 0,

− 2𝐻𝜑1 + (1 − 𝜈)𝜑2 + ℎ2

24 {𝐻𝐾2𝜑1 − [2𝐻2 − (1 − 𝜈)𝐾] [3𝜑2 − 2(2 + 𝜈)
1 − 𝜈 𝜑3]

−6(1 + 𝜈)𝐻𝜑4 − 2(1 + 2𝜈)
1 − 𝜈 𝐻𝜑5}

+ ℎ2

24𝐴𝐵
𝜕

𝜕𝛼 {(1 − 𝜈)(2𝑘1 + 𝑘2)𝐵𝜓2 − 𝐵
𝐴 [2(2 + 𝜈)

1 − 𝜈
𝜕(𝐻𝜑1)

𝜕𝛼 − 3(1 + 𝜈)𝑘2
𝜕𝜑1
𝜕𝛼 + (1 − 𝜈)𝜕𝜑2

𝜕𝛼 − 2𝜕𝜑3
𝜕𝛼 ]}

+ ℎ2

24𝐴𝐵
𝜕

𝜕𝛽 {(1 − 𝜈)(𝑘1 + 2𝑘2)𝐴𝜓3 − 𝐴
𝐵 [2(2 + 𝜈)

1 − 𝜈
𝜕(𝐻𝜑1)

𝜕𝛽 − 3(1 + 𝜈)𝑘1
𝜕𝜑1
𝜕𝛽 + (1 − 𝜈)𝜕𝜑2

𝜕𝛽 − 2𝜕𝜑3
𝜕𝛽 ]}

+ 1 − 𝜈2

𝐸ℎ 𝑍 = 0,
(3)

where 𝐴(𝛼, 𝛽) and 𝐵(𝛼, 𝛽) are the Lamé coefficients for the middle surface of
the shell, 𝐸 is the modulus of elasticity, 𝜈 is Poisson’s ratio,

𝐻 = 𝑘1 + 𝑘2
2 , 𝐾 = 𝑘1𝑘2, 𝐾1 = 2

1 − 𝜈 [3𝜈(4 − 𝜈)
1 − 𝜈 𝐻2 − (1 + 𝜈)(1 + 2𝜈)𝐾] ,
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𝐾2 = 6(1 + 2𝜈)
1 − 𝜈 𝐾 − 12𝐻2 − 2𝐾1, (4)

and 𝜑𝑗 and 𝜓𝑗, 𝑗 = 1, 2, … , 5, are differential expressions determined

by the formulas

𝜑1 = 1
𝐴𝐵 [𝜕(𝐵𝑢)

𝜕𝛼 + 𝜕(𝐴𝑣)
𝜕𝛽 ] + 2𝐻𝑤,

𝜑2 = 1
𝐴𝐵 [𝜕(𝑘2𝐵𝑢)

𝜕𝛼 + 𝜕(𝑘1𝐴𝑣)
𝜕𝛽 ] + 2𝐾𝑤,

𝜑3 = 1
2𝐴𝐵 { 𝜕

𝜕𝛼[(2𝑘1 + 3𝑘2)𝐵𝑢] + 𝜕
𝜕𝛽 [(3𝑘1 + 2𝑘2)𝐴𝑣]} −

− 1
𝐴𝐵 [ 𝜕

𝜕𝛼 (𝐵
𝐴

𝜕𝑤
𝜕𝛼 ) + 𝜕

𝜕𝛽 (𝐴
𝐵

𝜕𝑤
𝜕𝛽 )] + 3𝐾𝑤,

𝜑4 = 1
𝐴𝐵 [𝜕(𝐾𝐵𝑢)

𝜕𝛼 + 𝜕(𝐾𝐴𝑣)
𝜕𝛽 ] − 1

𝐴𝐵 [ 𝜕
𝜕𝛼 (𝑘2𝐵

𝐴
𝜕𝑤
𝜕𝛼 ) + 𝜕

𝜕𝛽 (𝑘1𝐴
𝐵

𝜕𝑤
𝜕𝛽 )] ,

𝜑5 = 1
𝐴𝐵 [ 𝜕

𝜕𝛼 (𝐵
𝐴

𝜕𝜑1
𝜕𝛼 ) + 𝜕

𝜕𝛽 (𝐴
𝐵

𝜕𝜑1
𝜕𝛽 )] ,

𝜓1 = 1
2𝐴𝐵 [𝜕(𝐵𝑣)

𝜕𝛼 − 𝜕(𝐴𝑢)
𝜕𝛽 ] , (5)

𝜓2 = 𝐾𝑢 − 1
𝐵

𝜕𝜓1
𝜕𝛽 − 𝑘2

𝐴
𝜕𝑤
𝜕𝛼 ,

𝜓3 = 𝐾𝑣 + 1
𝐴

𝜕𝜓1
𝜕𝛼 − 𝑘1

𝐵
𝜕𝑤
𝜕𝛽 ,

𝜓4 = 1
2𝐴𝐵 [𝜕(𝑘2𝐵𝑣)

𝜕𝛼 − 𝜕(𝑘1𝐴𝑢)
𝜕𝛽 ] ,

𝜓5 = 1
4𝐴𝐵 { 𝜕

𝜕𝛼[𝑘2(𝑘1 + 2𝑘2)𝐵𝑣] − 𝜕
𝜕𝛽 [𝑘1(2𝑘1 + 𝑘2)𝐴𝑢]} −

− 1
4𝐴𝐵 { 𝜕

𝜕𝛼 [(𝑘1 + 2𝑘2)𝜕𝑤
𝜕𝛽 ] − 𝜕

𝜕𝛽 [(2𝑘1 + 𝑘2)𝜕𝑤
𝜕𝛼 ]} +
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+ 1
4𝐴𝐵 [ 𝜕

𝜕𝛼 (𝐵
𝐴

𝜕𝜓1
𝜕𝛼 ) + 𝜕

𝜕𝛽 (𝐴
𝐵

𝜕𝜓1
𝜕𝛽 )] .

Equations (3) differ from the known differential equations of shell theory in the
structure of the differential expressions containing the factor ℎ2. The functions
𝑋(𝛼, 𝛽), 𝑌 (𝛼, 𝛽), 𝑍(𝛼, 𝛽) occurring in equations (3), with errors of order ℎ2, are
determined by the formulas

𝑋 = 𝐹0𝛼 + 𝑘1𝐹1𝛼 + 𝜈
(1 − 𝜈)𝐴

𝜕𝐹1𝛾
𝜕𝛼 ,

𝑌 = 𝐹0𝛽 + 𝑘2𝐹1𝛽 + 𝜈
(1 − 𝜈)𝐵

𝜕𝐹1𝛾
𝜕𝛽 , (6)

𝑍 = 𝐹0𝛾 + 1
𝐴𝐵 [𝜕(𝐵𝐹1𝛼)

𝜕𝛼 + 𝜕(𝐴𝐹1𝛽)
𝜕𝛽 ] − 2𝜈

1 − 𝜈 𝐻𝐹1𝛾.

The system of differential equations (3) is self-adjoint and can serve as the basis
for calculations in the investigation of vibrations of a thin-walled homogeneous
elastic shell of constant thickness. For an open shell, the boundary conditions
determined by the forces acting on the shell edges, or by the constraints imposed
on the elastic displacements by one or another fixing of these edges, should be
appended to the differential equations (3).

Received
23 VI 1963
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