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Abstract
Full Text

MATHEMATICS

I. I. IBRAGIMOV

ON ESTIMATING THE NORM OF A LINEAR OPERA-
TOR IN A CLASS OF ENTIRE FUNCTIONS OF FINITE
DEGREE

(Presented by Academician V. I. Smirnov on May 6, 1963)
) of

n

degree < (vy, ..., v,,) and satisfying the condition

(s = [ [ lgtorse )P oy, < oc,

Let, further, 9T be the set of linear operators T possessing the following prop-
erties:

1°. T is defined on the set W.”)_, | and its norm |T[g]

respect to any real shift in each argument.

I

is invariant with
2°. There exists a constant A(vy,...,v,,) such that

1T < A(vy,oee ) gl

where HfH@ denotes the norm of the function f(z,...,z,) in the metric of the
space C™(—o0, 00).

The first problem of the present note* is to establish, in the form of an inequality,
a dependence between the various norms of different linear operators 7" and S
from the set 9t in the class of entire functions Wﬁf?,,_wn (p = 1). The solution

of this problem is based on the fact that for any entire function g(z) = g(z +iy)
from the class W, (p > 1), for any z = x4+ iy, the identity holds (see (1), p. 59)

1 [~ sinv(t + iy)
1Y) = — t—x) ————=dt. 1
sevin = [ g-n T (1)
By successive application of identity (1) to the function g(z, ..., z,,) with respect
to each argument, we find that for an entire function g(z, ..., z,,) from the class
Wl(,f,)__,,yn (p 2 1) we have:
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g(xl +7;y1’ sy Ty +2yn> =
I\" > e " si t, +1
:(,> / / f(tl_%,_.,tn_xn)detl...dtn_ @)
n —00 —00 k=1 tk+2yk

Hence, when y; = y, = - = y,, = 0, it follows that for an entire function
9(z1y.02,) € Wﬁf)yn (p > 1), for any real x4, ..., x,,, the identity holds

g(xlv axn) =

[\ oo S o sinv,t
:(;) / / g(tl—xl,...,tn—afn)H tkkdtl..-dtk. (3)

k=1 k

* The results of the present note were reported at the International Congress
of Mathematicians in August 1962 in Stockholm and at the Second All-Union
Conference on Constructive Function Theory in October 1962 in Baku.

Moreover, we use the fact that if g(zy,...,2,) € Wﬁ?un (p > 1) and
/11

oz, ... x,) € < (7 + = = 1), then
PApop

F(zla-~~’zn) :/ / g(zl+t17"~7zn+tn)§0(t1>'-'7tn)dt1"'dtn (4)

is an entire function of the class B, , (see (1), p. 38), and the function
o(ty,...,t,) can be chosen so that the equality

r'n

F(0,0,...,0) = |g]\"” (5)

holds.
This leads to the following assertions:

Theorem 1. If g(zy, ..., z,) is an entire function of the class Wﬁ?un (p =1

T n

T, S are linear operators from the set 9, then from the validity of the inequality™

ITGI% < Ay, e ) g%

it follows that
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1Ty < Ay, o) gl

for every p > 1. Moreover, from the validity of the inequality

1T < Ay, e s v,)1S[g]) 2

it follows that

1T < Ay s 1) S [g]15”

for every p > 1.

In particular, if T is the differentiation operator, then from the validity of the
classical inequality of S. N. Bernstein

0g(xy,...,x "
‘g(ln) < Vk”gHSx;)

oxy,

there follows the Bernstein-Nikol" skii inequality (3)

(n)

H&q() <wilgly”

afL'k

for every p > 1.

Theorem 2. Let T', S be linear operators from the set 9, and let g(zq, ..., 2,,)
be an entire function of the class W, (p > 1). Then from the validity of
the inequality

'7V7L

IT% < Ay, v,)S (9] %
it follows that
n 1% 1/10
Tl < T () Avase v)ISIgllE"
k=1

for 1 < p < 2, and, moreover,

n 1/p—1/q
n V n
ITIglly" < (H ’“) Awr, s v [ STl

k=1

for 1 <p<q<+oo.
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Theorem 3. If g(z, ..., z,,) is an entire function of the class W,El) v, (P2 1),
T is a linear operator from the set 9, 1 < p < 2,

* Theorem 1 in the one-dimensional case was proved by another method in work
(2).

1< p<q< o0, then
. . 1/p 17P/4
||T[g]||é”><[() By (H ) } Il
where

: q
sinw
du.

B, =1, Bq:/
—00

Hence, in the case when T is the identity transformation, the inequality

u

n

sv, N\ 1/p—1/q "
loli” < H( =) gl

holds for all p and ¢ satisfying the condition 1 < p < ¢ < +00, where s =
[[—p/2]] is the least integer not less than p/2. The last inequality is a reﬁnement
of S. M. Nikol' skii’ s inequality (), which was generalized and sharpened in
works (#79) for more general differential operators.

IT. Let p(xq,...,2,) > 1 be a continuous function in n-dimensional Euclidean
space (R,,), let p > 1 be any number, and let Ap , be the class of functions
f(zq,...,x,) possessing the property

1115, = H =R

where P = (py,Dq, ..., D,,) and pq,ps, ..., D, are various numbers not less than
unity. In particular, for n = 3 the norm | f ||(1§’><p has the form:

1/p-
P3/P2 /Ps

Py P2/P1
dx1> dacQ:} dxs < +o00.

(3) > > N fay, g, 5)
Hf”P’(p N /C><J [/oo <~/oo ‘@(xlax%x:%)
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Obviously, the class AS;)W, called the generalized Lebesgue class, coincides with

the ordinary Lebesgue class 45,")(—00, 00) when

@(‘rlﬂ"'a‘xn> = 11 Pr=""=DPp =D

Further, let W,Ef)w,, denote the class of entire functions g(zq, ..., z,,) of finite

degree (vq,...,v,) that belong to the space A - Obviously, the class W,,l, )),,
n)

inthecase p=1land p; =py, =--=p, =p c01nc1deb with the class Wyh -

In the case when p;,ps,...,p, are various numbers not less than unity, and

o(zq,...,x,) =1, the notations used are

() — sesPn) (n) _
Wl = WL AR = 1y

The second problem* of the present note consists in establishing a connec-

tion between the different norms ||g||p1’ ., and [g], ., of an entire function

g(z1,...,2,) from the class Wl,f}’ Vl}p” where 1 <p;, <p; < oo (i=1,2,...,n).
*

e A less precise result with respect to the constant was obtained by the
author, by another method, in the work (°), carried out jointly with A.

S. Dzhafarov, where a connection was established between the different
norms ||g||gf,>¢ and Hgﬂg)w in the class W,El, )l, , with P = (pqg,...,D,),

P = (pi7"'7p;z)7 and 1 < p; <p< S (’L = 1,2,...,71,).

1. If g(zq,...,2,) € Wﬁpl’ ’p” and py, Py, ..., p,, are distinct numbers not less
than one, then

I/\

n
SEVE
7oo<xr?,?.},(xn<oo (@1, 2 ]:[ ( ) Hg”?u»-mn’

where s, = |[—p,/2]| is the least integer not less than p,/2 (k=1,2,...,n).

2. If g(z4, ., 2,) € Wl,ll’ l}p"), D1sDays e s Py D1y Doy ey Dy are distinct num-

IR LY

bers not less than one, and 1 < p, < p; < oo (i = 1,2,...,n), then we
have*

n 1/pp—1/p;,
Skryk: k
o, < 11 (2£) T— (7)

where
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sp=|[-pe/2]] (k=1,2,...,n).
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