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Abstract
Full Text
MATHEMATICS

V. M. SHALOV

SOME GENERALIZATION OF THE SPACE
OF K. FRIEDRICHS
(Presented by Academician S. L. Sobolev on 8 February 1963)

For the study of boundary-value problems of mathematical physics, variational
methods are widely used. In the work of K. Friedrichs (1), in connection with
the consideration of the quadratic functional

𝐽(𝑢) = (𝐴𝑢, 𝑢) − 2(𝑢, 𝑓), (1)

corresponding to the linear operator equation

𝐴𝑢 = 𝑓 (2)

with a Hermitian positive-definite operator in a Hilbert space 𝐻, there was
introduced a space with scalar product

[𝑢, 𝑣]𝐴 = (𝐴𝑢, 𝑣) (3)

and with the corresponding norm

‖𝑢‖𝐴 = (𝐴𝑢, 𝑢)1/2.

This space arises naturally in the solution of many concrete equations; however,
in the general case it has the drawback that it is not complete. Therefore, as
a rule, the space introduced by K. Friedrichs was completed in the usual way
by ideal elements (8), and thereby the original operator 𝐴 was in some sense
extended.

Thanks to the introduction by S. L. Sobolev (2) of the concept of a generalized
derivative and of the spaces 𝑊 𝑙

𝑝, the variational method for studying boundary-
value problems for partial differential equations received a more rigorous and
deeper interpretation. In this case the operator 𝐴 in equation (2) is extended
in advance so that the corresponding space immediately turns out to be com-
plete. Further development of this direction was obtained in the works of V.
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I. Kondrashov (4), S. M. Nikol’skii (9), L. D. Kudryavtsev (5), and other au-
thors. By introducing a certain auxiliary operator, A. E. Martynyuk (7) and
V. V. Petrishin (10) generalized the variational principle to a certain new class
of equations. The spaces introduced in this connection, as also in (1,8), were
completed by ideal elements.

In the present note a more general class of operators than in (6,7,10) is consid-
ered; a generalization of the concept of extension in the sense of K. Friedrichs is
introduced for such operators, and also, by analogy with the generalized deriva-
tive, a generalization of the extension in the sense of S. L. Sobolev is introduced,
and a certain relation between these extensions is established. Further, for the
class of operators under consideration, a new space is introduced, which is a
generalization of the space earlier proposed by K. Friedrichs (1). This space
makes it possible to pose the variational problem for a sufficiently broad class
of equations (2) with an operator 𝐴 that is not necessarily self-adjoint and does
not necessarily have a bounded inverse.

Let distributive operators 𝐴 and 𝐵 be given in a Hilbert space 𝐻. We shall
denote the domains of definition of these operators respectively by 𝐷(𝐴), 𝐷(𝐵),
their intersection 𝐷(𝐴)∩𝐷(𝐵) by 𝐷(𝐴, 𝐵), the set {𝐴𝑢} by 𝑅(𝐴), if the element
𝑢 ranges over 𝐷(𝐴, 𝐵), and the set {𝐵𝑢}
respectively through 𝑅(𝐵). We shall further assume that the sets 𝑅(𝐴) and
𝑅(𝐵) are dense in 𝐻 and that the operator 𝐵 admits closed extensions.

Definition 1. We shall call the operator 𝐴 𝐵-symmetric if, for any elements
𝑢, 𝑣 ∈ 𝐷(𝐴, 𝐵), the equality

(𝐴𝑢, 𝐵𝑣) = (𝐵𝑢, 𝐴𝑣).

holds.

Operators close to these were considered in the works (3, 6, 7).
Definition 2. We shall call the operator 𝐴 𝐵-positive if the following relations
hold: 1) (𝐴𝑢, 𝐵𝑢) > 0 for 𝑢 ≠ 0; 2) from the condition (𝐴𝑢, 𝐵𝑢) → 0 it follows
that ‖𝑢‖ → 0.

The class of 𝐵-symmetric operators is broader than the class of 𝐵-positive ones.
It is not difficult to see that in a complex Hilbert space the 𝐵-symmetry of
an operator follows immediately from the property of 𝐵-positivity. The 𝐵-
positivity of an operator, introduced by Definition 2, is in a certain sense a
necessary and sufficient condition for the solvability of the variational problem
for the functional

𝐷(𝑢) = (𝐴𝑢, 𝐵𝑢) − 2(𝐵𝑢, 𝑓),
corresponding to equation (2).

We now introduce the concept of extension of operators, which arises naturally
in the solution of variational problems.
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Definition 3. We shall say that, on elements 𝑢, 𝑣 ∈ 𝐻, 𝐵-extensions in the
sense of K. Friedrichs 𝒜 and ℬ, corresponding to the operators 𝐴 and 𝐵, are
defined if in 𝐷(𝐴, 𝐵) there are sequences {𝑢𝑘} and {𝑣𝑘}, strongly converging
respectively to 𝑢 and 𝑣, and elements 𝜔𝑢, 𝜒𝑣, such that the following relations
hold: 1) lim

𝑘→∞
(𝜔𝑢 − 𝐴𝑢𝑘, 𝜒𝑣 − 𝐵𝑣𝑘) = 0; 2) lim

𝑘→∞
[(𝜔𝑢, 𝜒𝑣) − (𝐴𝑢𝑘, 𝐵𝑣𝑘)] = 0. In

this case we shall write 𝜔𝑢 = 𝒜𝑢, 𝜒𝑣 = ℬ𝑣.

For the extension introduced above the following holds.

Theorem 1. If the set {𝐵𝑣} is dense in 𝐻 when 𝑣 ranges over 𝐷(𝐵)∩𝐷(𝐵∗𝐴),
then the 𝐵-extension in the sense of K. Friedrichs is unique in 𝐻.

Moreover, the 𝐵-extension in the sense of K. Friedrichs has the following prop-
erty:

Theorem 2. The operator 𝒜, corresponding to the 𝐵-symmetric 𝐵-positive
operator 𝐴, will be ℬ-symmetric and ℬ-positive.

If the operator 𝐴, in addition to the properties indicated above, also has the
property that 𝐷(𝐴) is dense in 𝐻, then another concept of extension can be
introduced:

Definition 4. We shall say that on an element 𝑢 ∈ 𝐻 a 𝐵-extension in the
sense of S. L. Sobolev 𝐴, corresponding to the operator 𝐴, is defined if in
𝐻 there is an element 𝜔 such that, for all 𝑣 ∈ 𝐷(𝐴∗𝐵) ∩ 𝐷(𝐵), the equality
(𝑢, 𝐴∗𝐵𝑣) = (𝜔, 𝐵𝑣) holds. In this case we shall write 𝜔 = 𝐴𝑢.

Analogously we shall also define the 𝐴-extension 𝐵, corresponding to the oper-
ator 𝐵.

It is easy to see that if 𝐴 is the differentiation operator, then, putting 𝐵 = 𝐼
with domain of definition on smooth finite functions, we obtain the well-known
definition of S. L. Sobolev (2) of the generalized derivative and, correspondingly,
of the generalized differential operator.

Analogously to the results for the generalized derivative, the following holds.

Theorem 3. In order that, on an element 𝑢 ∈ 𝐻, the 𝐵-extension in the sense
of S. L. Sobolev 𝐴, corresponding to the operator 𝐴, be defined, it is sufficient
that in 𝐷(𝐴) there be a sequence {𝑢𝑘} such that

lim
𝑘→∞

(𝑢𝑘, 𝐴∗𝐵𝑣) = (𝑢, 𝐴∗𝐵𝑣) for all 𝑣 ∈ 𝐷(𝐴∗𝐵), ‖𝐴𝑢𝑘‖ < 𝑐.

The proof of the theorem is carried out almost in the same way as in (2). With
regard to the uniqueness of the extension introduced by Definition 4, the follow-
ing is true.

Theorem 4. The 𝐵-extension in the sense of S. L. Sobolev of the operator 𝐴
is unique if the set {𝐵𝑣} is dense in 𝐻, as 𝑣 ranges over 𝐷(𝐴∗𝐵) ∩ 𝐷(𝐵).
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For many important cases, 𝐵-extensions in the sense of S. L. Sobolev have
been well studied (see, for example, (2,4 ,5 ,9 )), and therefore it is of interest to
establish the relation between 𝐵-extensions in the sense of K. Friedrichs and in
the sense of S. L. Sobolev.

Theorem 5. Between the 𝐵-extensions in the sense of K. Friedrichs 𝒜 and 𝔅
and the extensions in the sense of S. L. Sobolev 𝐴 and 𝐵, corresponding to the
operators 𝐴 and 𝐵, the relation holds

𝐷(𝐴, 𝐵) ⊆ 𝐷(𝒜, 𝔅) ⊆ 𝐷(𝐴, 𝐵).

This theorem gives, in many cases, the possibility of reducing extensions arising
in the solution of variational problems to extensions in the sense of S. L. Sobolev,
and of considering, for example, the spaces 𝑊 (𝑙)

2 or the weighted spaces close to
them (5).
With the aid of the 𝔅-positive operator 𝒜, we now introduce the space 𝔉𝐴𝔅,
which we shall call the K. Friedrichs space. In the space 𝔉𝐴𝔅 we define the
scalar product in the following way:

[𝑢, 𝑣]𝐴𝔅 = (𝒜𝑢, 𝔅𝑣)

and, accordingly, the norm

‖𝑢‖𝐴𝔅 = (𝒜𝑢, 𝔅𝑢)1/2.

The usual properties of the norm, as is not hard to verify, are fulfilled in this
case.

Of the properties of the space 𝔉𝐴𝔅, we note only the following:

Theorem 6. The K. Friedrichs space 𝔉𝐴𝔅 is complete.

The introduced space 𝔉𝐴𝔅 makes it possible to extend the ideas of S. L. Sobolev
(2) to a significant class of equations with a non-self-adjoint operator.

In conclusion I express my sincere gratitude to Prof. L. D. Kudryavtsev for his
attention to the work and valuable advice.
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