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Abstract
Full Text
C. A. KRUGLYAK

ON REPRESENTATIONS OF THE GROUP
(𝑝, 𝑝) OVER A FIELD OF CHARACTERISTIC
𝑝
(Presented by Academician A. I. Mal’cev on 3 VII 1963)

By a representation of a group 𝐺 over a field 𝐾 one means a homomorphism
of the group 𝐺 into the group of nonsingular matrices over the field 𝐾. In
the case when the characteristic of the field 𝐾 does not divide the order of the
group, the theory of representations is well developed. The situation is much
worse with representations of a group over a field whose characteristic divides
the order of the group. If 𝑝 is the characteristic of the field, then the problem
of finding all representations of such groups reduces to the problem of finding
all representations of 𝑝-groups. It is easy to find all representations of a cyclic
group. V. A. Bashev (1) found all representations of the group (2, 2) over an
algebraically closed field of characteristic 2. It would seem that the problem of
finding all representations of the group (𝑝, 𝑝) over a field of characteristic 𝑝, or
at least of the group (3, 3) over a field of characteristic 3, should be not much
more difficult than the problem solved by V. A. Bashev. It turns out, however,
that the problem of finding all representations over a field 𝐾 of characteristic
𝑝 of the group (𝑝, 𝑝), for 𝑝 ≠ 2, is no easier than the problem of finding all
representations of an arbitrary group over the field 𝐾. It is necessary to clarify
the meaning of the words “to find all representations of the group 𝐺.”In the
case of a cyclic group and in the case considered by V. A. Bashev, the matrices
of the representation are brought to a certain“normal”form. With the help of
the normal form all indecomposable inequivalent representations are described.

In the present paper it is shown that if the problem of finding all representations
of the group (𝑝, 𝑝) is understood in the same sense and one aims to describe all
representations of the group (𝑝, 𝑝) over a field 𝐾 of characteristic 𝑝 by means
of a normal form for the representation matrices, then for such a description it
would be necessary to find (in the same sense) all representations of all groups
over 𝐾.

1. Let 𝐺 be an arbitrary group of order ℎ; 𝑔1 = 𝑒, 𝑔2, … , 𝑔ℎ its elements; 𝜑 a
representation of 𝐺 over a field 𝐾 of characteristic 𝑝, 𝑝 ≠ 2; 𝜑(𝑔𝑖) = 𝑋𝑖,
𝑖 = 1, 2, … , ℎ; 𝑋𝑖 of size 𝑚 × 𝑚; 𝜑(𝑒) = 𝑋1 is equal to the identity
matrix 𝐸. Two 𝑚-dimensional representations 𝑋𝑖 and 𝑋′

𝑖 , 𝑖 = 1, 2, … , ℎ,
of the group 𝐺 are called equivalent if there exists a matrix 𝐶 such that
𝑋′

𝑖 = 𝐶𝑋𝑖𝐶−1 for all 𝑖.

sovietrxiv.org/items/ru-196301.90030 Machine Translation

https://sovietrxiv.org/items/ru-196301.90030


It is obvious that two representations 𝑋𝑖 and 𝑋′
𝑖 , 𝑖 = 1, 2, … , ℎ, are equivalent

if and only if there exist nonsingular matrices 𝑃 and 𝑄 such that 𝑃𝑋𝑖𝑄 = 𝑋′
𝑖

for all 𝑖.
Indeed, 𝑋1 = 𝑋′

1 = 𝐸, and from 𝑃𝑋1𝑄 = 𝑋′
1 we obtain that 𝑃 = 𝑄−1. We

shall assume that in the collection 𝑋1 = 𝐸, 𝑋2, … , 𝑋𝑛 there is an odd number
of matrices, adding, if necessary, to the representation of the group 𝐺 one more
identity matrix.

Denote by 𝑋𝑖 (𝑋𝑖) the matrix of size 𝑚 × (𝑚 + 1), the first 𝑚 columns of
which form exactly the matrix 𝑋𝑖 (𝑋′

𝑖), while the (𝑚 + 1)-st column is zero.
Nonsingular matrices 𝑃 and 𝑄 such that 𝑃𝑋𝑖𝑄 = 𝑋′

𝑖 , 𝑖 = 1, … , ℎ, exist if and
only if there exist nonsingular matrices 𝑃 and 𝑄 of sizes 𝑚×𝑚, (𝑚+1)×(𝑚+1),
respectively, such that

𝑃 𝑋𝑖 𝑄 = 𝑋′
𝑖 , 𝑖 = 1, 2, … , ℎ.

Indeed, if 𝑃𝑋𝑖𝑄 = 𝑋′
𝑖 , 𝑖 = 1, 2, … , ℎ, then as 𝑃 and 𝑄 one may take the

matrices

𝑃 ,
⎛⎜⎜⎜
⎝

𝑄
0
⋮
0

0 … 0 1

⎞⎟⎟⎟
⎠

.

If, however, 𝑃 𝑋𝑖 𝑄 = 𝑋′
𝑖, 𝑖 = 1, 2, … , ℎ, then

⎛⎜⎜⎜
⎝

0
𝑃𝑋′

𝑖
⋮
0

⎞⎟⎟⎟
⎠

⋅ 𝑄 =
⎛⎜⎜⎜
⎝

0
𝑋′

𝑖
⋮
0

⎞⎟⎟⎟
⎠

,

and since the matrix 𝑃 ⋅ 𝑋𝑖 is nonsingular, 𝑄 has the form

𝑄 =
⎛⎜⎜⎜
⎝

𝑄̂
0
⋮
0

∗ … ∗ ∗

⎞⎟⎟⎟
⎠

,

where 𝑄̂ is a nonsingular matrix of size 𝑚×𝑚. As 𝑃 and 𝑄 one may take 𝑃 and
𝑄̂. Thus, the representations 𝑋𝑖 and 𝑋′

𝑖 , 𝑖 = 1, … , ℎ, are equivalent if and only
if there exist nonsingular matrices 𝑃 and 𝑄 of sizes 𝑚 × 𝑚, (𝑚 + 1) × (𝑚 + 1),
respectively, such that

𝑃 𝑋𝑖 𝑄 = 𝑋′
𝑖, 𝑖 = 1, 2, … , ℎ.
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2. 𝑣 = ℎ − 1, 𝑣 even. Let

𝑋𝑖 = (𝑥𝑖
𝑘𝑙) (𝑘 = 1, 2, … , 𝑚; 𝑙 = 1, 2, … , 𝑚 + 1).

We introduce the matrices

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑥1
𝑘𝑙

𝑥2
𝑘𝑙 𝑥1

𝑘𝑙 0
⋮ ⋮
⋮ ⋮
⋮ 𝑥2

𝑘𝑙 ⋮
𝑥ℎ

𝑘𝑙 ⋮ 𝑥1
𝑘𝑙

𝑥ℎ
𝑘𝑙 ⋮ 𝑥2

𝑘𝑙
⋮ ⋮

0 ⋮ 𝑥ℎ
𝑘𝑙

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠ (𝑚 + 1)𝑣

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚𝑣

̂𝑆 = (𝑆𝑘𝑙) (𝑘 = 1, 2, … , 𝑚; 𝑙 = 1, 2, … , 𝑚 + 1).
By the letter 𝑆 we shall denote the square nonsingular matrix

𝑆 = ( ̂𝑆 𝐸
𝐸 0 ) , 𝑀𝑟 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
1 0

1 ⋱
⋱ ⋱ 0

1 0
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠𝑟+1

, 𝑁𝑟 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
0 1

0 ⋱
⋱ ⋱ 1

0 1
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠𝑟+1

.

⏟⏟⏟⏟⏟
𝑟

⏟⏟⏟⏟⏟
𝑟

For convenience we introduce the notation:

(𝑚 + 1)𝑣 = 𝑚̃;

𝐴1 =
⎛⎜⎜⎜
⎝

𝑀𝑚̃
⋱

𝑀𝑚̃

0

0 𝑀𝑚𝑚̃

⎞⎟⎟⎟
⎠

, 𝐵1 =
⎛⎜⎜⎜
⎝

𝑁𝑚̃
⋱

𝑁𝑚̃

0

0 𝑁𝑚𝑚̃

⎞⎟⎟⎟
⎠

,
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𝐴2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑀𝑚𝑣−1
⋱

𝑀𝑚𝑣−1

0

0
𝑀1

⋱
𝑀1

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, 𝐵2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑁𝑚𝑣−1
⋱

𝑁𝑚𝑣−1

0

0
𝑁1

⋱
𝑁1

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

⏟⏟⏟⏟⏟
𝑚𝑚̃

2 times

⏟⏟⏟⏟⏟
𝑚𝑚̃

2 times

𝐴 = ⎛⎜
⎝

𝐸 𝐴1 0
0 𝐸 𝑆 ⋅ 𝐴2
0 0 𝐸

⎞⎟
⎠

, 𝐴𝑝 = ⎛⎜
⎝

𝐸 𝑝 ⋅ 𝐴1
𝑝(𝑝−1)

2 𝐴1 ⋅ 𝑆 ⋅ 𝐴2
0 𝐸 𝑝 ⋅ 𝑆 ⋅ 𝐴2
0 0 𝐸

⎞⎟
⎠

= 𝐸,

𝐵 = ⎛⎜
⎝

𝐸 𝐵1 0
0 𝐸 𝑆 ⋅ 𝐵2
0 0 𝐸

⎞⎟
⎠

, 𝐵𝑝 = ⎛⎜
⎝

𝐸 𝑝 ⋅ 𝐵1
𝑝(𝑝−1)

2 𝐵1 ⋅ 𝑆 ⋅ 𝐵2
0 𝐸 𝑝 ⋅ 𝑆 ⋅ 𝐵2
0 0 𝐸

⎞⎟
⎠

= 𝐸,

since 𝑝 is the characteristic of the field, which, by assumption, is not equal to 2,

𝐴𝐵 = ⎛⎜
⎝

𝐸 𝐴1 + 𝐵1 𝐴1 ⋅ 𝑆 ⋅ 𝐵2
0 𝐸 𝐴2 + 𝐵2
0 0 𝐸

⎞⎟
⎠

, 𝐵𝐴 = ⎛⎜
⎝

𝐸 𝐴1 + 𝐵1 𝐵1 ⋅ 𝑆 ⋅ 𝐴2
0 𝐸 𝐴2 + 𝐵2
0 0 𝐸

⎞⎟
⎠

.

It is not difficult to verify that 𝐴𝐵 = 𝐵𝐴. For this it suffices to prove that
𝐴1𝑆𝐵2 = 𝐵1𝑆𝐴2 (here the parity of 𝑣 is essential).

3. Denote the generators of the group (𝑝, 𝑝) by 𝑎 and 𝑏. The defining relations
of this group have the form 𝑎𝑝 = 𝑒, 𝑏𝑝 = 𝑒, 𝑎𝑏 = 𝑏𝑎.

Since 𝐴𝑝 = 𝐸, 𝐵𝑝 = 𝐸 and 𝐴𝐵 = 𝐵𝐴, the correspondence 𝑎 ↦ 𝐴, 𝑏 ↦ 𝐵
extends to a homomorphism of the group (𝑝, 𝑝) into the group of nonsingular
matrices over the field 𝐾 of characteristic 𝑝. Consequently, the matrices 𝐴 and
𝐵 define a representation of the group (𝑝, 𝑝). The matrix 𝑆′ is constructed from
the matrices 𝑋̄′

1, 𝑋̄′
2, … , 𝑋̄′

ℎ in exactly the same way as 𝑆 from 𝑋̄1, 𝑋̄2, … , 𝑋̄ℎ.

𝐴′ = ⎛⎜
⎝

𝐸 𝐴1 0
0 𝐸 𝑆′ ⋅ 𝐴2
0 0 𝐸

⎞⎟
⎠

, 𝐵′ = ⎛⎜
⎝

𝐸 𝐵1 0
0 𝐸 𝑆′ ⋅ 𝐵2
0 0 𝐸

⎞⎟
⎠

.

𝐴′ and 𝐵′ also define a representation of the group (𝑝, 𝑝).
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Let the representations 𝐴, 𝐵 and 𝐴′, 𝐵′ be equivalent, i.e. there exists a matrix
𝐶 such that 𝐴′ = 𝐶𝐴𝐶−1, 𝐵′ = 𝐶𝐵𝐶−1. If we write 𝐶 in block form: 𝐶 = (𝐶𝑖𝑗)
(𝑖, 𝑗 = 1, 2, 3) and in the equalities 𝐶𝐴 = 𝐴′𝐶, 𝐶𝐵 = 𝐵′𝐶 multiply the matrices
as block matrices, then we obtain a series of matrix equalities:

𝐴1𝐶21 = 0, 𝐵1𝐶21 = 0; (1)

𝐴2𝐶31 = 0, 𝐵2𝐶31 = 0; (2)

𝐶21𝐴1 = 𝑆′𝐴2𝐶32, 𝐶21𝐵1 = 𝑆′𝐵2𝐶32; (3)

𝐶11𝐴1 = 𝐴1𝐶22, 𝐶11𝐵1 = 𝐵1𝐶22; (4)

𝐶22𝑆𝐴2 = 𝑆′𝐴2𝐶33, 𝐶22𝑆𝐵2 = 𝑆′𝐵2𝐶33. (5)

We shall regard the matrices 𝐴1, 𝐵1 as linear mappings of one and the same
linear space of column vectors

⎛⎜⎜⎜
⎝

𝛼1
𝛼2
⋮

𝛼𝜌

⎞⎟⎟⎟
⎠

, 𝜌 = 2𝑚(𝑚 + 1)𝑣, 𝛼𝑖 ∈ 𝐾,

into another linear space. It is easy to establish that Ker 𝐴1 ∩ Ker 𝐵1 = 0. In
the analogous sense, Ker 𝐴2 ∩Ker 𝐵2 = 0. Therefore from equalities (1), (2), (3)
we obtain that 𝐶21 = 0, 𝐶31 = 0, 𝐶32 = 0. Hence, and from the fact that 𝐶 is
a nonsingular matrix, it follows that the matrices 𝐶11, 𝐶22, 𝐶33 are nonsingular.
Rename these matrices: 𝐶11 = 𝑇 , 𝐶22 = 𝑃, 𝐶33 = 𝑅. Then equalities (4) and
(5) take the form:

𝑇 𝐴1 = 𝐴1𝑃 , 𝑇 𝐵1 = 𝐵1𝑃 ; (4’)

𝑃𝑆𝐴2 = 𝑆′𝐴2𝑅, 𝑃𝑆𝐵2 = 𝑆′𝐵2𝑅. (5’)

Denote the nonsingular matrix 𝑆−1𝑃𝑆 by 𝑄−1. Then 𝑆′ = 𝑃𝑆𝑄.

Thus, we have proved that if the representation 𝐴, 𝐵 of the group (𝑝, 𝑝) is
equivalent to the representation 𝐴′, 𝐵′, then 𝑆′ = 𝑃𝑆𝑄, where 𝑃 and 𝑄 are
nonsingular-

the given matrices satisfying the conditions:

𝑇 𝐴1 = 𝐴1𝑃 , 𝑇 𝐵1 = 𝐵1𝑃 ; (4’)

𝑄𝐴2 = 𝐴2𝑅, 𝑄𝐵2 = 𝐵2𝑅 (5”)

for some nonsingular matrices 𝑇 and 𝑅.
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𝑇 =
⎛⎜⎜⎜
⎝

𝑇11 … 𝑇1𝑚 𝑇1,𝑚+1
⋮ ⋮

𝑇𝑚1 … 𝑇𝑚𝑚 𝑇𝑚,𝑚+1
𝑇𝑚+1,1 … 𝑇𝑚+1,𝑚 𝑇𝑚+1,𝑚+1

⎞⎟⎟⎟
⎠

}𝑚̃ + 1
}𝑚̃ + 1
}𝑚𝑚̃ + 1

,

𝑃 =
⎛⎜⎜⎜
⎝

𝑃11 … 𝑃1𝑚 𝑃1,𝑚+1
⋮ ⋮

𝑃𝑚1 … 𝑃𝑚𝑚 𝑃𝑚,𝑚+1
𝑃𝑚+1,1 … 𝑃𝑚+1,𝑚 𝑃𝑚+1,𝑚+1

⎞⎟⎟⎟
⎠

}𝑚̃
}𝑚̃
}𝑚𝑚̃

.

From (4) we obtain:

𝑇𝑖𝑗𝑀𝑚̃ = 𝑀𝑚̃𝑃𝑖𝑗, 𝑇𝑖𝑗𝑁𝑚̃ = 𝑁𝑚̃𝑃𝑖𝑗 (𝑖, 𝑗 = 1, 2, … , 𝑚),

𝑇𝑖,𝑚+1𝑀𝑚𝑚̃ = 𝑀𝑚̃𝑃𝑖,𝑚+1, 𝑇𝑖,𝑚+1𝑁𝑚𝑚̃ = 𝑁𝑚̃𝑃𝑖,𝑚+1 (𝑖 = 1, 2, … , 𝑚).

From these matrix equalities it is easy to obtain that 𝑃𝑖𝑗 is a scalar matrix for
𝑖, 𝑗 = 1, 2, … , 𝑚, and 𝑃𝑖,𝑚+1 = 0 for 𝑖 = 1, 2, … , 𝑚. Consequently, 𝑃 has the
form:

𝑃 =
⎛⎜⎜⎜
⎝

𝑐11𝐸 𝑐12𝐸 … 𝑐1𝑚𝐸 0
⋮ ⋮ ⋮ ⋮ ⋮

𝑐𝑚1𝐸 𝑐𝑚2𝐸 … 𝑐𝑚𝑚𝐸 0
∗ ∗ … ∗ ∗

⎞⎟⎟⎟
⎠

}𝑚̃
}𝑚̃
}𝑚𝑚̃

.

Similarly, from conditions (5) we obtain that

𝑄 =
⎛⎜⎜⎜
⎝

𝑑11𝐸 𝑑12𝐸 … 𝑑1,𝑚+1𝐸 ∗
⋮ ⋮ ⋮ ⋮ ⋮

𝑑𝑚+1,1𝐸 𝑑𝑚+1,2𝐸 … 𝑑𝑚+1,𝑚+1𝐸 ∗
0 0 … 0 ∗

⎞⎟⎟⎟
⎠

}𝑚𝑣
}𝑚𝑣
}𝑚𝑚̃

.

Introduce the notation:

𝑃 =
⎛⎜⎜⎜
⎝

𝑐11𝐸 𝑐12𝐸 … 𝑐1𝑚𝐸
𝑐21𝐸 𝑐22𝐸 … 𝑐2𝑚𝐸

⋮ ⋮
𝑐𝑚1𝐸 𝑐𝑚2𝐸 … 𝑐𝑚𝑚𝐸

⎞⎟⎟⎟
⎠

}𝑚̃
}𝑚̃
}𝑚̃

, 𝑄 =
⎛⎜⎜⎜
⎝

𝑑11𝐸 𝑑12𝐸 … 𝑑1,𝑚+1𝐸
𝑑21𝐸 𝑑22𝐸 … 𝑑2,𝑚+1𝐸

⋮ ⋮
𝑑𝑚+1,1𝐸 𝑑𝑚+1,2𝐸 … 𝑑𝑚+1,𝑚+1𝐸

⎞⎟⎟⎟
⎠

}𝑚𝑣
}𝑚𝑣
}𝑚𝑣

,

𝑃 = (𝑐𝑖𝑗), 𝑖, 𝑗 = 1, 2, … , 𝑚; 𝑄 = (𝑑𝑖𝑗), 𝑖, 𝑗 = 1, 2, … , 𝑚 + 1.

For 𝑆′, just as for 𝑆, the matrix 𝑆′ is defined. If 𝑆′ = 𝑃𝑆𝑄, then, obviously,

𝑆′ = 𝑃 𝑆 𝑄 and 𝑋𝑖 = 𝑃𝑋𝑖𝑄, 𝑖 = 1, 2, … , ℎ.

Thus, if the representations 𝐴, 𝐵 and 𝐴′, 𝐵′ of the group (𝑝, 𝑝) are equiva-
lent, then the representations 𝑋1, 𝑋2, … , 𝑋ℎ and 𝑋′

1, 𝑋′
2, … , 𝑋′

ℎ of the group
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𝐺 are also equivalent. It is easy to see that if, conversely, the representations
𝑋1, … , 𝑋ℎ and 𝑋′

1, … , 𝑋′
ℎ of the group 𝐺 are equivalent, then the corresponding

representations 𝐴, 𝐵 and 𝐴′, 𝐵′ of the group (𝑝, 𝑝) are equivalent as well. The
representation 𝑋1, … , 𝑋ℎ of the group 𝐺 and the corresponding representation
𝐴, 𝐵 of the group (𝑝, 𝑝) are simultaneously decomposable or indecomposable.
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