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Abstract
Full Text
V. A. MEDVEDEV

ON THE CONVERGENCE OF ORTHOGO-
NAL LAGUERRE, HERMITE, AND JACOBI
SERIES
(Presented by Academician G. I. Petrov on 18 IV 1963)

In the application of certain direct methods to differential equations (the Ritz,
Galerkin, and least-squares methods), completeness of systems of approximating
functions is required in spaces in which the norm of a function is defined by
integrals of the squares of the function and its derivatives (1). In the present
paper, completeness in such spaces is proved for systems of Laguerre, Hermite,
and Jacobi functions.

It is known that the orthonormal system of Laguerre functions

𝜑𝛼,𝑛 = 1
√𝑛!Γ(𝑛 + 𝛼 + 1)

𝑒𝑥/2𝑥−𝛼/2 𝑑𝑛

𝑑𝑥𝑛 (𝑥𝑛+𝛼𝑒−𝑥) (𝛼 > −1, 𝑛 = 0, 1, 2, …)

is complete in 𝐿2(0, ∞).
Denote by 𝑊 (𝑘)

2 (0, ∞) the space whose elements are functions 𝜑(𝑥), defined on
the half-line 0 ≤ 𝑥 < ∞, such that the derivatives up to order 𝑘−1 are absolutely
continuous, the derivatives up to order 𝑘, together with 𝜑(𝑥), belong to 𝐿2(0,∞);
at 𝑥 = 0, 𝜑(𝑥) and all its derivatives of order less than min(𝑘, (𝛼 − 1)/2) are
equal to zero, and the norm of the function 𝜑(𝑥) in 𝑊 (𝑘)

2 (0,∞) is defined by the
equality

‖𝜑‖2 = ∫
∞

0

𝑘
∑
𝑚=0

∣ 𝑑𝑚

𝑑𝑥𝑚 𝜑(𝑥)∣
2

𝑑𝑥.

If 𝛼/2 is not an integer, then we shall assume that 𝑘 < (𝛼+1)/2, since derivatives
of the Laguerre functions of higher order do not belong to 𝐿2(0,∞); for integer
𝛼/2, 𝑘 is arbitrary.

Theorem 1. The system of Laguerre functions is complete in 𝑊 (𝑘)
2 (0,∞).

Consider the set of functions 𝜑(𝑥) from 𝑊 (𝑘)
2 (0,∞) such that the functions

𝑥−𝛼/2𝜑(𝑥) and their derivatives up to order 2𝑘 + 1 are absolutely continuous
and

sovietrxiv.org/items/ru-196301.89904 Machine Translation

https://sovietrxiv.org/items/ru-196301.89904


𝑥𝛼/2+𝑘+1 𝑑𝑚

𝑑𝑥𝑚 (𝑥−𝛼/2𝜑) ∈ 𝐿2(0,∞) (𝑚 = 0, 1, 2, … , 2𝑘 + 2).

It is not difficult to show that this set is dense in 𝑊 (𝑘)
2 (0,∞); therefore it is

sufficient to prove that the Fourier series of any function 𝜑(𝑥) from this set with
respect to the Laguerre functions converges strongly to 𝜑(𝑥) in 𝑊 (𝑘)

2 (0,∞).

Let 𝜑(𝑥) belong to the set under consideration. Its 𝑛-th Fourier coefficient is
equal to

𝑎𝑛 = ∫
∞

0
𝜑(𝑥)𝜑𝛼,𝑛(𝑥) 𝑑𝑥.

Substituting here the explicit expression for 𝜑𝛼,𝑛 and integrating by parts (2𝑘+
2) times for 𝑛 ⩾ 2𝑘 + 2, we obtain

𝑎𝑛 = 1
√𝑛!Γ(𝑛 + 𝛼 + 1)

∫
∞

0

𝑑2𝑘+2

𝑑𝑥2𝑘+2 (𝑒𝑥/2𝑥−𝛼/2𝜑) 𝑑 𝑛−2𝑘−2

𝑑𝑥𝑛−2𝑘−2 (𝑥𝑛+𝛼𝑒−𝑥) 𝑑𝑥

or

𝑎𝑛 = √(𝑛 − 2𝑘 − 2)!
𝑛! 𝑏𝑛−2𝑘−2, (1)

where 𝑏𝑛−2𝑘−2 is the (𝑛 − 2𝑘 − 2)-th Fourier coefficient of the function

𝑥𝛼/2+𝑘+1𝑒−𝑥/2 𝑑2𝑘+2

𝑑𝑥2𝑘+2 (𝑒𝑥/2𝑥−𝛼/2𝜑) ∈ 𝐿2(0, ∞)

in its expansion in a series with respect to the functions 𝜑𝛼+2𝑘+2,𝑛.

It follows from (1) that the series

∞
∑
𝑛=0

𝑛2𝑘+2|𝑎𝑛|2 (2)

converges. For 𝛼 > 1, expand 𝜑′
𝛼,𝑛 in a Fourier series with respect to the

functions 𝜑𝛼−2,𝑚. We obtain

𝜑′
𝛼,𝑛 =

𝑛
∑
𝑚=0

[𝑛 (1 − 𝛼
2 ) + 𝛼

2 𝑚 + 1
2] √𝑛! Γ(𝑚 + 𝛼 − 1)

𝑚! Γ(𝑛 + 𝛼 + 1) 𝜑𝛼−2,𝑚+1
2

√ 𝑛 + 1
𝑛 + 𝛼 𝜑𝛼−2,𝑛+1.

(3)
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For 𝛼 = 0, expand 𝜑′
0,𝑛 in a series with respect to the functions 𝜑0,𝑚. We obtain

𝜑′
0,𝑛 = −

𝑛
∑
𝑚=0

𝜑0,𝑚 − 1
2𝜑0,𝑛. (4)

The coefficients in the expansion (3) have order 𝑂(1) for 𝛼 ⩾ 2 and 𝑂(√𝑛) for
𝛼 < 2; therefore,

∫
∞

0
(𝜑′

𝛼,𝑛)2 𝑑𝑥 = 𝑂(𝑛) for 𝛼 = 0 and 𝛼 ⩾ 2,

∫
∞

0
(𝜑′

𝛼,𝑛)2 𝑑𝑥 = 𝑂(𝑛2) for 𝛼 < 2.

Using (3) and (4), we obtain an estimate for derivatives of order higher than
the first:

∫
∞

0
(𝜑(𝑚)

𝛼,𝑛)
2

𝑑𝑥 = 𝑂(𝑛2𝑚). (5)

If 𝑚 < (𝛼 − 1)/2 or 𝛼/2 is an integer, then in (5) one may replace 𝑂(𝑛2𝑚) by
𝑂(𝑛2𝑚−1).
We differentiate term by term 𝑚 times the Fourier series of the function 𝜑(𝑥).
We shall show that the series

∞
∑
𝑛=0

𝑎𝑛𝜑(𝑚)
𝛼,𝑛 (6)

converges in the mean. Using the Cauchy—Bunyakovsky inequality and estimate
(5), we obtain

∫
∞

0
∣

𝑞
∑
𝑛=𝑝

𝑎𝑛𝜑(𝑚)
𝛼,𝑛∣

2

𝑑𝑥 ≤ ∫
∞

0
(

𝑞
∑
𝑛=𝑝

𝑛2𝑘+2|𝑎𝑛|2)
𝑞

∑
𝑛=𝑝

(𝜑(𝑚)
𝛼,𝑛)

2

𝑛2𝑘+2 𝑑𝑥

= (
𝑞

∑
𝑛=𝑝

𝑛2𝑘+2|𝑎𝑛|2)
𝑞

∑
𝑛=𝑝

𝑂(𝑛2𝑚)
𝑛2𝑘+2 .

From the convergence of series (2) and of the series

∞
∑
𝑛=1

𝑂(𝑛2𝑚)
𝑛2𝑘+2 (𝑚 ≤ 𝑘)
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there follows the convergence of series (6). To make sure that it converges to
𝜑(𝑚)(𝑥), it is enough to verify the equality of the scalar products in 𝐿2(0,∞)
of the sum of the series and 𝜑(𝑚)(𝑥) with any function from the complete sys-
tem 𝑥𝑛+𝑚𝑒−𝑥/2 (𝑛 = 0, 1, 2, …). Thus, the Fourier series of the function 𝜑(𝑥)
converges strongly to 𝜑(𝑥) in 𝑊 (𝑘)

2(0,∞), and the theorem is proved.

Take the system, complete and orthogonal in 𝐿2(−1,+1),

𝜓𝛼,𝛽,𝑛 = (1 − 𝑥)𝛼/2(1 + 𝑥)𝛽/2𝑃 (𝛼,𝛽)
𝑛 (𝑥)

(𝛼 > −1, 𝛽 > −1, 𝑛 = 0, 1, 2, …),

where 𝑃 (𝛼,𝛽)
𝑛 are Jacobi polynomials. Denote by 𝑊 (𝑘)

2(−1,+1) the space whose
elements are absolutely continuous functions 𝜓(𝑥) such that the derivatives up
to order (𝑘 − 1) are absolutely continuous, the derivative of order 𝑘 belongs to
𝐿2(−1,+1), 𝜓(𝑥) and its derivatives of order less than min(𝑘, (𝛼 − 1)/2) are equal
to zero at 𝑥 = +1, 𝜓(𝑥) and its derivatives of order less than min(𝑘, (𝛽 − 1)/2)
are equal to zero at 𝑥 = −1, and the norm is defined by the equality

‖𝜓‖2 = ∫
+1

−1

𝑘
∑
𝑚=0

∣ 𝑑𝑚

𝑑𝑥𝑚 𝜓(𝑥)∣
2

𝑑𝑥.

If 𝛼/2 is not an integer, then 𝑘 < (𝛼 + 1)/2; the same applies to 𝛽.

Theorem 2. The system of functions 𝜓𝛼,𝛽,𝑛 (𝑛 = 0, 1, 2, …) is complete in
𝑊 (𝑘)

2(−1,+1).

The proof is analogous to the proof of Theorem 1, although it requires more
cumbersome calculations.

Denote by 𝑊 (𝑘)
2(−∞,+∞) the space whose elements are absolutely continuous func-

tions 𝑓(𝑥), having absolutely continuous derivatives up to order (𝑘 − 1), with
the derivatives up to order 𝑘, together with 𝑓(𝑥), belonging to 𝐿2(−∞,+∞), and
the scalar product of functions 𝑓(𝑥) ∈ 𝑊 (𝑘)

2(−∞,+∞) and 𝜑(𝑥) ∈ 𝑊 (𝑘)
2(−∞,+∞) is

defined by the formula

(𝑓, 𝜑) = ∫
+∞

−∞

𝑘
∑
𝑚=0

𝑑𝑚𝑓
𝑑𝑥𝑚

𝑑𝑚𝜑
𝑑𝑥𝑚 𝑑𝑥. (7)

Take the system of Hermite functions complete in 𝐿2(−∞,+∞)

𝑓𝑛 = (−1)𝑛𝑒𝑥2/2 𝑑𝑛

𝑑𝑥𝑛 𝑒−𝑥2 (𝑛 = 0, 1, 2, …).
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Theorem 3. The system of Hermite functions is complete in 𝑊 (𝑘)
2(−∞,+∞).

The proof may be carried out analogously to the proof of Theorem 1. We shall
give a shorter proof.

For the Hermite functions the following equality is known:

𝑓𝑛 = (−𝑖)𝑛𝑈𝑓𝑛, (8)

where 𝑈 is the Fourier–Plancherel operator. Denote

𝑃𝑓 = 𝑖𝑑𝑓
𝑑𝑥 .

From formula (8) it is easy to obtain

𝑃𝑓𝑛 = (−𝑖)𝑛𝑈(𝑥𝑓𝑛), 𝑀(𝑃)𝑓𝑛 = (−𝑖)𝑛𝑈(𝑀(𝑥)𝑓𝑛), (9)

where 𝑀(𝑥) is an arbitrary polynomial. The system of functions 𝑀(𝑥)𝑓𝑛 (𝑛 =
0, 1, 2, …) is complete in 𝐿2(−∞, +∞), since the functions of this system are lin-
ear combinations of the functions of the complete system 𝑀(𝑥)𝑒−𝑥2/4𝑥𝑛𝑒−𝑥2/4

(𝑛 = 0, 1, 2, …), and conversely. The completeness of the latter system follows
from the completeness of the system 𝑥𝑛𝑒−𝑥2/4 (𝑛 = 0, 1, 2, …) and the bounded-
ness of the function 𝑀(𝑥)𝑒−𝑥2/4. From (9) we obtain that the system 𝑀(𝑃)𝑓𝑛
(𝑛 = 0, 1, 2, …) is complete in 𝐿2(−∞, +∞) for an arbitrary polynomial 𝑀(𝑃).
Let 𝑓 ∈ 𝑊 (𝑘)

2 (−∞, +∞) be orthogonal in 𝑊 (𝑘)
2 (−∞, +∞) to all Hermite func-

tions. Integrating by parts in formula (7), we obtain that 𝑓 is orthogonal in
𝐿2(−∞, +∞) to the functions 𝑀(𝑃)𝑓𝑛

(𝑛 = 0, 1, 2, …), where 𝑀(𝑃) =
𝑘

∑
𝑚=0

𝑃 2𝑚,

and, consequently, 𝑓 is equal to zero, which proves Theorem 3.

Scientific Research Institute of Mechanics
Moscow State University
named after M. V. Lomonosov

Received
9 X 1962

REFERENCES
1. S. G. Mikhlin, Variational Methods in Mathematical Physics, Moscow,

1957.

sovietrxiv.org/items/ru-196301.89904 Machine Translation

https://sovietrxiv.org/items/ru-196301.89904


Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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