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1. Consider the differential equation

𝑦″ + {𝜆 − 𝑞(𝑥)}𝑦 = 0 (1)

with boundary conditions

𝑦′(0) − ℎ𝑦(0) = 0, (2)

𝑦′(𝜋) + 𝐻𝑦(𝜋) = 0. (3)

Here 𝑞(𝑥) is a real continuous function; ℎ, 𝐻 are real numbers.

Denote by 𝜆0, 𝜆1, 𝜆2, … , 𝜆𝑛, … the eigenvalues of the problem (1) + (2) + (3),
and by 𝜓0(𝑥), 𝜓1(𝑥), … , 𝜓𝑛(𝑥), … the corresponding eigenfunctions, normalized
by the condition

𝜓𝑛(0) = 1.

It is well known that if 𝑞(𝑥) is a sufficiently many times differentiable function,
then, beginning with sufficiently large 𝑛, the asymptotic formulas

√𝜆𝑛 = 𝑛 + 𝑎0
𝑛 + 𝑎1

𝑛3 + ⋯ ,

𝛼𝑛 = ∫
𝜋

0
𝜓2

𝑛(𝑥) 𝑑𝑥 = 𝜋
2 + 𝑏0

𝑛2 + 𝑏1
𝑛4 + ⋯ , (4)
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hold, where

𝑎0 = ℎ + 𝐻 + ℎ1
𝜋 , ℎ1 = 1

2 ∫
𝜋

0
𝑞(𝑡) 𝑑𝑡.

Replace condition (3) by the condition

𝑦′(𝜋) + 𝐻1𝑦(𝜋) = 0, (3’)

where 𝐻1 ≠ 𝐻. Denote the eigenvalues of the problem (1) + (2) + (3′) by
𝜇0, 𝜇1, 𝜇2, … , 𝜇𝑛, ….

By a known result of Borg (1), the numbers {𝜆𝑛} and {𝜇𝑛} (where 𝑛 = 0, 1, 2, …)
uniquely determine the function 𝑞(𝑥), as well as the numbers ℎ, 𝐻, and 𝐻1.

The problem of effectively constructing the Sturm–Liouville equation from two
spectra was studied by M. G. Krein, who obtained a number of fundamental
results in this direction (2,3). In the present note another solution of this problem
is given.

2. As I. M. Gel’fand and the author showed (see (4), especially § 11), equation
(1) can be effectively reconstructed from the numbers {𝜆𝑛} and {𝛼𝑛}, given to-
gether with their asymptotic expansions. Therefore the problem of the effective
construction of equation (1) can be reduced to the computation of the num-

of the numbers 𝛼𝑛 from the two spectra of equation (1). This can be done in
the following way. Put*

Φ1(𝜆) =
∞
∏
𝑛=0

(1 − 𝜆
𝜆𝑛

) , Φ2(𝜆) =
∞
∏
𝑛=0

(1 − 𝜆
𝜇𝑛

) .

Since 𝜆𝑛 = 𝑂(𝑛2), 𝜇𝑛 = 𝑂(𝑛2), these infinite products converge for all 𝜆 and,
consequently, are entire analytic functions.

It can be shown that

𝛼𝑘 = 𝜋2

𝐶1𝐶2(𝐻 − 𝐻1) Φ′
1(𝜆𝑘)Φ2(𝜆𝑘),

where

𝐶1 = 1
𝜆0

∞
∏
𝑛=1

𝑛2

𝜆𝑛
, 𝐶2 = 1

𝜇0

∞
∏
𝑛=1

𝑛2

𝜇𝑛
.

Theorem 1. Let
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√𝜆𝑛 = 𝑛 + 𝑎0
𝑛 + 𝑎1

𝑛3 + 𝑂 ( 1
𝑛4 ) , (5)

√𝜇𝑛 = 𝑛 + 𝑎′
0

𝑛 + 𝑎′
1

𝑛3 + 𝑂 ( 1
𝑛4 ) , (6)

with

𝑎′
0 ≠ 𝑎0. (7)

Then

𝛼𝑘 = 𝜋
2 + 𝑏0

𝑘2 + 𝑂 ( 1
𝑘3 ) ,

where

𝑏0 = 𝜋
2 [−(𝜆0 + 𝜇0) + 2(𝑎0 + 𝑎′

0) + 𝑎′
1 − 𝑎1

𝑎′
0 − 𝑎0

+ 𝑎0 + 1
6𝜋2(𝑎0 + 𝑎′

0)2 − (𝑠𝜆 + 𝑠𝜇)] ,

with

𝑠𝜆 =
∞

∑
𝑛=1

(𝜆𝑛 − 𝑛2 − 2𝑎0), 𝑠𝜇 =
∞

∑
𝑛=1

(𝜇𝑛 − 𝑛2 − 2𝑎′
0).

The proof is based on studying the asymptotic behavior of the expressions
Φ′

1(𝜆𝑘) and Φ2(𝜆𝑘) for large 𝑘. In principle, our method makes it possible
to compute arbitrarily many terms of the asymptotic expansion (4), but even
the determination of 𝑏1 is associated with substantial computational difficulties.
Therefore we restricted ourselves to computing 𝑏0.

3. Our method also makes it possible to indicate necessary and sufficient
conditions for two sequences of real numbers {𝜆𝑛} and {𝜇𝑛} to be two
spectra of a Sturm–Liouville equation.

We have proved the following theorem:

Theorem 2. Let the numbers {𝜆𝑛} and {𝜇𝑛} satisfy the following conditions:
a) the sequences {𝜆𝑛} and {𝜇𝑛} alternate; b) the asymptotic formulas (5) and
(6) and condition (7) hold.

Then there exists an equation of the form (1) with a continuous function 𝑞(𝑥)
and real numbers ℎ, 𝐻, and 𝐻1 such that the sequence {𝜆𝑛} is the spectrum
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* If 𝜆𝑗 = 0, then the factor (1 − 𝜆/𝜆𝑗) should be replaced by −𝜆.
of the problem (1) + (2) + (3), and the sequence {𝜇𝑛} is the spectrum of the
problem (1) + (2) + (3′), and

𝑎′
0 − 𝑎0 = 1

𝜋 (𝐻1 − 𝐻).

If in the asymptotic expansions for √𝜆𝑛 and √𝜇𝑛 there are 𝑘 exact terms (not
counting the first), then the function 𝑞(𝑥) is (𝑘 − 2) times continuously differ-
entiable. In particular, in order that an infinite classical asymptotic expansion
exist for √𝜆𝑛 and √𝜇𝑛, it is necessary and sufficient that the function 𝑞(𝑥) be
infinitely differentiable.
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