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Abstract
Full Text

A. V. Ivanov
ON THE STABILITY OF CERTAIN COMPUTATIONAL
ALGORITHMS INVERTING REGULAR DIFFERENCE
EQUATIONS
(Presented by Academician V. I. Smirnov, 27 VI 1962)

Let the norm of a vector 𝑦𝑛 in an 𝑛-dimensional vector space be taken to be
the norm

‖𝑦𝑛‖ = max
𝑖=1,…,𝑛

|𝑦𝑛
𝑖 |, (1)

and let ‖𝑙‖ denote the norm of the matrix 𝑙, acting as a linear operator in the
𝑛-dimensional space with norm (1).

Suppose a linear algebraic system is given,

𝑙𝑛𝑦𝑛 = 𝑓𝑛, (2)

depending on its order 𝑛 as a parameter (𝑛 ≥ 𝑁, 𝑁 a fixed natural number),
and suppose the matrices 𝑙𝑛 are tridiagonal:

𝑙𝑛 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−𝑏𝑛
1 𝑐𝑛

1
𝑎𝑛

2 −𝑏𝑛
2 𝑐𝑛

2
⋅ ⋅ ⋅

𝑎𝑛
𝑖 −𝑏𝑛

𝑖 𝑐𝑛
𝑖

⋅ ⋅ ⋅
𝑎𝑛

𝑛−1 −𝑏𝑛
𝑛−1 𝑐𝑛

𝑛−1
𝑎𝑛

𝑛 −𝑏𝑛
𝑛

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

The matrix 𝑙𝑛, depending on the parameter 𝑛, will be called a regular differ-
ence operator if there exist positive numbers 𝜈 and 𝜇 (𝜈 < 𝜇), independent of
𝑛, such that for all 𝑛 ≥ 𝑁

𝑎𝑛
𝑖 , 𝑐𝑛

𝑖 ≥ 𝜈, 𝑎𝑛
𝑖 + 𝑐𝑛

𝑖 ≤ 𝑏𝑛
𝑖 , 𝑏𝑛

𝑖 ≤ 𝜇, 𝑖 = 1, 2, … , 𝑛. (3)

In the inequalities (3) and below, by 𝑎𝑛
1 and 𝑐𝑛

𝑛 we mean the expressions 𝑏𝑛
1 −𝑐𝑛

1
and 𝑏𝑛

𝑛 − 𝑎𝑛
𝑛. Suppose the matrix of system (2) is a regular difference operator.

In that case we shall call system (2) a regular difference equation (r. d. e.).

Theorem 1. For every 𝑛 ≥ 𝑁 , the r. d. e. (2) is uniquely solvable.
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Let 𝜔1 and 𝜔2 be arbitrary nonnegative real numbers. Denote by 𝔐(𝜔1, 𝜔2) the
class of all regular difference operators for which the equalities

min
⎧{
⎨{⎩

sup
𝑛≥𝑁

1≤𝑖≤𝑗≤𝑛

𝑗
∏
𝑘=𝑖

𝑎𝑛
𝑘

𝑐𝑛
𝑘

, sup
𝑛≥𝑁

1≤𝑖≤𝑗≤𝑛

𝑗
∏
𝑘=𝑖

𝑐𝑛
𝑘

𝑎𝑛
𝑘

⎫}
⎬}⎭

= 1
𝜔1

, inf
𝑛≥𝑁

1<𝑖<𝑛
(𝑏𝑛

𝑖 − 𝑎𝑛
𝑖 − 𝑐𝑛

𝑖 ) = 𝜔2.

Let 𝜔3 be an arbitrary real number. We shall say that the R.D.E. (2) belongs
to the class 𝔐(𝜔1, 𝜔2)×𝔐(𝜔3), if the matrix of this system belongs to the class
𝔐(𝜔1, 𝜔2) and there exists a positive number 𝐾 (independent of 𝑛) such that for
all 𝑛 ⩾ 𝑁 , for the right-hand side of equation (2), the inequality ‖f𝑛‖ ⩽ 𝐾𝑛𝜔3

holds.

Let (𝑙𝑛)−1 be the matrix inverse to 𝑙𝑛. We shall say that the order of conditioning
of the class 𝔐(𝜔1, 𝜔2) is equal to −𝜆, if 𝜆 is the smallest of all numbers 𝑝 such
that, for each of the regular difference operators belonging to 𝔐(𝜔1, 𝜔2), there
is a positive number 𝐶 (independent of 𝑛) such that for all 𝑛 ⩾ 𝑁 the inequality

‖(𝑙𝑛)−1‖ ⩽ 𝐶𝑛𝑝 (4)

is satisfied.

If inequality (4) cannot be established for any 𝑝 for all operators of the class
𝔐(𝜔1, 𝜔2), then we shall say that the order of conditioning of the class 𝔐(𝜔1, 𝜔2)
is equal to −∞.

Theorem 2. The order of conditioning of the class 𝔐(𝜔1, 𝜔2) is expressed by
the value of the function 𝜆(𝜔1, 𝜔2), which has the form

𝜆(𝜔1, 𝜔2) =

⎧{{
⎨{{⎩

−∞, 𝜔1 = 0, 𝜔2 = 0,
−2, 0 < 𝜔1 ⩽ 1, 𝜔2 = 0,
−1, 𝜔1 > 1, 𝜔2 = 0,
𝑝(𝜔1, 𝜔2), 𝜔2 > 0,

where 𝑝(𝜔1, 𝜔2) ⩾ 0 for 𝜔1 > 0.

Suppose that, in order to invert the R.D.E. (2), some computational algorithm
(c.a.) 𝑄 is applied, consisting in specifying, for all 𝑛 ⩾ 𝑁 , the system of equa-
tions

𝑥𝑘 = 𝑄𝑛
𝑘 (x𝑘−1, F), 𝑘 = 1, 2, … , 𝑚𝑛, (5)

where F = (𝐹1, 𝐹2, … , 𝐹𝑟𝑛
) is a vector composed of the elements of the matrix

𝑙𝑛 and the components of the right-hand side f𝑛 of the R.D.E. (2); x𝑘−1 =
(𝑥1, 𝑥2, … , 𝑥𝑘−1); 𝑄𝑛

𝑘 is some arithmetic or logical operation on certain compo-
nents of the vectors x𝑘−1 and F. Let the values 𝑥𝑘𝑖

(𝑖 = 1, 2, … , 𝑛) represent
the values 𝑦𝑛

𝑖 of the solution y𝑛 of the R.D.E. (2). This form of writing a
computational algorithm is used in work (1).
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We shall say that the c.a. 𝑄 is weakly stable on the R.D.E. (2), if the corre-
sponding system of equations (5) satisfies the following conditions:

1) there exists a positive number 𝐶1, independent of 𝑛, such that for all
𝑛 ⩾ 𝑁

|𝑥𝑘| ⩽ 𝐶1, 𝑘 = 1, 2, … , 𝑚𝑛; (6)

2) the system of equations (5) can be divided in such a way into 𝑙 links

𝑥𝑗𝑘 = 𝑄𝑛
𝑗𝑘(x𝑗𝑘−1, F𝑗), 𝑘 = 1, 2, … , 𝑚𝑗; 𝑗 = 1, 2, … , 𝑙;

𝑚1 + 𝑚2 + ⋯ + 𝑚𝑙 = 𝑚𝑛,
(7)

where F𝑗 are vectors composed of certain components of the vector F
and components of the vectors x𝑠𝑚𝑠

for 𝑠 < 𝑗, such that if, alongside the
systems (7), one considers the systems

𝑥∗
𝑗𝑘 = 𝑄𝑛

𝑗𝑘(x∗
𝑗𝑘−1, F𝑗) + 𝛿𝑖

𝑘𝛿𝑥𝑗𝑖; (7*)

𝛿𝑖
𝑘 = 1 for 𝑘 = 𝑖; 𝛿𝑖

𝑘 = 0 for 𝑘 ≠ 𝑖; 𝑖 = 1, … , 𝑚𝑗,
in which 𝛿𝑥𝑗𝑖 in absolute value do not exceed some fi-

fixed positive number 𝜀, then the differences 𝛿𝑥𝑗𝑘(𝛿𝑥𝑗𝑖) ≡ 𝑥∗
𝑗𝑘 −𝑥𝑗𝑘 for all 𝑛 ⩾ 𝑁

satisfy the inequality

|𝛿𝑥𝑗𝑘(𝛿𝑥𝑗𝑖)| ⩽ 𝐶2𝜀, 1 ⩽ 𝑖 ⩽ 𝑘 ⩽ 𝑚𝑗; 𝑗 = 1, 2, … , 𝑙, (8)

where the positive constant 𝐶2 depends neither on 𝑛 nor on 𝜀.
We shall say that the c.a. 𝑄 is strongly stable on the r.d.e. (2) if it is weakly
stable on this equation and, moreover, in the definition of weak stability the
left-hand side of inequality (8) may be replaced by the quantity

Δ𝑗𝑘 =
𝑘

∑
𝑖=1

|𝛿𝑥𝑗𝑘(𝛿𝑥𝑗𝑖)|.

With every c.a. 𝑄 inverting the r.d.e. (2), one can associate a c.a. 𝑄, consisting
in the application of the c.a. 𝑄 to the r.d.e.

𝑙𝑛𝑧𝑛 = 𝑔𝑛, (2)

which is obtained from system (2) if in it one reverses the numbering of the
equations and unknowns, i.e. if one introduces new numbers 𝑗 for the equations
and unknowns of system (2) by the formula 𝑗 = 𝑛 + 1 − 𝑖, where 𝑖 is the old
number of an equation or unknown of system (2).
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On one and the same r.d.e. one of the c.a. 𝑄, 𝑄 may be unstable, but the
other stable. Proceeding from this, we shall say that the c.a. 𝑄 is weakly
(strongly) stable in the class 𝔐(𝜔1, 𝜔2) × 𝔑(𝜔3), if on each r.d.e. from this
class the conditions of weak (strong) stability are satisfied by at least one of the
c.a. 𝑄, 𝑄. We shall say that the c.a. 𝑄 is strongly unstable in the class
𝔐(𝜔1, 𝜔2) × 𝔑(𝜔3), if for any number 𝑞 there is an r.d.e. from this class for
which there exist a positive number 𝐶 and arbitrarily large indices 𝑛, for which
both in the case of the c.a. 𝑄 and in the case of the c.a. 𝑄 the inequality

max
𝑖,𝑗,𝑘

|𝛿𝑥𝑗𝑘(𝛿𝑥𝑗𝑖)| ⩾ 𝐶𝑛𝑞

is satisfied.

Consider the following computational algorithms. The formal application of the
schemes of single division and of the compact scheme of the Gauss method (see
(2)) to the solution of system (2) will be called, respectively, the c.a. 𝐵1 and
the c.a. 𝐵2. Such formal use of universal methods cannot, of course, take into
account the specifics of the structure of the matrices 𝑙𝑛 and is accompanied by
a considerable number of“parasitic”arithmetic operations, the results of which
can be found without computation. Freeing the c.a. 𝐵1 and the c.a. 𝐵2 from
such operations leads to one and the same c.a. 𝐵3

𝜎𝑖 = − 𝑐𝑛
𝑖

𝑏𝑛
𝑖 + 𝑎𝑛

𝑖 𝜎𝑖−1
, 𝑖 = 2, … , 𝑛 − 1; 𝜎1 = −𝑐𝑛

1
𝑏𝑛

1
;

𝜓𝑖 = −𝑓𝑛
𝑖 − 𝑎𝑛

𝑖 𝜓𝑖−1
𝑏𝑛

𝑖 + 𝑎𝑛
𝑖 𝜎𝑖−1

, 𝑖 = 2, … , 𝑛; 𝜓1 = −𝑓𝑛
1

𝑏𝑛
1

;

𝑦𝑛
𝑖 = 𝜓𝑖 − 𝜎𝑖𝑦𝑛

𝑖+1, 𝑖 = 1, … , 𝑛 − 1; 𝑦𝑛
𝑛 = 𝜓𝑛.

An identical c.a. can also be obtained by starting from the method of difference
factorization (3).
It can be shown that the exact values of the quantities 𝜎𝑖 in the computational
algorithms 𝐵1, 𝐵2, 𝐵3 are negative and do not exceed 1 in absolute value. We
shall assume that the actually obtained values 𝜎∗

𝑖 are not less than −1. This
can always be achieved by introducing into the c.a. the operation of taking the
maximum of the numbers −1 and 𝜎𝑖. Then the following theorems are valid; in
their formulations, by the c.a. 𝐵 one may understand any of the c.a. 𝐵1, 𝐵2, 𝐵3.

Theorem 3. Let 𝜔1 = 0, 𝜔2 = 0. The computational algorithm 𝐵 is strongly
unstable in the class 𝔐(𝜔1, 𝜔2) × 𝔐(𝜔3), whatever 𝜔3 may be.

Theorem 4. Let 0 < 𝜔1 ⩽ 1, 𝜔2 = 0. In order that the computational
algorithm 𝐵 be weakly stable in the class 𝔐(𝜔1, 𝜔2) × 𝔐(𝜔3), it is necessary
and sufficient that 𝜔3 ⩽ −2.
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Theorem 5. Let 𝜔1 > 1, 𝜔2 = 0. In order that the computational algorithm
𝐵 be weakly stable in the class 𝔐(𝜔1, 𝜔2)×𝔐(𝜔3), it is necessary and sufficient
that 𝜔3 ⩽ −1.
Theorem 6. Let 𝜔1 > 0, 𝜔2 > 0, 𝜔3 ⩽ 0. The computational algorithm 𝐵 is
strongly stable in the class 𝔐(𝜔1, 𝜔2) × 𝔐(𝜔3).
In the proof of Theorems 4, 5, and 6, Theorem 2 is used.

Consider on the interval 0 ⩽ 𝑥 ⩽ 1 the boundary-value problem

𝑀𝑢 ≡ (𝐴𝑢𝑥)𝑥 + 𝐵𝑢𝑥 + 𝐶𝑢 = 𝐷, 𝑢(0) = 𝑢(1) = 0.

Let the coefficients 𝐴, 𝐵, 𝐶, 𝐷 and the solution 𝑢 be sufficiently smooth functions
of the variable 𝑥, with 𝐴(𝑥) ⩾ 𝛾 > 0, 𝐶(𝑥) ⩽ 0. Let Δ𝑥 = 1

𝑛 + 1, 𝑣𝑖 ≡

𝑣( 𝑖
𝑛 + 1). Replace the original problem by the problem of solving the finite-

difference equation

𝑙𝑛3 𝑦𝑛 = 𝑓𝑛, (9)

defined by the equalities

𝑎𝑛
𝑖 = 𝐴𝑖−1 + 4𝐴𝑖 − 𝐴𝑖+1 − 2Δ𝑥𝐵𝑖, 𝑏𝑛

𝑖 = 8𝐴𝑖 + 4(Δ𝑥)2𝐶𝑖,

𝑐𝑛
𝑖 = −𝐴𝑖−1 + 4𝐴𝑖 + 𝐴𝑖+1 + 2Δ𝑥𝐵𝑖; (10)

𝑓𝑛
𝑖 = 4(Δ𝑥)2𝐷𝑖. (11)

Theorem 7. The finite-difference equation (8) belongs to the class 𝔐(𝜔1, 0) ×
𝔐(−2), 0 < 𝜔1 ⩽ 1.
From Theorems 7 and 4 it follows that the computational algorithms 𝐵1, 𝐵2,
and 𝐵3 are weakly stable on the finite-difference equation (8).

We now consider the boundary-value problem for the parabolic equation in the
domain [0, 1] × [0, 1]

𝑢𝑡 − (𝐴𝑢𝑥)𝑥 − 𝐵𝑢𝑥 − 𝐶𝑢 = 𝐷, 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0, 𝑢(𝑥, 0) = 0.

We shall solve this problem by the method of grids, using the implicit scheme
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𝑢𝑗+1
𝑖 − 𝑢𝑗

𝑖
Δ𝑡 = 𝑎𝑖𝑗+1𝑢𝑗+1

𝑖−1 − 𝑏𝑖𝑗+1𝑢𝑗+1
𝑖 + 𝑐𝑖𝑗+1𝑢𝑗+1

𝑖+1
4(Δ𝑥)2 + 𝐷𝑗+1

𝑖 ,

where 𝐷𝑗
𝑖 = 𝐷(𝑖Δ𝑥, 𝑗Δ𝑡), and the coefficients 𝑎𝑖𝑗+1, 𝑏𝑖𝑗+1, 𝑐𝑖𝑗+1 are determined

by the right-hand sides in formulas (10), which this time depend on the number
of the time layer 𝑗 + 1. Let Δ𝑥 ≡ 1/(𝑛 + 1), Δ𝑡 = 4𝑟(Δ𝑥)2, 𝑟 > 0. Considering
𝑛 as variable, we obtain, for all 𝑗, the finite-difference equation

𝑙𝑛𝑛𝑦𝑛 = 𝑓𝑛. (12)

Theorem 8. For all 𝑗, the finite-difference equation (12) belongs to the class
𝔐(𝜔1, 1) × 𝔐(0), 0 < 𝜔1 ⩽ 1.
From Theorems 8 and 6 it follows that the computational algorithms 𝐵1, 𝐵2,
and 𝐵3 are strongly stable on the finite-difference equation (12).

The author expresses sincere gratitude to O. A. Ladyzhenskaya for supervision
of the work.
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