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Abstract

Full Text
MATHEMATICS
O. M. FOMENKO

ESTIMATES OF THE PETERSSON INNER
PRODUCT WITH AN APPLICATION TO
THE THEORY OF QUATERNARY QUADRATIC
FORMS

(Presented by Academician I. M. Vinogradov on 5 IV 1963)

Let E(zy,...,2,) be a positive definite quaternary quadratic form with integral
rational coefficients having greatest common divisor 1; let F' be the matrix
of the form; D the discriminant; g the level of the form; C;, C,, ... absolute
positive constants, all of them effective; 7 = = + iy a complex variable, y > 0;
['(1) D Ty(g) D I'(g) the well-known groups of integral unimodular matrices
LFL
of the second order (1; 0,0;,0 j,ago) matrices from I'(1); ¢ = g.c.d. (q, 2(}),
where L, as well as LV, L2 N, G, X, denotes four-dimensional integral vectors;

Vp(1T/L) = ZN:exp <m‘t (N + j(:;) F (N + s)> _ 2%%” exp (QWi]ttn)

is a theta-series; Vp(7/L) = Ep(r/L) + Sp(t/L) ), where Ep(r/L) is an
Eisenstein series; Sp(7/L) is an integral parabolic form; e p(n, L), wp(n, L) are
the coefficients of exp(2mittn/q) in the expansions of these forms. Obviously,
ap(n, L) is equal to the number of integral solutions of the equation

2qtn = (¢X + L) F (¢X + L).
Recall the general fact (®) that the space of integral parabolic forms of dimension

—2k, belonging to a subgroup G of the group I in (1) of finite index, is a Hilbert
space of finite dimension with the Petersson inner product

9= [ g dedy,
Dg

where D, is a fundamental domain for the group G. The aim of the present
note is to estimate certain inner products of integral parabolic forms connected
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with representation of a number by the form F, and to obtain from this some
arithmetic consequences. Eichler (¥ gave, for the remainder term wg(n,0), an
estimate unimprovable in the sense of n, showing that

lwp(n,0)] < cp . nt/2te, (n,Q) =1.

This result was generalized by Shimura (®) and A. N. Andrianov (¢, who showed
that

lwp(n, L)| < cp g 7(n)Vn, (n, Q) =1,

where 7(n) is the number of divisors of n; @ is a certain integer. However, the
dependence of the constant ¢z . (and c ;) on the form was not clarified, which
in particular did not make it possible to judge starting from what point

the number n is representable by the form F'. On the basis of estimates of the Pe-
tersson inner product of integral parabolic forms we determine this dependence
for the case L = 0. The general case is investigated analogously.

D

From Petersson’ s results (7) it follows that the space & (q, (—) ,q) of integral
a

parabolic forms of type {I'(q), —2} has a basis

fz(T) = ZTi(n)eQﬂ—inT (7/ =12,.. 79);

n=1

consisting of eigenfunctions of all Hecke operators T, (%), where (n,q) = 1,
acting on this space, which is orthogonal, and moreover 7;(1) =1 (i = 1,2, ..., g).
It is known (%) that g < C,¢>.

Lemma 1. Let f(7),o(7) be modular forms of dimension —2k; let ® be some
region in the upper half-plane of the 7-plane. Then

//mI> F(r)p(r) 25V do dy = //{)f(T)/U'QD(T)/O'yZ(k_D dx dy

(it is assumed that at least one of the integrals converges).

Lemma 2.

Proof. Let

Lolq) =T(g)oy UT(q)oy U~ UT(q)ay,
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where g; = qo(q). Then (3)

D=c¢a' ;DY Uga’,DOU-.-U o';lD(O),

where D(®) D are fundamental regions respectively for the groups T'y(q9),T(q).
Applying Lemma 1, we have

i 5o = [[ 60T
Since f;(7) are forms of character D/a, the last sum is equal to

w0i@) [[  HTE dwdy

T)dxdy = Z / filr - fi(7)/0) dx dy.
D(0)

Further,

I/

where Dy is the fundamental region for the group I'(1), and one may assume
(%) that it consists of the points 7 satisfying |7| > 1, x < 1/2; D9 is chosen so
that D, ¢ D\

M@>ﬂﬁx>mmw>4;

Remark. Apparently the stronger inequality

(fi(r), fi(7)) > Cog?®

holds, but at present we cannot obtain this result.

Lemma 3.

(Sp(1), Sp(7)) < Csq”. (2)
Proof. Let
P=¢11-=
(- 5)-

It is known (%) that I'(¢) is a normal divisor of the group I'(1) of index g,. Let
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(1) =T(g)oy UT(g)oy U UL (q)ay,,, i = (O‘? gz)

(Z = 1a2a 792>'

One may assume that 1 < v; < ¢. Accordingly the domain D is also uniquely
determined, since
D =0,DyUocyDyU--Uao, D.

From the system of representatives o (i = 1,2,...,g,) choose a complete sub-
(0)

system of elements o, that are not equivalent with respect to the equivalence

) _ 0

relation o, iy which is equivalent to the equality

2

JE?) = a<0)pk, where p, € T'(q) ((1) ?) (k=0,1,...,g—1).

The number of elements in such a subsystem is

()

p/q

Shifting D, to the right by 1,2,...,¢ and uniting the resulting domains, we
obtain a new domain of width ¢, which we denote by D;. Let P be the part of
the upper half-plane of the 7-plane bounded by the lines

1 2g—1 V3
T = 9 T = D) y y 5

Obviously, D; C P. Let

It is easy to see that
93 o T
(Sp(7),Sp(T)) = Z/ SF(T)/O'E ). SF(T)/O'E ) dx dy.
i=1 //D;

For the form Sp(7) the transformation formula is valid (for the corresponding
formula for ¥-series, see (9)):

1
- e 5, o (s noserm,
% mod ¢

FL=0 ( mod q)

&mLFL>
2
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where

©F 4y _ . (0)GFG
p(6;,L,0) = Z exp (Wlai o
)

2)

G mod ('y;mq Vi

GE(S;O)L (mod q)

Obviously,
06 L,0)] < (™)™

Now it is easy to obtain the inequality

(Sp(7),Sp(1)) <

< Z (VED Z ‘// (/LW

50 L(l) mod g L(2 mod q
i=1,2,...,95 FLW=0 (mod q) FL? (mod q)

It remains to estimate
/ S(r/LM)S(T/L@) dx dy.

We have

S(r/L) = iw(n, L)exp (
n=1

q

But
wp(n,L) =ap(n,L) —ep(n,L).

2minTt )

S(r/L@) dz dy| .

Proceeding from geometric considerations, one easily obtains the estimate

2t2
ap(n,L) < C, Z

VD

Using the basis of the space of Eisenstein series of dimension —2, which Hecke

obtained explicitly (2), it is easy to show that

ntq
ep(n,L) < Cy—=

Nk

whence, for -

For n > Cgq* we obtain

n2t?
< Cr——=.
<D

With the aid of this estimate we prove that

wp(n, L)

S(r/LVYS(r/L®) da dy| < 08%
b

3)
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Using the lemma on the number of solutions of the congruence FL =0 (mod q)
(19) and (3), we easily obtain (2).

Theorem 1.
lwp(n,0)] < Cog* InTng Vir(n). (4)

Proof. Let ,
Sp(T) = z;aifi(T)'
From the results of papers (476:11) it follows that
I, (n)] < 7(n)vn,  (n,q) =1.
Since

(Sp(7), Sp(7)) = Z o2 (fi(7), (7)),

the assertion of the theorem follows from Lemmas 2 and 3.

Theorem 2. Let n > C,oD'! be an odd number and let certain natural
congruence conditions be satisfied (see (12)). Then n is representable by the
form F, and for the number of representations an asymptotic formula holds.
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