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Abstract
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MATHEMATICS
V. 1. PONOMAREV

ON METRIC SPACES AND CONTINUOUS
MAPPINGS ASSOCIATED WITH THEM

(Presented by Academician P. S. Aleksandrov on 18 VI 1963)

The present note is close in its methods to the work (%), in which the concept of a
projection spectrum was given in full generality (!). For all questions connected
with this concept, see (679).

Let us recall some concepts that will occur in this note. A set™ of coverings
A = {w} of a space X (closed or open) will be called weakly refining if, for
every neighborhood Oz, of an arbitrary point x, € X, the star Iz, of this point
with respect to some covering w € 2 is contained in Oz,. A set of coverings
2A = {w} will be called complete if, for every centered system £ = {4} of sets,
taken one from each covering w € 2, necessarily

[IAL] # A

Theorem 1. The following assertions are equivalent to one another:
a) The space X is metrizable by a complete metric p.

b) In the space X there exists a countable complete sequence of locally finite
open coverings w;, which together form a base.

¢) In the space X there exists a countable complete weakly refining sequence
of locally finite coverings w,; such that w, is star-refined into the covering
w,_q for every i.

d) In the space X there exists a countable weakly refining complete sequence
of decompositions ¥ = {o;}.

e) The space X is the space of a countable projection spectrum

S = {lesl, &}

f) The space X is a perfect irreducible image of some complete metric space
of dimension dimZ = 0 (lying in the Baire space BT of weight T, equal to
the weight of X).

We outline the proof of this theorem.
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1°. d) — e). If in the space X there is a weakly refining complete countable
sequence of decompositions ¥ = {, }, then to this sequence ¥ there corresponds

a countable spectrum .
S={lagl, &'}
of the nerves of these decompositions with the natural projections
~itl
K3

G oy | = oyl

for a;,; — oy, following from the order established on the set of decompositions

3. Since the sequence X is complete and weakly refining, the space S of this
spectrum is homeomorphic to the space X.

2°. e) — f). Along with the spectrum
S ={lagl, &}
consider the spectrum ) _
S = {div [:}iHl}v
which is a complete relaxation of the spectrum S (7). Here d; is the zero-
dimensional complex consisting of all vertices of the complex |a;|. The space S

of the spectrum S is a zero-dimensional (in the sense of dim) metrizable space
with a complete metric. Indeed, in the space S the spectral coverings

pi =12}, @, =&(={ef} i =)

are disjoint, and the sy-

* When we speak of a set of coverings 20 = {w} of a space, we do not suppose
that any order has been introduced in 2. By a sequence of coverings 2 = {w}
one should understand a set of coverings endowed with a natural partial order,
in which they are directed, i.e., for any two w;,w, € U there is an w; > w; and
W3 > Wsy.

the system o = Jp, forms an open base in S. Hence it follows that S is
metrizable and has dimension dim S = 0. The completeness of the system of
coverings {,} follows from

S i+1
S—llgl{|ai|,6i }.

Hence, by A. Arhangel’ ski’ s theorem (2), it follows that the metric space S
has a complete metric. The spectral mapping 7y : S5 8=X (see (57)),
generated by the natural passage from the spectrum S to the spectrum S, is
perfect and irreducible, whereby assertion e) is proved.

3°.e) = a). The space X, as a perfect image of the metric space §, is metrizable
by Stone’ s well-known theorem (11); by the theorem proved by me in (1°), the

sovietrxiv.org/items/ru-196301.86872 Machine Translation


https://sovietrxiv.org/items/ru-196301.86872

space X, as the image of a complete metric space, is complete in the sense of
Cech and, being metrizable, admits a complete metric.

4°. The equivalence of a), b), ¢) is proved without difficulty (for example, relying
on A. Arhangel’ skii’ s theorem (?)).

5°. ¢) = d). Let A = {w,} be a countable, weakly refining complete set of such
open coverings that w;_ ; is star-refined into the covering w; for every i. Consider
such a sequence of partitions «; that, for each 4, the partition «; is inscribed
both in the open covering w,; and in the partition «, ;. The set ¥ = {o,} is a
countable complete weakly refining sequence of partitions of the space X.

The proof of Theorem 1 is complete.

Corollary of Theorem 1. In order that a space be metrizable, it is necessary
and sufficient that any one of the following conditions be fulfilled:

a) In the space X there exists a weakly refining countable sequence of parti-
tions ¥ = {«;}.

b) The space X is contained in the space S of a countable projection spectrum

S = {|ai|761‘i+1}'

¢) The space X is a perfect irreducible image of some metric space of dimen-
ston dimZ = 0.

For what follows we shall need the following

Definition. A spectrum S = {|a|, &2} will be called 7-branching if, for every
vertex e, € |al, there is a § = f(a) > « such that, under the projection
S5+ |B] = |al, exactly T vertices e, € || are projected onto the vertex e,,. In
accordance with this definition, the definition of a 7-branching sequence of
partitions ¥ = {a} is introduced.

Theorem 2. In order that the space X be homeomorphic to the Baire space BT,
it is necessary and sufficient that one of the following conditions be fulfilled:

a) The space X is a metrizable complete space of dimension dim X = 0 and
of weight T, every canonical closed subset of which has weight T.

b) In the space X of weight T there is a countable complete weakly refining
sequence of partitions X = {a,;} of multiplicity 1, consisting of elements
A}l € a; of the same weight (for every i).

¢) In the space X there is a countable, complete, weakly refining T-branching
sequence of partitions ¥ = {«;} of multiplicity 1.

d) The space X is a space of a T-branching zero-dimensional countable spec-
trum
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S = {|ai|’6ii+1}'

Remark. After this theorem it is easy to formulate necessary and sufficient
conditions for X to be homeomorphic to an everywhere dense subset of the
generalized Baire space.

The same method proves
Theorem 3. The following conditions imposed on the space are equivalent:
a) The space X is a perfect irreducible image of the entire Baire space B.

b) The space X is a complete metric space of weight 7, containing no canon-
ically closed subsets of weight 7/ < 7.

¢) In the space X of weight 7 there is a countable complete weakly refining
sequence of decompositions ¥ = {q;} containing no sets A* € a; of smaller
weight (for any 7).

d) In the space X there is a countable complete 7-branching weakly refining
sequence of decompositions ¥ = {a; }.

e) The space X is a space S of a countable T-branching spectrum

S ={layl, wi™}.

Theorem 4. The following conditions imposed on the space X are equivalent:
a) The space X is metrizable and dim X = n.

b) In the metrizable space X there is a countable system of open locally finite
coverings w; = {u'} of multiplicity n + 1, such that the covering w,,,
(consisting of the closures of the elements of the covering w;) is inscribed
in the covering w;, and in some metric p of the space X the diameters of
all u’ € w; are less than some ¢;, where £, — 0 (one may even put ; = 1)

K3
¢) In the metrizable space X there is a countable set ¥ = {«;} of decom-
positions of multiplicity n + 1 such that diam A* < 1 for every A’ € o
in some metric p of the space X (then such a sequence of decompositions
exists also for any other metric of the space X).

d) The space X is homeomorphic to a subset of the space S of a countable
n-dimensional projection spectrum

Z = {Joy], Wit}

e) The space X is an (n + 1)-fold image of some zero-dimensional (in the
sense of dim) metric space under a perfect irreducible mapping.
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Remark. The equivalence of a number of the conditions listed above was proved
earlier by Dowker (*): a) < b), and Morita (°): a) < e).

Theorem 5. The following properties of a topological space are equivalent:
a) The space X admits a perfect mapping onto a metric space Y.

b) The space X is paracompact, and in it there exists such a sequence of
open coverings w, that for every point x, € X there is a bicompact set
Axo containing this point z, such that the sequence of coverings w; refines

with respect to* this bicompact set A,

¢) In the space X there is a countable sequence w,; of open coverings such
that the covering w, is star-inscribed in the covering w; for every 7, and
for each point z, € X there exists a bicompact set A, > x, with respect
to which this sequence refines.

d) In the space X there is such a countable sequence of decompositions that
for every point x; € X there exists a bicompact set Azo > z, with respect
to which the sequence refines.

Remark. The equivalence of a) and b) was proved simultaneously and inde-
pendently also by A. Arhangel’ skii (3).

The implications a) — b) — ¢) are proved without difficulty.

* We say that a set 2 = {w} of coverings refines with respect to a closed set
A C X if for every neighborhood UA of this set there is such an w € 2 that
I',A C UA, where I' A is the star of the set A with respect to the covering w,
i.e., the sum of all elements U € w for which U N A # A.

The implication ¢) — a) is proved as follows. Take a countable sequence of
decompositions ¥ = {a;} and construct the metric space

Y = 8, = lim{log], D).

Let ¢ = {t,} be a maximal thread of the maximal spectrum S = {|a|, D2}
of the space X (see (°,7)), determining the point z, of the space X; associate

with it the thread n = {t, } of the spectrum
So = {lail, ;")

contained in it. It turns out that the thread n = {t, } is a maximal thread of

the spectrum S, i.e., a point y, = n of the space SN'O =Y, and the mapping
fé€ = fry, = n =y, into the metric space Y is a perfect mapping of X. This
theorem is proved analogously.

Theorem 6*. In order that the space X admit a perfect irreducible mapping
f onto a metric space, it is necessary and sufficient that there exist a count-
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able sequence of decompositions {a;} satisfying simultaneously the following two
conditions:

a) Condition d), formulated in Theorem 5.

b) For every open set U in X there is, for some i, an xy € U such that
Oy,29 CU.

Corollary. Theorem 6 gives a necessary and sufficient condition for there nec-
essarily to be a metric space in the class of spaces with homeomorphic absolutes

(see (6,7)).

Remark 1. If in the space X one requires the existence of a sequence ¥ = {a; }
of decompositions of multiplicity n + 1 satisfying condition d), formulated in
Theorem 5, then one obtains a necessary and sufficient condition for the space
X to admit a perfect mapping onto a metric space Y of dimension dimY = n.

The proof is analogous to the proof of Theorem 5.

Remark 2. There exist paracompacta, and even bicompacta, that do not admit
any irreducible perfect mapping onto a metric space. Such bicompacta are, for
example, dyadic nonmetrizable bicompacta, as well as the Cech growth of an
uncountable number of isolated points. Moreover, these bicompacta have no
everywhere dense sets admitting an irreducible perfect mapping onto a metric
space.
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