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Abstract

Full Text
V. E. LYANTSE

ON EXPANSION IN EIGENFUNCTIONS
OF A NON-SELF-ADJOINT DIFFERENTIAL
OPERATOR WITH SPECTRAL SINGULARI-
TIES

(Presented by Academician I. M. Vinogradov on § X 1962)

Let Ly be the operator generated by the differential expression l[y] = —y” +
p(z)y, defined on the half-axis Rt = [0,00), and by the boundary condition
y'(0) — OBy(0) = 0; p(x) is a summable complex-valued function, and 6 is a
complex number. The operator L, is considered in the Hilbert space L?(R");
its domain of definition D(L,) consists of functions f € L?(R*) which have an
absolutely continuous derivative f’, satisfy the condition f’(0) = 6f(0), and
for which I[f] = L,f € L*(R"). The foundations of the spectral theory of the
(non-self-adjoint) operator L, were given in the work of M. A. Naimark (1).

Let y,(z, s) be a solution of the differential equation I[y] = sy, satisfying the
integral equation

> sin(x — t)

s = et — [ ey ) (1)

Put A(s) = v1,(0,s) — 0y,(0,s). We shall say that the operator L, satisfies
condition (H) if the equation A(s) = 0 has no real roots. Otherwise we shall
say that L, is an operator with spectral singularities.

In the present article the operator L, with spectral singularities is studied. In
order to overcome the specific difficulties that arise in this case, we had to impose
on the function p(x) the restriction

/ eTp(zx)| dz < oo, (2)
0

where ¢ > 0. In our investigation we rely on the results of M. A. Naimark;
moreover, of fundamental importance for us is the integral representation of
the resolvent of the operator L, with spectral singularities (see (1), § 7). The
condition (2) itself, however, is also borrowed by us from (1).

If condition (2) is satisfied, then the equation A(s) = 0 has only a finite number
of roots in the half-plane Ims > 0. Since we assume that L, is an operator
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with spectral singularities, the equation A(s) = 0, in addition to the roots
$1,---, S, located in the half-plane Im s > 0, has also real roots oy, ...,0,. The
numbers \; = s?, ..., \, = s2 are eigenvalues of the operator L,. The numbers
fty = 01, ...,jt, = o, we shall call its spectral singularities. If the number sy,
is a root of multiplicity m,, of the equation A(s) = 0, then the multiplicity of
the eigenvalue A, is also equal to m,, and to this eigenvalue there corresponds

a chain of principal functions

((d/dN (@, Ny, J=0emy—1, k=17,

where w(xz, A) is the solution of the equation I[y] = Ay with the initial values
w(0,A) =1, w,(0,\) = 0. The spectrum A, of the operator L, consists of the
eigenvalues Aq, ..., A, and points of the continuous spectrum, filling the half-axis
A > 0. Thus, the spectral singularities belong to the continuous spectrum. For
A ¢ Ay the function w(z, A) tends exponentially to infinity as x — oo, and
therefore there exist functions f € L2(R") for which the integral

W(fL ) = / f@)w(, N) dz 3)

diverges for A ¢ Ay. The integral (3) exists almost everywhere for A > 0 in the
sense of mean-square convergence for every function f € L?(R"). The integrals

sim = [ fe) {(jA)jww,A)} a, (W

A=)

converge in the ordinary sense for every function f € L?(R*). Proofs of all
these facts may be found in paper (1) (see also (?)).

Definition 1. A function ¢()\), measurable for A > 0 and holomorphic in
a neighborhood of the points A, ..., A, will be called a function given on
the spectrum of the operator Ly. Functions ¢;(A) and ¢4()), given on the
spectrum of the operator L,, will be called equal if ¢;(A) = @5(A) almost

everywhere for A > 0 and
d J
(55) i —@l =0
A=)y,

for j=0,...,m; —1; k=1,...,7. The Ly-transform (Fourier transform) of a
function f(x) € L?(R") will be called the function wf(\), given on the spectrum
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of the operator Ly by means of the relations wf(\) = w(f, \) almost everywhere
for A > 0 and

d J
{(dA) wa} (M) =0y 1i k=L

A=Ay
(see formulas (3) and (4)).

Let us consider the problem of inversion of the L,-transform. We note that,
using M. A. Naimark’ s formula for the resolvent of an operator L, with spectral
singularities, it is not hard to construct inversion formulas for finite functions
f e D(Ly). However, the formulas constructed in this way contain integrals over
contours that (partly) do not belong to the spectrum of the operator Ly, and
therefore these formulas have no meaning for nonfinite functions for which the
integral (3) diverges for A ¢ A,. We also note that V. A. Marchenko in paper (?)
constructed inversion formulas for finite functions under a minimal restriction:
assuming only local summability of the “potential” p(z). Below we investigate
the question of constructing an inversion formula for nonfinite functions.

Definition. We shall say that a function ¢()), given on the spectrum of the
operator Ly, belongs to the class &Y if it satisfies the condition

/.

By $? we denote the manifold of those functions f € L?(R*) for which wf € &°.
Theorem 1. 1) The manifold $? is dense in the space L?(R*).

2

7 do < oo. (5)

m @(02)

2) The transform f — wf is a one-to-one mapping of the manifold $? onto
the (entire) class &?.

3) The inverse transform ¢ — w 'y = f is given by the formula

UL [T el VA s fd e
so =2 [ R d“;{((u) MV (Nl ,A)} ,
where

(A=) ™31 (0, VA)
(my = DIA(VN)

4) For every function ¢ € G the integral on the right-hand side of formula
(6) converges in the sense of L%(R").

My(A) =

5) For any functions f € % and g € L?(R") the Parseval equality holds:
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- 1 [T wf g 0VA
J e B v s s

g

A=),

Let us note that if the operator L, satisfies condition (H), then $% = L?(R"),
and (6) (up to obvious transformations) coincides with the corresponding for-
mula of M. A. Naimark. Theorem 1 asserts, in particular, the completeness of
the eigen- and associated elements of the operator L,. Indeed, since the set $°
is dense in L2(R"), it follows from equality (7) that every function g € L*(R")
is uniquely determined by its Ly-transform wf. Let us also note that the mani-
fold $9 consists of functions f admitting the representation f = (1 + £)x(D)h,
where £ is a certain completely continuous Volterra operator, D = i~'d/dx,
and %(s) = (s —0y)™ (s —0,)", where 0y, ...,0, are the real roots of the

p
equation A(s) =0, and ny,...,n, are their multiplicities.

Theorem 2. 1) Let f € . In order that the function f belong to the domain
of definition of the operator Ly, it is necessary and sufficient that the function
Awf()) belong to the class &°.

2) Let the number z be neither an eigenvalue nor a spectral singularity of the
operator Ly. If f € D(L,) and (L, —z-1)f € $”, then f € H?. Therefore,
for every function g € H% ND(R,),

1

(Lg —Z- 1)719(1;) = /0 (}\ wg()\)w(x, /\)\5

— 2)A(VIA(=VN)

A +

™

r d\™t wg(\
+;{(M) Mk(/\)Ag(Z)w(x,)\)}/\_A . (8)

— "k
Let us note that assertion 1) is analogous to the spectral characterization of the

domain of definition of a self-adjoint operator.

Denote by © the class of Borel subsets of the spectrum of the operator Ly, each
of which is at a positive distance from the spectral singularities. For every set
A €9 put

P(A)f(x) = (9)

JL[ eI AVA AT
- /m<o,oo> A(WVN)(=VA) dHA;A{(dQ MiNewf A W}

A=),
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Theorem 3. 1) For every set A € D, formula (9) defines a linear bounded
operator P(A) mapping the whole space L?(R") into itself.

2) The operator function P : A — P(A) is a generalized spectral measure
(see (4)). In particular, the operator function P has the following
properties:

a) P(A;)P(A,) = P(A;NA,) for any Ay, A, € D;

b) if AJA A, ... €D, A= UAj, and the sets A; are pairwise noninter-
secting, then P(A) = P(A,) + P(A,) + -, where the series converges in
the sense of strong convergence of operators in L?(R");

c) if, for some function f € L?(R"), the equality P(A)f = 0 holds for all
A €3, then f=0;

d) the operator function A — [P(A)]* also has property c) (and, of course,
properties a) and b)).

3) If the distance from the set A to the spectral singularities pi;, ..., 1, tends
to zero, then |P(A)| — co.

Obviously, P(A) is a projection operator. It follows from assertion 3) that, as
the set A approaches the spectral singularities, the “angle of projection” tends to
zero. We note that the study of various operators that generate an unbounded
(in norm) spectral measure is the subject of a paper by J. Schwartz (°).

Theorem 4. The operator L, is a generalized spectral operator (see (4)),

with scalar part

§= / AP(dN),

LNl VA S [\
Sf(x)_ﬂ-/o A(\f)\)A<_ﬁ) d)\+;)\k{<d>\) Mk()‘) f()‘) ( 7>‘)}

A=),

where f € $?, and with root part N, which is a bounded nilpotent operator,

N =S <mk—1>{(d‘§) . Mk<A>wf<A>w<x,A>} . fe LR

k=1 A=),
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In particular, for each set A € ® the spectrum of the restriction of the operator
L, to the invariant subspace P(A)L?(R") is contained in the set A. For each
bounded set A € © there is the inclusion

P(A)L*(RY) € D(Ly) N $HP.

Tt is known that if the operator L, satisfies condition (H), then it is a spectral
operator in the usual sense (see, for example, the survey (°)). The essential
difference between an operator L, satisfying condition (H) and an operator L,
with spectral singularities is as follows.

The class &9 of functions ¢()\), defined on the spectrum of the operator and
satisfying condition (5), can be turned into a Hilbert space by setting

2
S T S S TR
ot = | _|zGrete)] a3 2 5 {(d)\) *"W}Hk

In the first case, the Ly-transform is a one-to-one and continuous mapping of
the Hilbert space L2(R") onto the Hilbert space &?, under which the operator
Ly corresponds to multiplication by A. In the second case, the image of the
space L2(R") under the Ly-transform is larger than the space &?; however, for
each set A € D, the mapping

w: P(A)LA(R*) — &

is continuous, and the linear hull of the subspaces P(A)L?(R*), A € D, is dense
in L2(R™).
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