Soviet-era science, translated into English

A. V. STRAUS

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196301.86044

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.86044

Abstract

Full Text
A. V. STRAUS

ON SPECTRAL EXPANSIONS OF SYMMET-
RIC OPERATORS

(Presented by Academician I. M. Vinogradov, 12 IV 1963)

1. Consider a closed symmetric operator A, acting in a Hilbert space H and
having a domain of definition D4 dense in H. The operator A is not assumed
to be self-adjoint, so that A is a part of the operator A* adjoint to it, and in
general the domain of definition D 4. of the operator A* is wider than D 4. As
is known, there exists a resolution of the identity Fy (—oo < A < +00) such
that, for any finite interval A = [, p5) and any f € H, the relations™ hold:

H2
EA)f €Dy ABQ)= [ MBS, (1)
1

where E(A) = E, — E, . This resolution of the identity is, in general, not

orthogonal and not unique. Each such resolution of the identity is called a
spectral function of the operator A.** According to a well-known theorem of
M. A. Naimark (%; see also (!, pp. 369—372)), for every spectral function E,
(—00 < A < 400) of the operator A there exists, in some Hilbert space H> H,
a self-adjoint extension A of the operator A such that the orthogonal spectral
function E)\ (—00 < A < 400) of the operator A is related to E, by the formula

E\f=PE,f (f€H), (2)

where P is the projection operator in H onto H.

Taking (1) into account, one may regard the equality

+o0
/= / dE,f (3)

as a certain formula for expansion in generalized eigen-elements of the operator
A*.

Let, for example, A be a symmetric ordinary differential operator with minimal
domain of definition in £2%(a,b), generated by a differential expression I[y| of
order 2n; the endpoints of the interval (a,b) are not assumed to be regular. The
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spectral functions of such an operator are described in (°). In this case formula
(3) is realized in the form of an expansion in solutions of the equation

lly] = Ay =0, (4)

which also play the role of generalized eigen-elements of the operator A*. How-
ever, if at least one of the endpoints of the interval (a,b) is regular, then, as
has been shown in a number of papers (6711), there is a broad class of spectral
expansions such that in each of them not all solutions of equation (4) take part,

* The operator function Fy (—oo < A < +00) is assumed to be continuous from
the left. On the definition of a resolution of the identity see, for example, (1),
pp- 359, 360.

** Such spectral functions were considered for the first time by Carleman (?)
for symmetric integral operators and by Stone (?) for operators in an abstract
Hilbert space. The definition of a spectral function given here is due to M. A.
Naimark (%).

only those which satisfy certain boundary conditions depending on A.

In the present paper we consider the spectral functions Fy (—oco < A < +00)
of a symmetric operator A acting in an abstract Hilbert space. It turns out
that in this general case as well there are “boundary conditions,” depending
on the parameter A\, which are satisfied, in a certain sense, by the generalized
eigenvectors of the operator A* that participate in the expansion (3).

2. Let E, (—0o < A < 4+00) be some resolution of the identity in H, and let
a and S be fixed real numbers. Denote by K (Ey; @, 8) the linear manifold of
vector functions g(\) (o < A < ) with values in H, admitting a representation

9A) = @1(N)g1 + 92(N)ga + =+ + 05, (N Gy,

where ¢, () (k= 1,2,...,m) are arbitrary continuous complex-valued functions
of the parameter A, and g, (k = 1,2,...,m) are arbitrary elements of H; for
different vector functions these elements and their number may be different.*

For any vector functions g(\), h(A) € Ky(Ey;a, 5) there exists the integral
n—1

B
/ (A9, h(N) = lim S ((Bx_ . — By )g(N,hON)),  (5)

w—0 prd

where

a:)\0<)\1<<)\ :/37 )\LE[)\k,Ak+1] (k:O,17...,n_1);

n

w=max(A, 1 — A).
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Let us introduce the aggregate K, (E\; , 3) of vector functions g(A) (o < A < f5)
with values in H satisfying the following condition: for every € > 0 there exists,
for the function g(\), a function g.(\) € Ky(E\;a, §) such that

n—1

Iim » ((Ey,, — By )(9(\) —9.(M)), 9(N) — g.(A) <&,

w—0 —0

where Ay, A, and w have the same meaning as before.

K,(E,;a, p) is, obviously, a linear manifold, and together with a vector function
g(\) it also contains ¢(\)g(A), whatever continuous complex-valued function
©(\) may be. It is easy to see that for any g(A) and h(\) from K;(E);«, 3) the
integral (5) exists.**

Lemma. IfE, (—00 < A < 4+00) is a spectral function of a symmetric operator
A, then for any vector functions g(\) and h(X\) from K, (E\;«, ) there exists
the integral

n—1

8
/ (A*(dEy)g(A), (V) = lim > (A*(E), | — By )g(\p), h(X,)

w—0 0

* In an analogous way one can define the linear manifold K,(F,;—00,+00),
requiring additionally that the functions ¢, (\) be finite.

** If the value of the integral (5) is taken as the scalar product [g,h] of the
vector functions g(A) and h(\), then K, (Ey;a, ) becomes a Hilbert space, in
general incomplete. The completion of the space K, (Fy;a, /) is, obviously, also
a completion for K,(E,;a, ) in this same metric. We note that the completion
of the space K,(FE,;—00,+00) essentially coincides with the space H discussed
in M. A. Naimark’ s theorem (see (1), pp. 363-366).

and the formula holds
B B B
/ (A*(dEy)g(N), h(N)) = / (dEy)Ag(N), h(A)) = / ((dEy)g(A), Ah(N).

3. Let ;4 be a closed symmetric operator in H, let Abea self-adjoint operator
in H D H which is an extension of the operator A, and let E, (—oco <
A < 400) be the spectral function of the operator A associated with the
spectral function EA of the operator A by formula (2). For any complex
A denote by Z‘;\ the manifold of all f € Dy such that Zf— )\f € H. Put
Ly = Pf)\, where P is the projection operator in H onto H. It is easy
to see that D, C £, C D,.. We note that the manifold £,, for any
complex A, is determined uniquely by specifying the spectral function E
(—00 < A < 400) of the operator A; here it is not necessary to assume
that the operator Ais given.
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Theorem 1. Let g(A) (o < A < f) be a vector function with values in H,
satisfying the following conditions: 1) for every A € [«, 8], g(A) € £,; 2) the
vector functions g(A) and A*g(A) belong to the manifold K, (Ey;a,3); 3) for
the vector function h(A) = A*g(A\) — Ag(A), for every u € [o, 8] the equality

n—=0 [N '

lim [12/ ((dE5)(h(A) = h(p)), h(X) = h(p)) | =0

holds.
Then, for any f € H and any uq, iy € [, 5], the equality

/ (ATEY T, 9(N) — (dEy) [, A%g(N)] = 0. (6)

My

Without dwelling on the proof of the theorem, we shall only note that we carry
it out approximately in the same way as M. G. Krein justifies his method of
directing functionals ((*?); see also (1), pp. 448—454).

Corollary. Let the vector function g(A) (a < A < ) satisfy condition 1) of
Theorem 1 and have the form

9A) = p1(N)g1 + 9a(N)ga + - + 05, (N Gy,

where g, € D 4., and ¢, (\) are complex-valued functions satisfying the Lipschitz
condition (k=1,2,...,m). Then equality (6) holds.

Denote by 91,, for any nonreal z, the defect subspace of the operator A, consist-
ing of all u € D 4. satisfying the equation A*u = Zu. Fix some nonreal value z.
As shown in (8,13), for any nonreal z from the half-plane (Im z - Im z, > 0) the
manifold £, defined above is representable in the form

L. =Dy +[F(z) - EP,
where F'(z) is some linear operator from 91, into 91; , satisfying the conditions:
a) |F(z)] < 1; b) F(z) is an analytic operator function of z in the half-plane
(Im z-Im 2z, > 0). The correspondence between the collection of all such operator
functions F'(z) and the set of all spectral functions Fy (—oco < A < +00) is one-
to-one.

Theorem 2. Let g(A\) (¢ < A < ) be a vector function with values in H
satisfying the following conditions: 1) g()) is the continuous continuation of the
vector function g(z) = fy + F(2)u — u from the half-plane (Imz - Im z, > 0),
where f, € Dy, u € N, ; Im(A*g(A), g(A)) = 0 for every A € [a,]. Then
equality (6) holds.

4. Let us explain the meaning of the theorem by the example of a symmetric
differential operator A with minimal domain of definition in £2(0, +00),
which is generated by an ordinary differential expression I[y] of arbitrary
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even order 2n. For any functions y = y(x) and v = v(z) from D 4. the
equality

(A*y7 U) - (y7 A*U) = [ya U]O+Ooa (7)
holds, where [y, v] is a known bilinear form in the functions y(z), v(z) and
their quasi-derivatives up to order (2n — 1), inclusive. If F\(—oco < A <

+00) is the spectral function of the operator A, then for any real p and
any function f(z) € £2(0,+0o0) the formula

<Eu—wa:1/#wahﬂdmxx (8)

holds, where p(\) is a certain scalar distribution function, and y(x, A, f)
is a certain solution of equation (4), depending linearly on f*. Let g())
be a vector function of A (o < A < B) with values in H = £2(0, +00),
such that g(\) = g(z, \), where g(z, A) is a scalar function of z and A
(0 <z < 400; a <A< f). Suppose that g(A) satisfies all the conditions
of Theorem 1 or 2 and that for every A € [a, (], g(z, ) is a finite function
of z. Taking (6), (7), and (8) into account, we conclude that for any
H1y Ho € [Oé, 5] the equahty

[ W D960 Lo dp3) =0

holds. Hence it follows that almost everywhere on the interval [, 3] with
respect to the measure p(A),

[y(m, A, f), g(‘rv )‘) ]z:O =0,
i.e., y(z, A, f) satisfies a certain boundary condition depending on A.
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Note: Figure translations are in progress. See original paper for figures.
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