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MATHEMATICS
Corresponding Member of the USSR Academy of Sciences A. N. TIKHONOV

ON THE SOLUTION OF ILL-POSED PROB-
LEMS AND THE REGULARIZATION METHOD

1. Inverse problems of mathematical physics often lead to ill-posed problems.
A typical example is the Fredholm equation of the first kind

b
Alz, 2(s)] = / K(z,s)z(s)ds = u(x), c<z<d. (1)

This equation has a solution not for every function w(z). It is obvious that
if K(x,s) has a certain degree of smoothness with respect to x, then there
is no function z(s) € L, satisfying equation (1) if u(z) has a lower degree of
smoothness. We shall assume uniqueness of the solution of equation (1), i.e.,
we shall suppose that if for some function u(x) equation (1) has a solution z(s),
then it has only one.

Let the function u(x) be such that equation (1) has a solution z(s). The purpose
of the present article is to set forth an algorithm for constructing a uniform
approximation to the function z(s). In what follows we shall assume that z € C,
where C] is the class of continuous piecewise-smooth functions.

Denote by U the class of functions u(z) = Alz, 2(s)], 2(s) € C;. As the norm
of deviation in C'; we shall take

|2l = max|z(s)] (e <s<b)

and as the norm of deviation in U,

d
Ju(z)] = [ [ v dx}

If the kernel K(z,s) is continuous, then the mapping él — U is continuous.
It should be borne in mind that the inverse problem—the problem of finding

1/2
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z(s) from a given function u(x)—is ill-posed. Indeed, to the functions z; (s) and
2y(8) = 2,(s) Fpcosws, z,(s), z(s) € C,, where p is any fixed number (however
large), there will correspond functions u, (x) and uy(z), whose norm of deviation
|uq () —uy ()| is arbitrarily small if w is sufficiently large. However, if the class
of admissible solutions is a compact class Z, then the inverse mapping U — Z
will be stable (1). In other words, for any £ > 0 there exists a d(e, Z) such that
from |[u; — us| < 0(e, Z) it follows that ||z, — z,| < €, if uy,uy € U = {u(z) =
Az, 2(s)], z € Z}, where Z is a compact class of functions.

The construction of an algorithm for obtaining an approximate solution that
uniformly approximates Z(s) is based on the following regularization principle:
a family of functions z%(s), depending on a parameter «, will be called a regu-
larized family of approximate solutions if: 1) u,(z) = Az, 2%(s)] — u(x)
as a — 0; 2) the functions z%(s), for any «, belong to a compact class of
functions Z containing z(s). The regularized family of approximate solutions
converges uniformly to z(s) as o — 0.

2. Let a function u(x) be given. Consider the functional

M®[z(s), u(x)] = Nlz(s), u(z)] + aQ[z(s)], (2)

where the functional N represents the quadratic deviation of u(x) from A[x, z(s)]
d
Nle(s),ata)] = [ (Ao, 2()] — o)) d,

b
Qlz(s)] = / [k(s)2'(s)% 4+ p(s)22(s)]ds (k(s) >0, p(s) > 0).

We shall call [z] a regularizing functional and M® a smoothing functional.

Theorem 1. For any function u(z) € L, there exists a unique continuous,
differentiable function z%(s) realizing the minimum of the smoothing functional

The function z%(s) is determined by the Euler equation for the functional
Mz, ul:

where
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d d
K6 = [ KeoKeod b= [ Ko de
With the aid of the Green’ s function for the boundary-value problem

_4
"~ ds

dz

)|~ P = £5), F@==B) =0, @

L¥[z] T

defined by the Euler operator for the regularizing functional, equation (3) can be
transformed into a Fredholm equation of the second kind, for which, when o > 0,
the homogeneous equation has only the trivial solution; hence the existence of
z%(s) follows.

Theorem 2. If Z(s) € C,, u(zx) = Az, 2(s)], then for any € > 0 there exists
such an af(e, 2) that

|2%(s) — z(s)| < e

for all a < (e, 2).

Indeed,

Me[z%(s);u(z)] < N[z, 4] + aQ[z] = aC? (C? = Q]7]),

whence it follows that 2%(s) satisfies the inequality

1) Qfz(s)] < C?,

which determines a compact class of functions Z, and also

2) Ju*(z) —u(x)| <aC —0 asa—0.

Hence theorem 2 follows.

Theorem 3. If z € él, then for any ¢ > 0 and any auxiliary numbers 0 < v; <
v, there exists such a 0 (g,7, 74, 2) that if: 1) the norm of the deviation of the
function ug(x) from the function u(x) is less than ¢

lus(z) —u(z)] < 6

2) a = a(9) satisfies the conditions
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v < P/a <y, (or /vy <a<8?/y),

then Z§(s), realizing the minimum of the smoothing functional M® |z, tis(x)],
belongs to the e-neighborhood of the function z(s),

‘556‘(8) — Z(s)’ <e

for 4 < 50(‘57’717’72’2)'

It is not difficult to verify by examples that the function Z{*(s) corresponding
to a fixed function 1us(s), for small §, as a« — 0, may leave the e-neighborhood
of Z(s).

3. Let us pass to approximate methods for solving equation (1). Consider
the method of finite differences. Take a mesh on (a,b): s; = jh — 0.5h
(j=1,..,n), andon (¢,d): x; = thy —0.5hy (i = 1,...,m), where h =

Lla—b) and hy=2(c—d). Denote z; = z(s;), and let

]h_/ K(x s)ds + O(h?)

be some quadrature formula of order ~.

Consider the difference smoothing functional

Mgz 4] = Z{ZKw Zih A} h1+az{ Za ) %+p]A2h}

where @ = {%,} is a given mesh function on {z,}, Z = {2,} is a mesh function
on {s;}, and k; >0, p; > 0.
Analogously to the preceding, the following holds.

Theorem 1’. For any mesh function ¢ and a > 0 there > exists a mesh function
Z“ realizing the minimum of the smoothing functional M{(Z, u).

The mesh function Z% is determined from the system of equations
i 1 ~ L n
L [2} = hi[k: ( ]+1 ) - k.]*l(zj - Zj pj J Z Zlh = 07

20 = 215 Zn+l = #n>
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where

m . m
Fjl = ZKinilhlv bj = ;Kiinhh

1=1

and k; and p; are determined through k(x), p(x) by means of some homogeneous

difference scheme converging to problem (4) (see (?)). In particular, for example,
k; = k(s; +0.5h), p; = p(s;).

Theorem 2'. If z(s) € C,, then for any ¢ > 0 and any auxiliary numbers
0 < 7; < 7, there exist such dy(e, 7,79, 2) and hy(e,vq, V9, Z) that if: 1) the
norm of the deviation of the function t5(x) from u(x) is less than §:

lts — ull < 6;
2) &

a(0) satisfies the conditions

v <8/, (or 6% /y, <a <8/,

then Zz§(s), which realizes the minimum of the difference smoothing func-
tional M,?[E, ug], belongs to the e-neighborhood of the function Zz(s) for
0 < 5()(5,’71,’}’2,2), h < h0(67717’72>2)'

Equation (3’) is an algorithm for solving equation (1), giving very effective
results with the aid of electronic digital computers.

The construction of the functions z*(s) may also be carried out using expansions
in series with respect to orthogonal systems.

The method set forth above is applicable to equations of the type

Alz, 2(s)] = u(x), (1)

where A[x, z(s)] is a bounded operator. If we denote

17 §<57

afx,s) = Alz,n,(8)], (&) = {0 £E>s

then equation (3) can be represented in the form

o {k<s>z'<s> - p(©)2(6) de}—{ /

d

d
Alx, z(&)]a(z, s) dz —/ alz, s)u(z) dx} =0,
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The regularizing functional Q[z] may be chosen as a quadratic functional (not
necessarily differential) so that the condition ©(z) < C determines a compact
set and so that the Euler operator for €2(z) has a completely continuous inverse
operator. This also applies to the case where the domain of definition of z(s) is
a domain D of n dimensions (see the Sobolev-Kondrashev theorem?).

Smoothing functionals provide a convenient apparatus for solving equations of
the second kind at an isolated point of the spectrum, as well as for solving
nonlinear problems.
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