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Abstract
Full Text
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MATHEMATICS
Corresponding Member of the USSR Academy of Sciences A. N. TIKHONOV

ON THE SOLUTION OF ILL-POSED PROB-
LEMS AND THE REGULARIZATION METHOD
1. Inverse problems of mathematical physics often lead to ill-posed problems.
A typical example is the Fredholm equation of the first kind

𝐴[𝑥, 𝑧(𝑠)] = ∫
𝑏

𝑎
𝐾(𝑥, 𝑠)𝑧(𝑠) 𝑑𝑠 = 𝑢(𝑥), 𝑐 ≤ 𝑥 ≤ 𝑑. (1)

This equation has a solution not for every function 𝑢(𝑥). It is obvious that
if 𝐾(𝑥, 𝑠) has a certain degree of smoothness with respect to 𝑥, then there
is no function 𝑧(𝑠) ∈ 𝐿2 satisfying equation (1) if 𝑢(𝑥) has a lower degree of
smoothness. We shall assume uniqueness of the solution of equation (1), i.e.,
we shall suppose that if for some function 𝑢̄(𝑥) equation (1) has a solution ̄𝑧(𝑠),
then it has only one.

Let the function 𝑢̄(𝑥) be such that equation (1) has a solution ̄𝑧(𝑠). The purpose
of the present article is to set forth an algorithm for constructing a uniform
approximation to the function ̄𝑧(𝑠). In what follows we shall assume that ̄𝑧 ∈ ̄𝐶1,
where ̄𝐶1 is the class of continuous piecewise-smooth functions.

Denote by 𝑈 the class of functions 𝑢(𝑥) = 𝐴[𝑥, 𝑧(𝑠)], 𝑧(𝑠) ∈ ̄𝐶1. As the norm
of deviation in ̄𝐶1 we shall take

‖𝑧‖ = max |𝑧(𝑠)| (𝑎 ≤ 𝑠 ≤ 𝑏)

and as the norm of deviation in 𝑈 ,

‖𝑢(𝑥)‖ = [∫
𝑑

𝑐
𝑢2(𝑥) 𝑑𝑥]

1/2

.

If the kernel 𝐾(𝑥, 𝑠) is continuous, then the mapping ̄𝐶1 → 𝑈 is continuous.
It should be borne in mind that the inverse problem—the problem of finding
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𝑧(𝑠) from a given function 𝑢(𝑥)—is ill-posed. Indeed, to the functions 𝑧1(𝑠) and
𝑧2(𝑠) = 𝑧1(𝑠)+𝑝 cos 𝜔𝑠, 𝑧1(𝑠), 𝑧2(𝑠) ∈ ̄𝐶1, where 𝑝 is any fixed number (however
large), there will correspond functions 𝑢1(𝑥) and 𝑢2(𝑥), whose norm of deviation
‖𝑢1(𝑥)−𝑢2(𝑥)‖ is arbitrarily small if 𝜔 is sufficiently large. However, if the class
of admissible solutions is a compact class ̄𝑍, then the inverse mapping ̄𝑈 → ̄𝑍
will be stable (1). In other words, for any 𝜀 > 0 there exists a 𝛿(𝜀, ̄𝑍) such that
from ‖𝑢1 − 𝑢2‖ < 𝛿(𝜀, ̄𝑍) it follows that ‖𝑧1 − 𝑧2‖ < 𝜀, if 𝑢1, 𝑢2 ∈ ̄𝑈 = {𝑢(𝑥) =
𝐴[𝑥, 𝑧(𝑠)], 𝑧 ∈ ̄𝑍}, where ̄𝑍 is a compact class of functions.

The construction of an algorithm for obtaining an approximate solution that
uniformly approximates ̄𝑧(𝑠) is based on the following regularization principle:
a family of functions 𝑧𝛼(𝑠), depending on a parameter 𝛼, will be called a regu-
larized family of approximate solutions if: 1) 𝑢𝛼(𝑥) = 𝐴[𝑥, 𝑧𝛼(𝑠)] → 𝑢̄(𝑥)
as 𝛼 → 0; 2) the functions 𝑧𝛼(𝑠), for any 𝛼, belong to a compact class of
functions ̄𝑍 containing ̄𝑧(𝑠). The regularized family of approximate solutions
converges uniformly to ̄𝑧(𝑠) as 𝛼 → 0.

2. Let a function 𝑢̄(𝑥) be given. Consider the functional

𝑀𝛼[𝑧(𝑠), 𝑢̄(𝑥)] = 𝑁[𝑧(𝑠), 𝑢̄(𝑥)] + 𝛼Ω[𝑧(𝑠)], (2)

where the functional 𝑁 represents the quadratic deviation of 𝑢̄(𝑥) from 𝐴[𝑥, 𝑧(𝑠)]

𝑁[𝑧(𝑠), 𝑢̄(𝑥)] = ∫
𝑑

𝑐
[𝐴[𝑥, 𝑧(𝑠)] − 𝑢̄(𝑥)]2 𝑑𝑥,

Ω[𝑧(𝑠)] = ∫
𝑏

𝑎
[𝑘(𝑠)𝑧′(𝑠)2 + 𝑝(𝑠)𝑧2(𝑠)] 𝑑𝑠 (𝑘(𝑠) > 0, 𝑝(𝑠) > 0).

We shall call Ω[𝑧] a regularizing functional and 𝑀𝛼 a smoothing functional.

Theorem 1. For any function 𝑢̄(𝑥) ∈ 𝐿2 there exists a unique continuous,
differentiable function 𝑧𝛼(𝑠) realizing the minimum of the smoothing functional
𝑀𝛼[𝑧(𝑠), 𝑢̄(𝑥)].
The function 𝑧𝛼(𝑠) is determined by the Euler equation for the functional
𝑀𝛼[𝑧, 𝑢̄]:

𝐿𝛼[𝑧] = 𝛼 { 𝑑
𝑑𝑠 [𝑘𝑑𝑧

𝑑𝑠] − 𝑝𝑧}−{∫
𝑏

𝑎
𝐾̄(𝑠, 𝜉)𝑧(𝜉) 𝑑𝜉 − 𝑏̄(𝑠)} = 0, 𝑧′(𝑎) = 𝑧′(𝑏) = 0,

(3)

where
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𝐾̄(𝑠, 𝜉) = ∫
𝑑

𝑐
𝐾(𝜉, 𝑠) 𝐾(𝜉, 𝜉) 𝑑𝜉, 𝑏̄(𝑠) = ∫

𝑑

𝑐
𝐾(𝜉, 𝑠)𝑢̄(𝜉) 𝑑𝜉.

With the aid of the Green’s function for the boundary-value problem

𝐿𝜔[𝑧] = 𝑑
𝑑𝑠 [𝑘(𝑠)𝑑𝑧

𝑑𝑠] − 𝑝(𝑠)𝑧(𝑠) = 𝑓(𝑠), 𝑧′(𝑎) = 𝑧′(𝑏) = 0, (4)

defined by the Euler operator for the regularizing functional, equation (3) can be
transformed into a Fredholm equation of the second kind, for which, when 𝛼 > 0,
the homogeneous equation has only the trivial solution; hence the existence of
𝑧𝛼(𝑠) follows.

Theorem 2. If ̄𝑧(𝑠) ∈ ̄𝐶1, 𝑢(𝑥) = 𝐴[𝑥, ̄𝑧(𝑠)], then for any 𝜀 > 0 there exists
such an 𝛼(𝜀, ̄𝑧) that

|𝑧𝛼(𝑠) − ̄𝑧(𝑠)| < 𝜀

for all 𝛼 < 𝛼0(𝜀, ̄𝑧).
Indeed,

𝑀𝛼[𝑧𝛼(𝑠); 𝑢̄(𝑥)] ≤ 𝑁[ ̄𝑧, 𝑢̄] + 𝛼Ω[ ̄𝑧] = 𝛼𝐶2 (𝐶2 = Ω[ ̄𝑧]),

whence it follows that 𝑧𝛼(𝑠) satisfies the inequality

1) Ω[𝑧(𝑠)] ≤ 𝐶2,

which determines a compact class of functions ̄𝑍, and also

2) ‖𝑢𝛼(𝑥) − 𝑢̄(𝑥)‖ ≤ 𝛼𝐶 → 0 as 𝛼 → 0.

Hence theorem 2 follows.

Theorem 3. If ̄𝑧 ∈ ̄𝐶1, then for any 𝜀 > 0 and any auxiliary numbers 0 < 𝛾1 <
𝛾2 there exists such a 𝛿0(𝜀, 𝛾1, 𝛾2, ̄𝑧) that if: 1) the norm of the deviation of the
function 𝑢𝛿(𝑥) from the function 𝑢̄(𝑥) is less than 𝛿

‖𝑢𝛿(𝑥) − 𝑢̄(𝑥)‖ < 𝛿;
2) ̄𝛼 = ̄𝛼(𝛿) satisfies the conditions
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𝛾1 ⩽ 𝛿2/𝛼 ⩽ 𝛾2 (or 𝛿2/𝛾2 ⩽ 𝛼 ⩽ 𝛿2/𝛾1),

then ̃𝑧 𝛼̄
𝛿 (𝑠), realizing the minimum of the smoothing functional 𝑀 𝛼̄[𝑧, 𝑢̃𝛿(𝑥)],

belongs to the 𝜀-neighborhood of the function ̄𝑧(𝑠),

∣ ̃𝑧 𝛼̄
𝛿 (𝑠) − ̄𝑧(𝑠)∣ < 𝜀

for 𝛿 ⩽ 𝛿0(𝜀, 𝛾1, 𝛾2, ̄𝑧).
It is not difficult to verify by examples that the function ̃𝑧 𝛼

𝛿 (𝑠) corresponding
to a fixed function 𝑢̃𝛿(𝑠), for small 𝛿, as 𝛼 → 0, may leave the 𝜀-neighborhood
of ̄𝑧(𝑠).

3. Let us pass to approximate methods for solving equation (1). Consider
the method of finite differences. Take a mesh on (𝑎, 𝑏): 𝑠𝑗 = 𝑗ℎ − 0.5ℎ
(𝑗 = 1, … , 𝑛), and on (𝑐, 𝑑): 𝑥𝑖 = 𝑖ℎ1 − 0.5ℎ1 (𝑖 = 1, … , 𝑚), where ℎ =
1
𝑛 (𝑎 − 𝑏) and ℎ1 = 1

𝑚 (𝑐 − 𝑑). Denote 𝑧𝑗 = 𝑧(𝑠𝑗), and let

𝑛
∑
𝑗=1

𝐾𝑖𝑗𝑧𝑗ℎ = ∫
𝑏

𝑎
𝐾(𝑥𝑖, 𝑠)𝑧(𝑠) 𝑑𝑠 + 𝑂(ℎ𝛾)

be some quadrature formula of order 𝛾.

Consider the difference smoothing functional

𝑀𝛼
ℎ [ ̂𝑧, 𝑢̂] =

𝑚
∑
𝑖=1

{
𝑛

∑
𝑗=1

𝐾𝑖𝑗 ̂𝑧𝑗ℎ − 𝑢̂𝑖}
2

ℎ1 + 𝛼
𝑛

∑
𝑗=1

{𝑘𝑗( ̂𝑧𝑗+1 − ̂𝑧𝑗)2 1
ℎ + 𝑝𝑗 ̂𝑧 2

𝑗 ℎ} ,

where 𝑢̂ = {𝑢̂𝑖} is a given mesh function on {𝑥𝑖}, ̂𝑧 = { ̂𝑧𝑗} is a mesh function
on {𝑠𝑗}, and 𝑘𝑗 > 0, 𝑝𝑗 > 0.

Analogously to the preceding, the following holds.

Theorem 1′. For any mesh function 𝑢̂ and 𝛼 > 0 there exists a mesh function
̂𝑧 𝛼 realizing the minimum of the smoothing functional 𝑀𝛼

ℎ [ ̂𝑧, 𝑢̂].
The mesh function ̂𝑧 𝛼 is determined from the system of equations

𝐿𝛼[ ̂𝑧] = 𝛼 { 1
ℎ2 [𝑘𝑗( ̂𝑧𝑗+1 − ̂𝑧𝑗) − 𝑘𝑗−1( ̂𝑧𝑗 − ̂𝑧𝑗−1)] − 𝑝𝑗 ̂𝑧𝑗}−{

𝑛
∑
𝑙=1

𝐾𝑗𝑙 ̂𝑧𝑙ℎ − ̂𝑏𝑗} = 0,

(3’)

̂𝑧0 = ̂𝑧1, ̂𝑧𝑛+1 = ̂𝑧𝑛,
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where

𝐾𝑗𝑙 =
𝑚

∑
𝑖=1

𝐾𝑖𝑗𝐾𝑖𝑙ℎ1, ̂𝑏𝑗 =
𝑚

∑
𝑖=1

𝐾𝑖𝑗𝑢̂𝑖ℎ1,

and 𝑘𝑗 and 𝑝𝑗 are determined through 𝑘(𝑥), 𝑝(𝑥) by means of some homogeneous
difference scheme converging to problem (4) (see (2)). In particular, for example,
𝑘𝑗 = 𝑘(𝑠𝑗 + 0.5ℎ), 𝑝𝑗 = 𝑝(𝑠𝑗).
Theorem 2′. If 𝑧(𝑠) ∈ 𝐶1, then for any 𝜀 > 0 and any auxiliary numbers
0 < 𝛾1 ⩽ 𝛾2 there exist such 𝛿0(𝜀, 𝛾1, 𝛾2, ̄𝑧) and ℎ0(𝜀, 𝛾1, 𝛾2, ̄𝑧) that if: 1) the
norm of the deviation of the function 𝑢̃𝛿(𝑥) from 𝑢̄(𝑥) is less than 𝛿:

‖𝑢̃𝛿 − 𝑢̄‖ < 𝛿;
2) ̄𝛼 = ̄𝛼(𝛿) satisfies the conditions

𝛾1 ⩽ 𝛿2/𝛼 ⩽ 𝛾2 (or 𝛿2/𝛾2 ⩽ 𝛼 ⩽ 𝛿2/𝛾1),

then ̄𝑧𝛼
𝛿 (𝑠), which realizes the minimum of the difference smoothing func-

tional 𝑀̂𝛼
ℎ [ ̂𝑧, 𝑢̂𝛿], belongs to the 𝜀-neighborhood of the function ̄𝑧(𝑠) for

𝛿 ⩽ 𝛿0(𝜀, 𝛾1, 𝛾2, ̄𝑧), ℎ < ℎ0(𝜀, 𝛾1, 𝛾2, ̄𝑧).
Equation (3′) is an algorithm for solving equation (1), giving very effective
results with the aid of electronic digital computers.

The construction of the functions 𝑧𝛼(𝑠) may also be carried out using expansions
in series with respect to orthogonal systems.

The method set forth above is applicable to equations of the type

𝐴[𝑥, 𝑧(𝑠)] = 𝑢(𝑥), (1’)

where 𝐴[𝑥, 𝑧(𝑠)] is a bounded operator. If we denote

𝛼(𝑥, 𝑠) = 𝐴[𝑥, 𝜂𝑠(𝜉)], 𝜂𝑠(𝜉) = {1, 𝜉 ⩽ 𝑠,
0, 𝜉 > 𝑠,

then equation (3) can be represented in the form

𝛼 {𝑘(𝑠)𝑧′(𝑠) + ∫
𝑠

0
𝑝(𝜉)𝑧(𝜉) 𝑑𝜉}−{∫

𝑑

𝑐
𝐴[𝑥, 𝑧(𝜉)]𝛼(𝑥, 𝑠) 𝑑𝑥 − ∫

𝑑

𝑐
𝛼(𝑥, 𝑠)𝑢̄(𝑥) 𝑑𝑥} = 0,

sovietrxiv.org/items/ru-196301.85113 Machine Translation

https://sovietrxiv.org/items/ru-196301.85113


𝑧′(𝑎) = 𝑧′(𝑏) = 0.

The regularizing functional Ω[𝑧] may be chosen as a quadratic functional (not
necessarily differential) so that the condition Ω(𝑧) ⩽ 𝐶 determines a compact
set and so that the Euler operator for Ω(𝑧) has a completely continuous inverse
operator. This also applies to the case where the domain of definition of 𝑧(𝑠) is
a domain 𝐷 of 𝑛 dimensions (see the Sobolev–Kondrashev theorem3).

Smoothing functionals provide a convenient apparatus for solving equations of
the second kind at an isolated point of the spectrum, as well as for solving
nonlinear problems.
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