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Abstract
Full Text
D. M. SMIRNOV

ON REDUCED FREE MULTIOPERATOR
GROUPS
(Presented by Academician A. I. Mal’tsev on 23 XI 1962)

In the author’s note (^1) the question of orderability of multioperator groups
(^2) was considered, and it was established that arbitrary free Ω-groups, free
sums of ordered Ω-groups, and free Ω-groups with commutative addition (or free
Ω𝐴-groups (^3)) are orderable. In the present paper the question of orderability
of certain reduced free distributive Ω-groups is studied. In the second part of the
article two results on orderability and finite approximability of free modules are
formulated, as well as similar results on triangular extensions and free groups.

No. 1. An orderability criterion for a distributive Ω-group. An Ω-group
𝐺 is called ordered if its additive group is ordered in such a way that, for every
𝜔 ∈ Ω and every ordered system of 𝑛 = 𝑛(𝜔) nonnegative elements 𝑎1, … , 𝑎𝑛 of
the group 𝐺, the element 𝑎1 … 𝑎𝑛𝜔 ≥ 0.

By Γ(𝑋, Ω) we shall agree to denote the absolutely free universal algebra with
system of free generators 𝑋 and system of basic operations Ω.

Let a distributive Ω-group 𝐺 be given. Adjoin to Ω all inner automorphisms of
the additive group 𝐺. Denote the resulting set by Ω′. Form the absolutely free
algebra Γ(𝑋, Ω′) over the finite set 𝑋 = {𝑥1, … , 𝑥𝑛}. If 𝑎1, … , 𝑎𝑛 are arbitrary
nonzero elements of the group 𝐺, then by 𝑇 (𝑎1, … , 𝑎𝑛) we shall agree to denote
the subsemigroup of the additive group 𝐺 generated by all nonzero values of
the words of the algebra Γ(𝑋, Ω′) under 𝑥1 = 𝑎1, … , 𝑥𝑛 = 𝑎𝑛.

Theorem 1. A distributive Ω-group 𝐺 is orderable if and only if, for every
finite collection of nonzero elements 𝑎1, … , 𝑎𝑛 of 𝐺, one can choose plus or
minus signs 𝜀1, … , 𝜀𝑛 so that

0 ∉ 𝑇 (𝜀1𝑎1, … , 𝜀𝑛𝑎𝑛).

These conditions for ordinary groups coincide with the Lorentz–Ohnishi condi-
tions ((4,5), see also Łoś (^6)), and for rings—with the Jonsson–Podderyugin
conditions (7,8). A consequence of Theorem 1 is also an orderability criterion
for one class of operator groups indicated by V. D. Podderyugin (^9).

No. 2. Free distributive Ω𝐴-groups. Let 𝑋 be a nonempty ordered set of
symbols and let Ω be an ordered system of operations. We define the notion of
the height of a word 𝛾 in the absolutely free algebra Γ(𝑋, Ω) inductively: 1)
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the words of height 1 shall be the elements of the set 𝑋 and only these; 2) if
words of height ℎ ≤ 𝑘, where 𝑘 ≥ 1, have already been defined, then words of
height 𝑘 + 1 will be called words of the form 𝛾1 … 𝛾𝑛𝜔, where 𝜔 ∈ Ω, 𝑛 = 𝑛(𝜔),
and 𝛾1, … , 𝛾𝑛 are words of height not exceeding 𝑘, with at least one of them
having height equal to 𝑘. The height of a word 𝛾 will be denoted by the symbol
ℎ(𝛾). We define in the following way a linear ordering of the set of words of
Γ(𝑋, Ω), which we shall call the lexicographic ordering of the algebra Γ(𝑋, Ω),
determined by the given relations of linear order in the sets 𝑋 and Ω.

Let Γ𝑘 be the set of all words from Γ(𝑋, Ω) whose height does not exceed 𝑘
(𝑘 = 1, 2, …). By assumption the set Γ1 = 𝑋 is ordered. Suppose that a linear
order relation has already been defined on the set Γ𝑘, where 𝑘 ⩾ 1.

We order the set Γ𝑘+1 in the following way: if 𝛼, 𝛽 ∈ Γ𝑘+1, 𝛼 ≠ 𝛽, then we put
𝛼 < 𝛽 if one of the following conditions is satisfied: 1) 𝛼 ∈ Γ𝑘, 𝛽 ∈ Γ𝑘, and
𝛼 precedes 𝛽 in the set Γ𝑘; 2) ℎ(𝛽) = 𝑘 + 1 and ℎ(𝛼) ⩽ 𝑘; 3) 𝛼 = 𝛼1 ⋯ 𝛼𝑚𝜔1,
𝛽 = 𝛽1 ⋯ 𝛽𝑛𝜔2 are words of height 𝑘 + 1, and the multioperator 𝜔1 precedes
the multioperator 𝜔2 in the set Ω, while for 𝜔1 = 𝜔2 there exists a number
𝑠 such that 𝛼1 = 𝛽1, … , 𝛼𝑠−1 = 𝛽𝑠−1, but the word 𝛼𝑠 precedes the word 𝛽𝑠
in the set Γ𝑘. Since the ordering in Γ𝑘+1 extends the ordering in Γ𝑘, the set
Γ(𝑋, Ω) = ⋃ Γ𝑘 is ordered.

Theorem 2. A free distributive Ω𝐴-group 𝐺 with any system of free generators
𝑋 can be ordered by extending the lexicographic linear order relation in the
absolutely free algebra Γ(𝑋, Ω), defined by arbitrarily prescribed order relations
in the sets 𝑋 and Ω.

Corollary. A free nonassociative ring 𝐾 with any set of free generators 𝑋 can
be ordered by extending the lexicographic order in the absolutely free groupoid
Γ(𝑋, ⋅), defined by an arbitrarily prescribed order relation on the set 𝑋.

No. 3. Free distributive unary Ω-groups. Let Ω be an arbitrary system
of unary operations. Take some nonempty set of symbols 𝑋 and construct the
absolutely free algebra Γ(𝑋, Ω). We take the set of elements of this algebra as the
system of free generators of the additive free group 𝐹 . If 𝑤 ∈ 𝐹 , 𝑤 ≠ 0, then 𝑤
has a unique representation of the form 𝑤 = 𝑘1𝛾1+⋯+𝑘𝑛𝛾𝑛, where 𝛾𝑖 ∈ Γ(𝑋, Ω),
𝛾𝑖 ≠ 𝛾𝑖+1, and 𝑘𝑖 are nonzero integers. We put 𝑤𝜔 = 𝑘1(𝛾1𝜔)+⋯+𝑘𝑛(𝛾𝑛𝜔) and
0𝜔 = 0 for every 𝜔 ∈ Ω. With this definition in the group 𝐹 of unary operations
from Ω, the group 𝐹 becomes a distributive Ω-group. It is easy to see that it
will be free in the class of all distributive Ω-groups with the given system of
unary operations Ω. We shall call 𝐹 a free distributive unary Ω-group.

Using Hall’s theory of basic commutators (10) (see also A. I. Shirshov (11)), one
can prove the following assertion.

Theorem 3. A free distributive unary Ω-group 𝐹 with any system of free
generators 𝑋 can be ordered by extending the lexicographic linear order relation
in the absolutely free algebra Γ(𝑋, Ω), defined by arbitrarily prescribed order
relations in the sets 𝑋 and Ω.
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No. 4. Free distributive quasirings. A distributive Ω-group 𝐺, whose sys-
tem of multioperators Ω consists only of one binary operation—multiplication
—will be called a distributive quasiring (cf. (12)). The class 𝐾 of distribu-
tive quasirings is characterized by a system of identities consisting of identities
defining the class of additive groups and two distributivity identities:

(𝑥 + 𝑦)𝑧 = 𝑥𝑧 + 𝑦𝑧, 𝑧(𝑥 + 𝑦) = 𝑧𝑥 + 𝑧𝑦.

Consequently, the class 𝐾 is primitive, and one can speak of free distributive
quasirings.

A free distributive quasiring 𝐹 with a system of free generators 𝑋 can be con-
structed in the following way. First we construct the following free algebras, each
time taking the set 𝑋 as the system of free generators: 1) an absolutely free
multiplicative groupoid Γ, in which we distinguish the subgroupoid 𝑌 = Γ ∖ 𝑋;
2) a free additive group 𝐹1; 3) a free nonassociative ring 𝐺,

in which we single out the subring 𝐹2, generated by the set 𝑌 , and the sub-
group 𝐺1, generated by the set 𝑋. For the groups 𝐹1, 𝐺1, 𝐹2, 𝐺 the following
decompositions hold:

𝐹1 = ∑
𝑥∈𝑋

∗{𝑥}, 𝐺1 = ∑
𝑥∈𝑋

{𝑥}, 𝐹2 = ∑
𝑦∈𝑌

{𝑦}, 𝐺 = 𝐺1 + 𝐹2.

Let 𝜎1 be the natural homomorphism of the group 𝐹1 onto the group 𝐺1, and let
𝜎2 be the identity mapping of the group 𝐹2 onto itself. By 𝐹 = 𝐹1 ∗ 𝐹2 denote
the free sum of the groups 𝐹1, 𝐹2. There exists a uniquely determined homo-
morphism 𝜎 of the group 𝐹 into the group 𝐺 extending the homomorphisms
𝜎1, 𝜎2. Since the product of any two elements of 𝐺 belongs to the subgroup 𝐹2,
we have (𝑓𝜎) ⋅ (𝑔𝜎) ∈ 𝐹2 for all 𝑓, 𝑔 ∈ 𝐹 . Put 𝑓 ⋅ 𝑔 = (𝑓𝜎) ⋅ (𝑔𝜎). It is easy to
see that the group 𝐹 , together with the multiplication operation defined in this
way, is a distributive quasiring.

Theorem 4. Every mapping 𝜑 of the set 𝑋 into any distributive quasiring 𝐻
can be extended, and moreover uniquely, to a homomorphism of the quasiring 𝐹
constructed above into the quasiring 𝐻.

Consequently, 𝐹 is a free distributive quasiring with the system of free generators
𝑋.

Theorem 5. The free distributive quasiring 𝐹 with any system of free generators
𝑋 can be ordered by extending the lexicographic order relation in the absolutely
free groupoid Γ(𝑋, ⋅), defined by an arbitrarily prescribed order relation on the
set 𝑋.

No. 5. Free modules. Let 𝑅 be the group ring of some multiplicative group
𝐺. A free 𝑅-module 𝑆, considered as a 𝐺-module, is called a free 𝐺-module.
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Theorem 6. A free 𝐺-module 𝑆 with basis 𝑋 over an orderable group 𝐺 can
be ordered by extending any order relation on the set 𝑋.

Let 𝐾 be some class of Ω-groups. An Ω-group 𝐻 is called 𝐾-approximable
(13) if, for every element ℎ ∈ 𝐻, ℎ ≠ 0, there exists an Ω-homomorphism 𝜎 of
the Ω-group 𝐻 into an Ω-group from the class 𝐾, under which the image ℎ𝜎 of
the element ℎ is also distinct from zero. If the class 𝐾 consists of finite Ω-groups
(or of finite Ω-groups whose order is equal to a power of a given prime number
𝑝), then 𝐾-approximability is called finite (or, respectively, approximability by
finite 𝑝-groups).

Theorem 7. If the group 𝐺 is finitely approximable, then any free 𝐺-module 𝑆
is approximable by finite 𝑝-groups for any prime number 𝑝.

No. 6. Triangular extensions. Let 𝐺 be a multiplicative group and 𝑆 some
free 𝐺-module. The symbols (𝑔, 𝑠), where 𝑔 ∈ 𝐺, 𝑠 ∈ 𝑆, with respect to the
multiplication

(𝑔1, 𝑠1) ⋅ (𝑔2, 𝑠2) = (𝑔1𝑔2, 𝑠1𝑔2 + 𝑠2)

form a group, which we shall call the triangular extension of the group 𝐺
and denote by 𝐺𝑆 (cf. (10), p. 256).

Theorem 8. If the group 𝐺 is orderable (or finitely approximable), then any
triangular extension 𝐺𝑆 of it is also orderable (or, respectively, finitely approx-
imable).

No. 7. Free groups. Using Theorem 8 and one result of M. Hall (see (10),
Lemma 15.5.1), it is easy to prove the following assertion:

Theorem 9. If the quotient group 𝐹/𝐴 of a free group 𝐹 by some normal
divisor 𝐴 is orderable (or finitely approximable), then the quotient group 𝐹/𝐴(𝑛)

of the group 𝐹 by any 𝑛-th commutant 𝐴(𝑛) of the group 𝐴 is also orderable (or,
respectively, finitely approximable).

As an immediate consequence of this theorem, let us note the following known
result.

Corollary. The free solvable group 𝐹/𝐹 (𝑛) is orderable and finitely approx-
imable.

Finite approximability of the free solvable group was first proved by Gruenberg
in paper (14). In the same paper a theorem of P. Hall was formulated without
proof, from which the orderability of the free solvable group follows.

Let us note that the factor group 𝐹/[𝐴, 𝐴] of a free group 𝐹 , being a torsion-
free group for any normal divisor 𝐴 of the group 𝐹 (15), may turn out to be
non-orderable. Therefore the assumption on the orderability of the factor group
𝐹/𝐴 in the condition of Theorem 9 is essential.
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Example. Let 𝐹 be the free group freely generated by the elements 𝑢, 𝑣, and let
𝐵 be the cyclic group of order 2 with generator 𝑏. The mapping 𝑢 → 𝑏, 𝑣 → 1 of
the set of free generators of the group 𝐹 into the group 𝐵 extends (and moreover
uniquely) to a homomorphism of the group 𝐹 onto the group 𝐵. Let 𝐴 be the
kernel of this homomorphism. Using the Schreier method, it is easy to show that
the group 𝐴 is freely generated by the elements 𝑢2, 𝑣, 𝑢𝑣𝑢−1. Let 𝑓 = 𝑣𝑢𝑣−1, 𝑔 =
𝑣−1𝑢𝑣. Since the factor group 𝐴/[𝐴, 𝐴] is commutative, 𝑓2 ≡ 𝑔2 (mod [𝐴, 𝐴]).
However 𝑓 ≢ 𝑔 (mod [𝐴, 𝐴]), since otherwise we would have (𝑢𝑣𝑢−1)2 ≡ 𝑣2

(mod [𝐴, 𝐴]), which is impossible in view of the linear independence of the
elements 𝑢𝑣𝑢−1, 𝑣 modulo [𝐴, 𝐴]. Thus the group 𝐹/[𝐴, 𝐴] is not a group with
unique extraction of roots and, consequently, cannot be ordered.
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