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Abstract
Full Text

MATHEMATICS
V. A. BELYAEV

ON THE ABSOLUTE CONVERGENCE OF A
POWER SERIES IN TWO VARIABLES
(Presented by Academician P. S. Novikov on 20 VI 1962)

Let a power series in two variables 𝑥, 𝑦 be given:

∞
∑

𝑖=0, 𝑘=0
𝑎𝑖𝑘𝑥𝑖𝑦𝑘. (1)

We shall say that the series (1) converges at the point (𝑥0, 𝑦0) if

lim𝑝→∞
𝑞→∞

𝑝,𝑞
∑

𝑖=0, 𝑘=0
𝑎𝑖𝑘𝑥𝑖

0𝑦𝑘
0 = 𝐴 < ∞.

In the case of a power series in one variable ∑∞
𝑖=0 𝑎𝑖𝑥𝑖, Abel’s theorem is valid,

stating that from the convergence of the series at the point 𝑥 = 𝑥0 ≠ 0 there
follows its absolute convergence in the interval |𝑥| < |𝑥0|. A similar result does
not hold in the case of a power series in two variables.

Indeed, let

𝑃(𝑥) =
𝑚

∏
𝑠=1

(𝑥 − 𝑥𝑠) = 𝑏0 + 𝑏1𝑥 + ⋯ + 𝑏𝑚𝑥𝑚, 𝑥𝑙 ≠ 𝑥𝑘, if 𝑙 ≠ 𝑘.

Put in the series (1)

𝑎𝑖𝑘 = 0, if 𝑖 > 𝑚; 𝑎𝑖𝑘 = 𝑘!𝑏𝑖, if 𝑖 ≤ 𝑚.

If 𝑝 > 𝑚, then

𝑆𝑝,𝑞(𝑥, 𝑦) =
𝑝,𝑞
∑

𝑖,𝑘=0
𝑎𝑖𝑘𝑥𝑖𝑦𝑘 =

𝑚,𝑞
∑

𝑖,𝑘=0
𝑘!𝑏𝑖𝑥𝑖𝑦𝑘 = 𝑃(𝑥)

𝑞
∑
𝑘=0

𝑘!𝑦𝑘.
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It follows from this equality that the series converges to zero on the straight
lines 𝑥 = 𝑥𝑠, 𝑠 = 1, 2, … , 𝑚, since 𝑃(𝑥𝑠) = 0, converges on the straight line
𝑦 = 0, and diverges at the other points of the plane.

The example just considered shows, in particular, that a power series in two
variables may converge at points of the plane not lying on the straight lines
𝑥 = 0, 𝑦 = 0, and may have no interior points of convergence. Hence follows
the erroneousness of Osgood’s assertion in (1) (p. 33, lines 3–6) on the absolute
convergence of the series (1) in the rectangle {|𝑥| < |𝑥0|, |𝑦| < |𝑦0|}, if it
converges at the point (𝑥0, 𝑦0).
In this note, conditions are indicated that ensure the validity of such an asser-
tion.

Lemma. If the power series ∑∞
𝑖,𝑘=0 𝑎𝑖𝑘𝑥𝑖𝑦𝑘 with coefficients 𝑎𝑖,𝑘 = 0, when

𝑖 > 𝑖0 and 𝑘 > 𝑘0, converges at the points (𝑥𝑛, 𝑦𝑛)𝑛0
0 , 𝑥𝜈 ≠ 𝑥𝜔, 𝑦𝜈 ≠ 𝑦𝜔 for

𝜈 ≠ 𝜔, 𝑛0 = max{𝑖0, 𝑘0}, then the inequalities

|𝑎𝑖𝑘𝑥𝑖
𝑛1

𝑦𝑘
𝑛2

| ≤ 𝑀,

where

|𝑥𝑛1
| = min

0≤𝑛≤𝑛0
|𝑥𝑛|, |𝑦𝑛2

| = min
0≤𝑛≤𝑛0

|𝑦𝑛| (2)

hold.

Proof. Since the given series converges at the points (𝑥𝑛, 𝑦𝑛)𝑛0
0 , the sequences

of partial sums of this series 𝑆𝑝,𝑞(𝑥𝑛, 𝑦𝑛) and 𝑆𝑝−1,𝑞(𝑥𝑛, 𝑦𝑛) have equal finite
limits as 𝑝, 𝑞 → ∞. Consequently,

lim𝑝→∞
𝑞→∞

{𝑆𝑝,𝑞(𝑥𝑛, 𝑦𝑛) − 𝑆𝑝−1,𝑞(𝑥𝑛, 𝑦𝑛)} = 0,

i.e.

𝑥𝑝
𝑛

𝑘0

∑
𝑘=0

𝑎𝑝𝑘𝑦𝑘
𝑛 = 𝑥𝑝

𝑛𝑃𝑘0,𝑝(𝑦𝑛) → 0. (3)

We write the polynomial ∑𝑘0
𝑘=0 𝑎𝑝𝑘𝑦𝑘 in the form of an interpolation polynomial

with nodes at the points {𝑦𝑛}𝑘0
0 ,

𝑘0

∑
𝑘=0

𝑎𝑝𝑘𝑦𝑘 =
𝑘0

∑
𝑛=0

𝑃𝑘0,𝑝(𝑦𝑛) 𝜔(𝑦)
(𝑦 − 𝑦𝑛)𝜔′(𝑦𝑛) .
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Since

𝜔(𝑦)
(𝑦 − 𝑦𝑛)𝜔′(𝑦𝑛) ≡

𝑘0

∑
𝑘=0

𝑐𝑘𝑛𝑦𝑘,

we have

𝑘0

∑
𝑘=0

𝑎𝑝𝑘𝑦𝑘 =
𝑘0

∑
𝑛=0

𝑃𝑘0,𝑝(𝑦𝑛)
𝑘0

∑
𝑘=0

𝑐𝑘𝑛𝑦𝑘.

Hence

𝑎𝑝𝑘 =
𝑘0

∑
𝑛=0

𝑃𝑘0,𝑝(𝑦𝑛)𝑐𝑘𝑛, 0 ≤ 𝑘 ≤ 𝑘0. (4)

From relations (2) and (3) it follows that

𝑥𝑝
𝑛1

𝑃𝑘0,𝑝(𝑦𝑛) −−−→
𝑝→∞

0. (5)

Multiplying both sides of equality (4) by 𝑥𝑝
𝑛1

and taking (5) into account, we
shall have:

|𝑎𝑝𝑘𝑥𝑝
𝑛1

| ≤
𝑘0

∑
𝑛=0

|𝑃𝑘0,𝑝(𝑦𝑛)𝑥𝑝
𝑛1

| |𝑐𝑘𝑛| ≤

≤
⎧{
⎨{⎩

max
0≤𝑛≤𝑘0
0≤𝑘≤𝑘0

|𝑐𝑘𝑛|
⎫}
⎬}⎭

𝑘0

∑
𝑛=0

|𝑃𝑘0,𝑝(𝑦𝑛)𝑥𝑝
𝑛1

| −−−→
𝑝→∞

0.

If 𝑘 is fixed, then 𝑦𝑘
𝑛2

is a constant quantity; therefore

𝑎𝑝𝑘𝑥𝑝
𝑛1

𝑦𝑘
𝑛2

−−−→
𝑝→∞

0, 0 ≤ 𝑘 ≤ 𝑘0.

It is proved similarly that

𝑎𝑖𝑞𝑥𝑖
𝑛1

𝑦𝑞
𝑛2

⟶ 0, 0 ≤ 𝑖 ≤ 𝑖0.

Since 𝑎𝑖𝑘 = 0 for 𝑖 > 𝑖0 and 𝑘 > 𝑘0, the lemma is proved.
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Theorem. If the power series (1) converges at the points (𝑥𝑛, 𝑦𝑛)∞
1 , |𝑥𝑛| ↓

𝑥0 > 0, |𝑦𝑛| ↓ 𝑦0 > 0, then the given series converges absolutely in the rectangle
|𝑥| ≤ 𝑥0, |𝑦| ≤ 𝑦0.

Proof. Since the series (1) converges at the point (𝑥1, 𝑦1), its general term
𝑎𝑖𝑘𝑥𝑖

1𝑦𝑘
1 tends to zero as 𝑖, 𝑘 → ∞. Consequently, there exist indices 𝑖0 and 𝑘0

such that the inequalities

|𝑎𝑖𝑘𝑥𝑖
1𝑦𝑘

1 | ≤ 1, 𝑖 > 𝑖0, 𝑘 > 𝑘0. (6)

will hold.

Since all terms of the series

∞
∑

𝑖=𝑖0+1, 𝑘=𝑘0+1
𝑎𝑖𝑘𝑥𝑖𝑦𝑘 (7)

are bounded in modulus by the number 1 at the point (𝑥1, 𝑦1), it follows, as in
the case of a power series in one variable, that the series (7) converges absolutely
in the rectangle |𝑥| < |𝑥1|, |𝑦| < |𝑦1|. In particular, this series will converge
absolutely on the set {(𝑥𝑛, 𝑦𝑛)∞

2 }. Since the original series also converges on
this same set, the series

∞
∑

𝑖=0, 𝑘=0
𝑎𝑖𝑘𝑥𝑖𝑦𝑘 −

∞
∑

𝑖=𝑖0+1, 𝑘=𝑘0+1
𝑎𝑖𝑘𝑥𝑖𝑦𝑘, (8)

whose construction is the same as that of the series considered in the lemma, will
converge on it. By virtue of the lemma and the conditions of the theorem, from
the convergence of the series (8) on the set {(𝑥𝑛, 𝑦𝑛)𝑛0+2

2 }, 𝑛0 = max{𝑖0, 𝑘0}, it
follows that

|𝑎𝑖𝑘𝑥𝑖
𝑛0+2𝑦𝑘

𝑛0+2| ≤ 𝑀. (9)

Since |𝑥𝑛0+2| < |𝑥1|, |𝑦𝑛0+2| < |𝑦1|, the inequalities (6) and (9) imply the
inequalities

|𝑎𝑖𝑘𝑥𝑖
𝑛0+2𝑦𝑘

𝑛0+2| ≤ 𝑀 + 1, 𝑖, 𝑘 ≥ 0.

Consequently, the series (1) converges absolutely in the rectangle |𝑥| <
|𝑥𝑛0+2|, |𝑦| < |𝑦𝑛0+2|. This completes the proof of the theorem.

Corollary 1. If the series (1) converges in some neighborhood of the point
(𝑥0, 𝑦0), 𝑥0 ≠ 0, 𝑦0 ≠ 0, then it converges absolutely in the rectangle |𝑥| ≤
|𝑥0|, |𝑦| ≤ |𝑦0|.
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Corollary 2. If the series (1) converges in an open domain 𝐺, then it converges
absolutely in it.

Moscow State Pedagogical Institute
named after V. I. Lenin

Received
19 VI 1962
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