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MATHEMATICS
V. A. BELYAEV

ON THE ABSOLUTE CONVERGENCE OF A
POWER SERIES IN TWO VARIABLES

(Presented by Academician P. S. Novikov on 20 VI 1962)

Let a power series in two variables z,y be given:

o0

Z axz'y". (1)

i=0, k=0
We shall say that the series (1) converges at the point (zg,y,) if

P,
lim Z a Tyl = A < 0.

pP—00
q—o0 i=0, k=0

In the case of a power series in one variable ZZO a;x', Abel’ s theorem is valid,
stating that from the convergence of the series at the point x = z, # 0 there
follows its absolute convergence in the interval |z| < |zy|. A similar result does
not hold in the case of a power series in two variables.

Indeed, let

P(z) = H(x —x,) =by+byx+-+b,a™, x, F xy, ifl+k.

s=1

Put in the series (1)

a;, =0, ifi>m; a;, = klb;, ifi <m.
If p > m, then
P,q ‘ m,q ‘ q
Sy y) = Z a iyt = Z kb ziy* = P(x) Z Klyk.
i,k=0 i,k=0 k=0
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It follows from this equality that the series converges to zero on the straight
lines ¢ = z,, s = 1,2,...,m, since P(z,) = 0, converges on the straight line
y = 0, and diverges at the other points of the plane.

The example just considered shows, in particular, that a power series in two
variables may converge at points of the plane not lying on the straight lines
x =0, y = 0, and may have no interior points of convergence. Hence follows
the erroneousness of Osgood’ s assertion in (1) (p. 33, lines 3-6) on the absolute
convergence of the series (1) in the rectangle {|z| < |zyl, |yl < |yol}, if it
converges at the point (zy, y)-

In this note, conditions are indicated that ensure the validity of such an asser-
tion.

Lemma. If the power series Z(;ZZO a;,x'y* with coefficients a;, = 0, when
i > iy and k > kg, converges at the points (z,,,9,)0%, T, # Ty, Yy F Y, for
v # w, ng = max{iy, ky}, then the inequalities

‘a/ikxi 1y7]$,2| < Ma

n

where

|z min |z, Y, | = min |y,| (2)

43! | 0<n<n, 0<n<ng

hold.

Proof. Since the given series converges at the points (z,,, yn)g", the sequences
of partial sums of this series S, ,(v,,y,) and S, ; ,(%,,y,) have equal finite
limits as p,q — oo. Consequently,

phargo{sp,q(xm Yn) — Spflyq(z"’ Yn)} =0,
q—00

i.e.

ko
o8> auyk =ab Py (y,) — 0. (3)
k=0

We write the polynomial E:UZO apkyk in the form of an interpolation polynomial

with nodes at the points {yn}§°7

< & w(y)

k
E A, Y" = E P, (yp) .
k=0 P n=0 ko,p( ) (y - yn>w (yn)
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Since

ko

W(y) = Z Cknyka

(y - yn)w/ (yn) N k=0

we have
ko ko ko
D ap =D P ) Y et
k=0 n=0 =0
Hence
kO
apk = ZPko:P(yn>Cknﬂ 0 S k S kO' (4)
n=0

From relations (2) and (3) it follows that

D
xnl Pkmp

(Un) —— 0. ()

p—00

Multiplying both sides of equality (4) by 2%, and taking (5) into account, we
shall have:

ko
a’pkxgl‘ < Z |Pk0,p(yn)x£1| ‘Ckn| <
n=0

ko
: 3 1By o), | =0
= Ogla';]io |Ckn| - |Pk:0,p(yn)mn1| 10*>—00) 0
0<k<k, n=0

If £ is fixed, then yfh is a constant quantity; therefore
apkxﬁlyflg m 0, 0<k<k,.
It is proved similarly that

a, 1t y%QHO, 0 <9 <.

g n,

Since a;, = 0 for ¢ > i, and k > k,, the lemma is proved.
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Theorem. If the power series (1) converges at the points (x,,y,)5, |z, |
xy >0, |y,| 4 yo > 0, then the given series converges absolutely in the rectangle
lz] < 20, [yl < Yo-

Proof. Since the series (1) converges at the point (xy,y;), its general term
a;x7iy¥ tends to zero as i,k — oco. Consequently, there exist indices i, and k,
such that the inequalities

lagaiyf| <1, P>y, k> k. (6)

will hold.

Since all terms of the series

oo

Z aty* (7)

i=ig+1, k=ky+1

are bounded in modulus by the number 1 at the point (z,,y;), it follows, as in
the case of a power series in one variable, that the series (7) converges absolutely
in the rectangle || < |z;|, |y| < |y;|- In particular, this series will converge
absolutely on the set {(z,,,v,)5°}. Since the original series also converges on
this same set, the series

o0

o0
Z agr'y® — Z agz'yF, (8)
i=0, k=0

i=ig+1, k=ky+1

whose construction is the same as that of the series considered in the lemma, will
converge on it. By virtue of the lemma and the conditions of the theorem, from
the convergence of the series (8) on the set {(z,, yn)g°+2}, ng = max{iy, ko }, it

follows that

|aikz§10+2yﬁ0+2| S M. (9)

Since [z, io| < |z1l, |Yn, 42| < [y1l, the inequalities (6) and (9) imply the
inequalities

|a @l oy ol <M +1, i k>0.

Consequently, the series (1) converges absolutely in the rectangle |z| <
|a:n0+2|, ly| < |yn0+2|. This completes the proof of the theorem.

Corollary 1. If the series (1) converges in some neighborhood of the point
(T o), g F 0, yo # 0, then it converges absolutely in the rectangle |z| <

lzols [yl < lyol-
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Corollary 2. If the series (1) converges in an open domain G, then it converges

absolutely in it.
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