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In this note one finds subgroups of an order-extendable group, definable inde-
pendently of the order, by which the factor-groups are order-extendable. In
particular, these subgroups are of interest in connection with questions of de-
scribing the ways of ordering a group. Next, the connection is indicated between
the problem of the coincidence of the classes of order-extendable and orderable
groups and other questions.

A group is called order-extendable if every partial order on it can be extended
to a linear one.

Notation: S Q, b, ...) is the minimal invariant semigroup in the group G contain-
ing a,b,...; M is the image of the set M from the group G under a homomor-
phism of G onto the group G.

A subgroup H of a group G is called strictly isolated if from
xgy'zgy .. g, w9, € H

it follows that
x, gl_lxgh ceey g;l.'lign € H.

Subgroups and subsemi-groups of this kind were considered in (},2).

Theorem 1. The factor-group G/H of an order-extendable group G is order-
extendable if and only if H is an invariant strictly isolated subgroup.

The necessity follows from the strict isolation of the identity in an ordered group.
To prove sufficiency, suppose at first that H is strictly isolated and G/H = G
is not orderable. Then, on the basis of Theorem 1 from (!), in G there are
elements @, , ..., @, distinct from 1, such that for arbitrary e; = +1

S@@it,...,a;) N1+ ¢*
and, consequently, in G also

S(alt,...,a") N H # ¢. (*)
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Here one may assume n minimal, i.e., no proper part of a,,...,a, has this
property. Let, further, P be the semigroup of positive elements (without the
identity) from H under some ordering of G, and

P, = S(a,)HU P.

P, is an invariant semigroup by virtue of the invariance of H, S(ay), and P.
We shall show that P, does not contain the identity. If s € S(a;), h € H, and
sh =1, then s € H, and, by the strict isolation of H, it follows that a; € H,
which contradicts @, # 1. Thus P, is an invariant semigroup not containing the
identity and, hence, it defines in G a partial order. Starting from P, extend
the order of G. We shall assume aq,...,a,, > 1, since if a; < 1, one may take

1

a;'. Moreover, for every h € H we shall have a; > h (i.e. a; > h* for every

integer k), since a;h™* € S(a;)H C P;. Next take the intersection H; of all
convex subgroups containing H. Let

Ayye @y, € Hy, Gy, eesa, € Hy.

m > 1, since from a; € H it follows that a; € H;. On the basis of convexity
and invariance of H,, for any g € G, h € H, we shall have

g arg, . g ay,, > h,

and hence
g targ,...,g  ay,, € Hy.

Therefore every product composed of elements of H; and at least one of

—1 —1
g "a19,---,9 amg

also does not belong to H;, and hence not to H.

* ¢ is the empty set.

Consequently,

S(ay,...;a,) NH =S(a,,,1,...,a,) N H % 0.
But, by the minimality of n, there exist such €, 4, ..., ¢, that
S(aymit, . an) N H # 0,

and, therefore,

Sy, ey Uy @™ an) NVH =0,

Y my Ym410
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which contradicts (). Hence G/H is orderable.

We now show that G/H = G is an orderable group. Let P, be the semigroup
of positive elements of G under some partial ordering of G, and let P, be its
complete preimage in G. Starting from the partial order defined by P,, we
order G. In this case, from P, = P,H it follows that P, N Hy = (), where H,
is the intersection of all convex subgroups containing H. On the basis of (%),
from the orderability of G/H, and the possibility of ordering H,/H, which is
preserved under the action of inner automorphisms from G/H, the group G can
be ordered while preserving the orders on G/H, and on H,/H. This order will
be an extension of P,, since P, N H = {).

Corollary. If in an orderable group G a subgroup H is invariant and strictly
isolated, then there exists an ordering of G under which H is convex.

Lemma. If in an ordered group G: 1) an element z belongs to the center of
the group G; 2) A is the union of all convex subgroups not containing z; 3)
xgy'zg, ... gy g, = 2, then 7" =7 in G = G/A.

Let B be the intersection of all convex subgroups containing z. From 1), 2),
and the construction of B it follows that A and B are invariant. By convexity
and invariance of A and B we have z,g7'xg,,..., g, xg, € B\ A. The inner
automorphisms of the group G induce in B/A automorphisms that are order-
preserving (see (4)). Therefore, for any h € G we have

zZ=h"1zh =h~'zh-h tg;tzg,h...h g g,

= (h1zh) - g7 (h~1zh)g, ... ;1 (h~1zh)g, .
1 1 n n

Suppose, for definiteness, that T > h—1zh in G. But then

TGy TGy - Gt TGy, >

> (h=tzh)gy (h—1zh)g, ... gt (h—1zh).

Consequently, T = h—'zh, and therefore z"™ =% in G.
Theorem 2. The quotient group G/Z of an orderable group G by its center Z

is orderable.

For the proof, by Theorem 1, it is enough to show that the center Z is strictly
isolated. Order G, and let z € Z; z € B\ A, where A and B are neighboring
convex subgroups; P is the set of positive elements of G not belonging to B\ A4;
I*(2) is the set of positive elements of I(z), where I(2) is the isolator (see (°))
of z in G. By the isomorphism of I(z) to an additive group of rational numbers
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and by the Archimedean property of B/A, it follows that I(z)\1 C B\ A. From
this, convexity and invariance of A and B imply that

P, = PI(z) UI*(2)

is an invariant semigroup not containing the identity, and hence P, defines a
partial order in G. Starting from P,, order G. Let under this ordering H be the
intersection of all convex subgroups containing z. Then H \1 C B\ A, since, if
g€ B\A,

then either g € P, or g € P~'. We may further assume that the order in the
subgroup H coincides with its order under the original ordering of G. From
this, H\'1 C B\ A, and the Archimedeanness of B/A, it follows that H is
Archimedean and is the least convex subgroup distinct from the identity under
the new ordering of G. Therefore, on the basis of the lemma, the equality

zgytag, gy g, =z

implies "™ = 2z in G/{1} = G. From 2" = 2 and the isolatedness of I(z) it
follows that = € I(z) C Z, and hence gy 'zgy, ..., 9, xg, € Z. The theorem is
proved.

Remark 1. From the isomorphism of an ordered group to a factor group of
some free ordered group (see (%)), Theorems 1 and 2 imply the equivalence of
the following propositions.
1) An orderable group is bi-orderable.
2) A free group is bi-orderable.
3) A group is bi-orderable if and only if its identity is strictly isolated.
)

4) The factor group of a group with strictly isolated identity by the center is
bi-orderable.

Remark 2. A two-step solvable group is orderable if and only if its identity is
strictly isolated.

This is proved by a direct application of Theorem 3 from (!) to the system
consisting of the group itself, the isolator of its commutant, and the identity.

Remark 3. The factor group G/Z; of an orderable group G by a complete
subgroup Z; of the center Z is orderable.

For the proof, take the system of all convex subgroups under some ordering of
G:
GD>+-DBDAD--DCD-D1 (**)

and multiply each subgroup of this system by Z;. Then, together with the
identity, we obtain the system

G>-D>Z1BDZ/AD-DZ,CDDZ D1, ()
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which, as we shall show, satisfies the conditions of Theorem 3 from (}). This
will prove the assertion, since under the order constructed in (1), the subgroups
of the system (x * x) will be convex. We shall show the validity of only one of
these conditions (the strict isolatedness of the subgroups of the system (x x *)),
since the fulfillment of the remaining ones follows directly from their fulfillment
for the system (skx).

Let
x9f1$91 "'gﬁlxgn =zc € Z,C,

where z € Z,,c€ C, z€ C and z € B\ A, where A and B are adjacent convex

subgroups of G. Then, by the lemma, in G/A we have Z = 7", and hence

z = 2""ta, where a € A. By the completeness of Z;,
() —a,

where z/"™ = z and z; € Z;. From the strict isolatedness of A, (z;z71)"*! =q
implies 2,z = a7! € A, i.e. x = z;a,.

Further, from
ze = (2101)97 ' (2101)91 - 95 (2101) 9y,
it follows that
D —ceC
ai191 @191 9n 19y ce 9
whence, on the basis of the strict isolatedness of C,

ay, g1tai9q, -, gy tayg, € C,

and therefore x = z;a; € Z;C. Consequently,

x, gflxglv"'a g;1$gn € Zlc

In conclusion I express my gratitude to the supervisor of the work, P. G. Kon-
torovich.
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