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Abstract
Full Text

V. M. SOLODOV

ON THE ERROR OF NUMERICAL INTEGRA-
TION

(Presented by Academician A. A. Dorodnitsyn on 9 VII 1962)

In this paper an unimprovable, in the sense of order, estimate is obtained for
the error of numerical integration for a certain class of functions. The methods
for obtaining the results are the same as in the works of N. M. Korobov (1+2).

The functions f(xq,...,z,) are assumed to be periodic, with period equal to

?vs

one in each of the variables, and to be expandable in an absolutely convergent
Fourier series:

flzq,...,z,) = Z e(mq,...,mg)exp [2mi(mix; + -+ mg,s)]. (1)

If the Fourier coefficients satisfy the inequality

—Q

|C(m17 7ms>| < (ml ms) (a >1, m= maX(L |m|)>

or the inequality

|c(m1,... 7ms)| < mza(m2"'ms)_al7 <Oé,0é1 > 1)7

then we shall say that the function belongs, respectively, to the class E$ or to
the class E.

Lemma 1. The number of solutions of the inequality

My e [In(1 4 7y) - In(1+7m,)]2 < g (2)

in integers mq, ..., mgy does not exceed c,(s)q.
Proof by induction.

Lemma 2. Let p > s be a prime. There exists an integer a (1 < a < p) such
that the congruence

my +amy 4+ +a*tmy,=0 (mod p)

sovietrxiv.org/items/ru-196301.82148 Machine Translation


https://sovietrxiv.org/items/ru-196301.82148

has no solutions, except the trivial one, in the domain (2) with q¢ < [sc1(s)] ' p.

Proof. Introduce the notation

5. (n) = 1, ?anO (mod p),
P 0, ifnz#0 (mod p).

The lemma asserts that for some a
Z‘Sp(m1 +amy + - +a*tm,) = 0,
(2)

where ng denotes summation over the domain (2), excluding the set
(mq,...,mg) = (0,...,0). We choose a from the condition

4

Zé (my +amy + -+ a* 'my) = min §,(my + z2my + -+ 2°7Imy). (4)
= Come )

It is easy to show that the right-hand side of (4) is equal to 0. Indeed,

/

1P
: -1 s—1
i 2 0,(my +2my + -+ 257 my) < » E Op(my + -+ 257 tmy) <

LTy

Corollary. Obviously, the assertion of Lemma 2 remains valid if the domain
(2) is replaced by the domain

My (1M ... T,) 775 < g < ey(e, 8)p, (e >0).

Lemma 3. For a > 1, € > 0, the estimate

is valid.

Proof by induction.
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Theorem 1. Let a be chosen as in Lemma 2. For functions f € E? the
quadrature formula

1 1
1 1 a a

flay, ..., x,)dey - dey — — f (k,k,..., k) =R,
|| s, o (kS

where |R| < ¢(a, oy, s)p™¢, is valid.

Proof. According to (1) and (3), the error of numerical integration can be
written in the following form:

1 0 p s—1
|R| = |~ Z “e(my, ... ymy) Zexp {27% Mt a m, k} <
My ey, Mg =—00 k=1 p
o0
< Z /m;a<m2 "'ms)_aal(sp(ml + amsy + o+ as—lms)7 (6)
My ,...,M=—00
where 3" denotes summation over the sets (my, ...,m,) % (0,...,0).

Applying Abel’ s transformation successively with respect to each of the sum-
mation variables, we obtain

o0
|R| < (acry)® Z my® Y (my ...my )@ 1x

My,...,mg=1
X > ', (ky + aky + -+ + a* k). (7)
lkq|<myq,.. kg |<mg
Let us estimate from above the quantity
'8, (ky + aky + -+ a* k).
Ky |<my el |<mg

Obviously, it can be represented as a sum of 2° terms, in each of which every
summation variable has constant sign. All terms are estimated in the same way.
Therefore we consider only one of them:

o= Z Z 5p<k1 + aky + -+ (ls_lkis).
k=1 k=1

s

By virtue of the consequence of Lemma 2, o > 0 only when
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)a1+é—

mq(my ... my)* > my(my...my T > g> e ay,s)p.

Define r, p, and n from the conditions:

my(mg...m,_1)* < g <my(my...m,.)*,

q =my(my...m,_1p)*

[pln <m, <[p](n+1),

where n is an integer and [p] is the integer part of p. Then

my My1  n (k+1)[p

LE DI Z Z Za (ky + aky + ... + 0> 1k,) | .

k=1 k. =1k,=0 |k, =k[p]+1k, =1 k=1

The sum in square brackets does not exceed 1. Indeed, suppose it were greater
than 1. This would mean that there exist at least two distinct solutions of the
congruence k; + aky + ... +a* 1k, =0 (mod p), i.e.

oK+ .+ a"k +a™ k4 a0t k) =1

and

oy (kY 4+ .+ a"k +a" Mk + a0 k) =1
In that case we would also have
5p(k’1 —E + (K, —k)a+ ...+ (k. —k)a") = 1.

But then

(R, — R [k — k5 Ok~ R)] ™ < my(my o, ) = g,

which contradicts the choice of a. Consequently,

(5%
o= S S sy oy (1) e )T
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< 4% ml(m2 "’ms)al )
N q

Hence, by virtue of (7) and (5), we obtain

mq(mgy ... mg)™

|R| < 03(a,a1,s) Z a+1<

qmq

—Q

s +1 SC(OZ,OZI,S)p
m m) 1

PP S | 2 s
my(my..m,)¥1ta " a >q

The theorem is proved.

In Theorem 1 it was assumed that the number of nodes of the quadrature
formula coincides with the quantity p, which determined the form of the grid.
Thus, when the number of nodes was changed, all nodes changed. In contrast, in
the following theorem we consider such quadrature formulas in which increasing
the number of nodes by one leads only to the addition of one new node to the
old ones. In lectures by N. N. Chentsov at Moscow University it was proved
that, for the error of quadrature formulas of this type, one cannot obtain an
estimate better than R = O(N~!), where N is the number of nodes.

Theorem 2. Let a be chosen as in Lemma 2; let N > 0 be an arbitrary integer
not exceeding p. For functions f € EY ; the quadrature formula

1 1 N
1 a a
Ty Tg1)dTy...dT4_ 1 — — E -k, ..., k|l =R, 8
/0 /0f< 1 1) 1 1 N}c_lf(p » ) ()

where

- N

Proof. According to (6),

o0

1
Rl < & > (T )

MM,y Mg 1 =—00

N -1

+...+a’ _
Zexp [am1 a*tm, k}
k=1 p

Using the well-known estimate of a trigonometric sum, we obtain

oo}

|R| < % Z "My, ... gy )~ min (N’ <<W>>> ’

Mp 4y Mg =—00 P
9)
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where () is the distance from « to the nearest integer. There always exists
such an my that amy + ...+ a*'m,_; =my (mod p) and |my| < 3(p—1) = p;.
Obviously, the following equality holds:

_ -1 P1 -1
amy + ... +a*tm, >> <<m0 >> .
= — 0, (amq+...4a* " my_;—my).
( - > (")) gy, ——

Since

My,eyMg =700 Mo=—P1 (10)
- plte i , pzl d,(amy + ... + a*tm,_; —m,
N mé_‘—s (m SMg_q a 7

where 0 < € < o — 1. Applying the result of Theorem 1 to (10), we obtain
assertion (8).

Remark. The nodes obtained in Theorem 2 can be used to construct quadra-
ture formulas with different weights for N < p. Namely, by the method of paper
3 for functions of the class E®, where « is not an integer, one can construct

such formulas whose error has order N[,
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