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Abstract
Full Text

PHYSICS
V. V. Tolmachev

ASYMPTOTIC EXPANSIONS FOR WEAK
INTERACTION IN A NEIGHBORHOOD
OF THE CRITICAL TEMPERATURE OF
A PHASE TRANSITION IN A MODIFIED
FORMULATION OF THE PROBLEM OF A
NONIDEAL BOSE-EINSTEIN SYSTEM

(Presented by Academician N. N. Bogolyubov, February 12, 1963)

Earlier, in (%2), a method was proposed for constructing asymptotic expansions,
for weak interaction, in a modified formulation of the problem of a nonideal
Bose-Einstein system. This method is based on the problem of finding, for small
interaction, an asymptotic solution of a system of nonlinear integral equations

for A(p), B(p), and e(p) (see (1), (2), (3) in (?)):

A(p')
e(p’) 2

Ap) = Byttt s [ 9 000 =00)
0

B(p) = ngv(p) — ﬁ Z p"dp" v(p,p’) i(pp,/)) cth 65(22),)7 (2)
e%(p) = A*(p) — B*(p), (3)

where ng is the density of the number of particles in the condensate, 5 = 1/6,
0 = kT, k is Boltzmann’ s constant, and T is the absolute temperature.

In (%3) results are given that were obtained with the aid of the asymptotic so-
lution, constructed by us at that time, of (1), (2), (3) in the form of expansions
for small v and fixed ny for the case # = 0 and for the case § # 0. (Because
of the nonuniform convergence of these expansions in the temperature region
0 = 0, it was necessary to study this case separately.) Expansions of the indi-
cated type turn out to be unsuitable, as was already noted in (2), for studying
the situation near the critical temperature of the phase transition, since they
converge nonuniformly in the region n, = 0.
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At that time we tried to get around the indicated difficulty by means of an
asymptotic solution of (1), (2), (3) in the form of expansions for small n, and
fixed v, in order to study a neighborhood of the critical temperature (see (14)
in (3)). However, expansions of this kind concealed another difficulty. They
turned out to be nonuniformly convergent in the region v = 0. Of course, this
is very bad, since the equations (1), (2), (3) themselves are guaranteed only in
the limit of small v, as follows from (!). In the present note we give the results
of studying, with the aid of (1), (2), (3), the region of the critical temperature
of the phase transition.

Simultaneously with the small interaction, we shall assume that the temperature
is close to the phase-transition temperature 6, of the ideal Bose-Einstein system,
and also that n is close to zero. More precisely, we set

0 =6, —nv(0)§
and
ny = nSg,
where
~ m*v(0)63
i

and we fix ¢ and s, (instead of fixing 6 and n,).

If we now seek the solutions of (1), (2), (3) in the form of formal expansions in
integral powers of v, then the corrections v and v? for A, B will be quite reason-
able, but the correction v® will contain a divergent integral at small momenta.
This means, as it turns out, that in the actual expansion—

there are additional asymptotic terms of order v2, which cannot be obtained by
the indicated formal procedure.

Thus, we can write

A(p) = E(p) + 47;;53 /0 p2dp’ (v(p,p’) —v(p’)) (Cth E;éj) - 1) + souv(p)
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+ 2A(p) + terms higher than v?,

sh? B(p') /20,
()

B(p) = sgnv(p) + B(p) + terms higher than v?, (5)

where 2(p), *B(p) are as yet unknown second-order terms, which arise from the
correct asymptotics of the correction terms if, in the exact equations (1), (2),
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(3), one separates out the formal first- and second-order terms written in (4)
and (5).

In order to calculate these correct asymptotics, it is necessary to know the
expansions of the stretched solutions A and B. We shall stretch the momentum

p=pr,p= 2m1/233/2%1/2v1/2(0). From (4), (5) we obtain

A(pz) = 2s5gnv(0)a(z), B(pz) =25omv(0)b(z), e(pz) = 25ymv(0)e(x), (6)
where

1
a(r) =22+ = + 2, b(ac):§+%,

1 1
e*(z) = (x2+§+2l)2—(§+%)2, (7)
2A(0) = 2sy%v(0)2, B(0) = 2s,%v(0)B.
We shall now obtain the asymptotics for 2(p) and B (p) if, in the exact correction
terms in (4), (5) (which cannot be formally expanded in v), we stretch p = pz

in the region of integration near p = 0. Then we obtain expressions for 2((p),
B(p) in terms of a(x), b(x), e(x). In fact, these are equations for A, B. From

them we have B = —2, A = % — %b, and for b we have the equation
1
s=1+ (1-v1-b). (8)

27?51/ 2
With the aid of the expansions for A, B one can obtain expansions for n(sg,d)
and p(sg,0) (see (4), (5) from (2)). Next, with the aid of an approximate

solution of the equation n(sy,d) = n, where the density of the system is fixed,
we obtain

2
1 n2hé /+°° ) E(p’)
Sq = ——— " 2y ——— | (5 —8)% + -, 9

07 6472 mS63 (0 poap sh® E(p’) /26, ( o) ©)

where §, determines the shift of the critical temperature for a nonideal system

5 _ 90 1 /+OO p/2 dp/ 1 /+OO p//2 dp// (U(p/ p//) _ ’U(p”))
0 nv(0) 472h? shQE( /20, Jo ’

) (Cth 20, _1> / / - e J;E((p/))/zao
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Next, substituting into the expansion for u(sy, d) the expansion for the function
84(9) found above, we obtain

D S LR : E(p')
u(d) = 47r2h3/0 p2dp’ (v(0) + v(p”)) <cth 2, 1)
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x | cth —1] - 2 dp’ (v(0) +v(p’ nv(0)d

(e 555 | PR RO ) e S o
1 nv*(0) /+°O 2 E@)

- 2dy — W) (5§

a2, h? E(p’)/290<0 )

2
1 n%%(0 e E(p’
- b) 3(6) / p2dp 2 (p> (50_5)2
32m* m30; 0 sh™ E(p") /20,

+ terms of order v? and higher (6§, — §)2 + terms higher than v?.
(11)
The terms of order v? are not guaranteed, since for a correct calculation of these

terms it is also necessary to take into account the contribution from second-order
diagrams (see (7))*.

For temperatures above the critical one we must consider the following equa-
tions:

e(p) = E(p) —p+ M%hg /0 p2dp’ (v(0) +v(p,p’)) (cth BE(Qp/) - 1) , (12)

1 i 2 7. Be(p’)

in which the density n, and not the chemical potential u, is fixed.

Simultaneously with the small interaction we shall assume that the temperature
is close to the phase-transition temperature 6, and also that p is small. More
precisely, set 6 = 6, —nv(0)d and

1

p= 47T2hg/o p"2dp’ (v(0) +v(p)) (Cth EQ(QZ;/) - 1) + 2nv(0)xy

and we shall regard ¢ and ~ as fixed (instead of fixing 6 and u).
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If we now seek the solution of (12) in the form of a formal expansion in powers
of v, then the corrections v and v? will be reasonable, but the correction v3
will contain an integral divergent at small momenta. This means, it turns out,
that in the actual expansion there are additional asymptotic terms of order v?,
whose reflection is the divergent terms in the formal expansion.

Thus, we have

“(9) = E(p) + €1(0) ~ 200000~ s [ 92 (010) 06097

" 1 (61(29’) L E@)m(0)
sh® E(p')/20, \ 20, 203

5) + &(p) + terms higher than v?,
(14)
where €(p) are as yet unknown second-order terms, similar to 2(p), B(p).

Let us find the stretched solution. Let p = px, p = 2m'/?n!/2x1/201/2(0). We
obtain from (14) that

e(px) = 2nv(0)xe(x), &(0) = 2nv(0)x €,

1
e(r) =a?+ €& — / p'2dp’ +u(p)) ————mMmmx
( ) ’y 87T2FL3 'I’Y/U X b p ) <p )) Sh2 E(p/)/200
e1(p") | E@)nv(0)
X( 20, T 202 )

(15)

* The contribution from second-order diagrams is easy to take into account. It
does not depend on §. See below.

We now use the stretched solution found above in order to determine the asymp-
totics of the correction integral that is obtained if, in the exact formula (12),
the terms v and v? written explicitly in (14) are separated off. Then for & we
obtain the equation

E(p)no

1 mY2u1/2(0)8 1 1 Foo 1 e1(p)
E=r—e— L~ —77/ 2 dp’ (v(0) + v(p’ (1 +
Th3  nl/2y1/2 7T 83 nv(0)x J Py (v0) +v(p >)sh2 E()/20, \ 26y

(16)

Now we use (13). From it we find
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+ terms higher than v? = 0,
(17)

where the expression for d, is given by (10); d, gives the shift of the critical
temperature due to the interaction. Solving (16) and (17) simultaneously, we
obtain an expression for the chemical potential that coincides completely with
(11).

Thus, the critical temperature 6., calculated from the side of high and from the
side of low temperatures, proves to be the same. At the critical point, both
the chemical potential itself and its first and second derivatives with respect to
temperature prove to be continuous.

For lack of space we do not give the results of the calculation of the free energy
¥, /V in the region of critical temperatures. A calculation was carried out for
6 > 0, and a calculation for § < 6,. At § = §;,, the free energy itself and its
first and second derivatives prove to be continuous. For the heat capacity one
obtains the expression for an ideal Bose-Einstein system at 6 = 6.

Let us now note what is given by taking into account correction diagrams of
the second and higher orders (see (2)). In the asymptotic terms v2, the only
correction arises from second-order diagrams without n,. Their contribution
does not depend on . Second-order terms with n, will lead to a contribution
of the type syv®Inwvs, (see (15) in (?)).

It is necessary to calculate the next asymptotic order in ¥/V in order to draw
a conclusion about the temperature dependence of the heat capacity near the
critical temperature of the phase transition.

The next order after v? is an order of the type v3lnv. A detailed analysis
shows that every correction diagram of any order gives a contribution to the
asymptotic order v3.
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Note: Figure translations are in progress. See original paper for figures.
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