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Abstract
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Mechanics

E. M. Khazen

On a Nonlinear Theory of the Onset of Turbu-
lence

(Presented by Academician A. N. Kolmogorov on 12 VII 1963)

I. To describe the initial stage of the onset of turbulence in flows of a viscous
incompressible fluid, in (!) a closed system of equations was introduced for the
mean flow velocity U(x,t) and the spectral tensor of turbulent fluctuations

@ij(k,x,r):[ e 5V (x —r/2) 6V;(x +r/2) dr.

The linear approximation for §V(x,t) (in the Navier—Stokes equations) corre-
sponds to a closed system of equations obtained by discarding third moments,
which are small at the beginning. At a low level of turbulence the fourth mo-
ments are expressed through the second moments according to the Gaussian
law. However, as the amplitude of the fluctuations increases, their distribution
law may differ more and more from the Gaussian one.

In the present work, in order to construct a closed system of equations describing
the onset and development of turbulence at fluctuation amplitudes larger than
in the initial stage considered in (), the following hypothesis is introduced
concerning the relation between higher moments of turbulent fluctuations:

bj1j2j3j4j5 - Z bikjl bjpjqu' (1)
k>0 p,m,q#k,L;
1= 5

,,,,,

Here b; ;. Jajajs 18 the fifth central moment,

b oinini = 6‘/}1(X17t)"'5‘/j5(x5vt); b; 6‘/] (Xk:at)(sv}l(xlat)a

1172737475 Ikt = k

the sum being taken over all partitions of the group of indices j; — j5 into two
groups of three and two elements.

If, for the multidimensional probability density P(6V; ,dV; ,...,dV; ), there ex-
ists the integral
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/ P2(8V; ..., 8V; )ddV;, ...dsV, =D < oo, (2)

then its expansion in a series with respect to the Gaussian law converges in
the mean-square sense, by virtue of the completeness in L? of the system of
Chebyshev—Hermite orthogonal functions:

83
Ukt - 96V, 96V, 96V,

PV, ,....6V, ) =Py +b

11’

P+ .. (3)

Here

P,V

1 n
11,...,5‘/7;”):(27”/2 { Z(SV §V ‘Dk‘l}

kl i = W44, 1 iiri, 0V, 0V 0V
1Dwall = 105,517 B=1lbia s b, =0V, 0V, 0V;
The terms with fourth derivatives of P, enter this expansion with coefficients

equal to

bijkl - bijbkl - bikbjl - bubjk% (4)

if the hypothesis of a Gaussian relation between the fourth and second moments
is adopted, they are equal to zero. (The sum of the squares of the coefficients
of series (3) is equal to D, and if condition (2) is satisfied, the coefficients of
the higher terms must decrease.) The terms with fifth derivatives enter series
(3) with coefficients equal to the difference between the right- and left-hand
sides of (1). For small amplitudes of the fluctuations the distribution P differs
little from the Gaussian one, and one may expect that series (3) converges. In
this case, by virtue of (3), one may expect that the range of applicability of
the hypothesis that expression (4) is equal to zero is restricted to such small
amplitudes of the fluctuations for which the third moments b, ; ; are small: for
large values of b, Liyi,,» approximating P by the segment conmstmg of the first-
and second-order terms of series (3) leads to negative values of the probability
density P. Approximation by the terms of the first three orders of series (3) is
more accurate, and one may expect that hypothesis (1) is valid for a broader
range of fluctuation-amplitude values and is suitable for analyzing the nonlinear
mechanism of loss of stability of laminar flows and the onset of turbulence.

II. For a plane-parallel flow with mean-velocity gradient U, /0x, = C(x,1)
(1) and with the scale of the initial turbulent fluctuations smaller than the
scale of the averaged motion, the Navier—Stokes equations then yield the
following system of equations, closed with account of (1):
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) ) ou, o

ou, ik, ou, ik

— ik @y ik P, i

Here it is denoted that

®, (k) Z/ D, (k; k') dk’  etc.

(o)
(I)ilj (k<1); k(2)) = / ei(k(1>r(1)+k<2>r<z))5vi (x _ I‘(1)>5Vz (X)(ﬂ/j(X + r<2)) dr(l) dr(z);

0
oy L) ki xit) + 20 (k(21> + k) —kk)) By
oy, ) au, 9 auU,
0, ki) 8k2 27— Pk — 0, ki a— o) ik T 05— 0, @yt
ouU ouU ky1ykiy OU
8 —. 5 L o, o MWL) I g

+ 1 ax 12k + k1l q a 2 k(21) ax2 25k

2k AU, W - 2<k ) — ki) (ki) — ki) 0U, -
k2 a$2 (k(1> — k(2>)2 &EQ ¢ (6)

= Z'{'Ifl( (I)li gk T (kl(l) - kl(Z))q)i,lj,k - kl(Q)q)i,j,lk
— (kiyksy ki /k ) sljk Tt (kl(Q)ks(Z)kk(Q)/k(QQ))(I)i,j,ls
+ ((kl(l) - kl(2))(ks(1) - ks(Q))(kj(l) - kj(Q))/(k(l) - k(2)>2)q)i,ls,k};

sovietrxiv.org/items/ru-196301.80889 Machine Translation


https://sovietrxiv.org/items/ru-196301.80889

0 0 0 0 oU,
aq)iqkm(k(l);k@);k@)’ t)— (kl 1) 8k2 + Ky 1(2) 8k2 +k1(3) (%2(3)) (I)iqkmaixQ

oU

+ 6,1 (0U; /029)Poypn, + 651 (OU; /029) Pjopy, + Op1 75— 0, ! D;pom

+ 5m1(aU1/8x2>(I)iqk2 +2v [k(Zl) + k(22> + k<23) - k(l)k(2) - k(z)k(g)] zqkm(aUl/a‘TQ)
— 29U, /025) (ky2) — Fiz) (ko) — i)/ (Kiz) — k3)?) Pigam

—2(0U, /Oz,) (kl (3)/k(23))q)iqk2 - Q(aUl/axZ)(kl(l)ki(l)/k(zl))(p2qkm
—2(

OU, /05) ((ky (1) — ki) (kgr) — Kg2))/ (K1) — Ki2))?) g
+i(k; 1)k 1)k /k(l))‘bls,q,k,m
Z((kq ))(ks(l) - ks(2))<ki(1) - kl(z))/(k(m - k(2))2)q)i,ls,k,m
Z(km (3)/k(23))q)i,q,k,ls

- Z((’%(z) - kk(S))(kl(Q) — k) (kg2) = g3/ (B2) = k3)*) P g 1sm
— Wh50)Pij g km — 1Rj2) = K1) )i ko — 13 — Kj2)) P g jim
+ ikj(fﬂ)q)i,q,k,jm == 0

(7)
Let the initial disturbance be a wave with wave vector kj. Then the initial
conditions for the system of equations (5)—(7), (1) will be

DY;(k) = A(d;;k% — k;k;)[0(k — ko) + d(k + kg ); Yy =0 (8)

PP, are expressed in terms of ®f in accordance with the Gaussian law.

The initial values differ from zero only at several points, and the solution of the
system of first-order partial differential equations (5)—(7), (1) reduces to the
solution of a system of first-order ordinary differential equations corresponding
to the characteristics passing through these points. These equations are rapidly
solved on an electronic computer. The solution shows the change in the wave
amplitude with time.

The system of equations (5)—(7), (1) is essentially nonlinear. The solution
depends substantially on the initial amplitude of the wave. Fig. 1 gives the
results of a numerical solution on the M-20 computer of equations (5)—(7), (1),
as well as of the analogous closed system of equations obtained by means of
hypothesis (4), with initial conditions (8). For A <« 1 the solution of both
nonlinear systems passes into the solution of the linear system obtained from
(5) by discarding the third moments. Curve 1 shows the ratio of the energy of
the pulsations
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Fig. 1

Figure 1: Fig. 1

B = [ (@l + @l ) dk

at time ¢ to the initial energy B(0), for sufficiently small initial amplitudes,
for which the solution does not leave the linear region (B(0) = 107°; Re =
10%; kY = 0.1; k9 = 2). In this case the energy B(t) (in accordance with (1))
decays as t — oco. Cri-

ve 2 presents the results of calculation under hypothesis (4), A > A_, (B(0) =
0.0074; Re = 10% k9 = 0.1; k3 = 4). As is seen from the figure, the quantity
B(t) takes negative values. This indicates the inadequacy of relation (4) for
comparatively large amplitudes of the pulsations. Curve 3 presents the results
of solving (5)—(7), (1) for A > A,,. For A < A_., B(t) — 0 as t — co. For

Ccr’
A > A, all waves that are multiples of k, are excited.
Fig. 1

The hypothesis of a Gaussian relation between the fourth and second moments,
as is seen from Fig. 1, remains valid only over a short interval of time. Hypoth-
esis (1) has a considerably longer, but likewise finite, interval of amplitudes over
which it is applicable. The next (see series (3)) approximation—the hypothesis

bjiiuiaininie = D Vit Vividude
k<l; i=2,...,6;
p,m,q,5%k,l

has an even larger, but likewise finite, interval of values for which it is applicable.

In Fig. 1, curve 3 corresponds to B(0) = 0.03; k9 = 0.1; k9 = 2; Re = 10%.
Curve 4 is the solution of (5)—(7), (1) for the same k¥ = 0.1, kY = 2, B(0) =
0.73, but Re = 10. In this case B(t) decreases as t increases.

The numerical solution makes it possible to determine the magnitude of the
critical amplitude as a function of the wave number k; and the Reynolds number
Re (here one may take Re = (QU, /0x,)(1/vk3)); A, = Ae(ko; Re). As Re —
0o, the quantity min, A, (ko; Re) tends to zero.

I express my deep gratitude to A. N. Kolmogorov for his attention to the work
and for a number of valuable comments.
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