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Abstract
Full Text

A. A. Lorents
SOLUTION OF SYSTEMS OF EQUATIONS WITH ONE
UNKNOWN IN FREE GROUPS
(Presented by Academician P. S. Novikov, 4 IX 1962)

In the present note we consider the question of an algorithm recognizing the
solvability of systems of equations with one unknown in free groups. The first
result in this direction was obtained by R. Lyndon in the paper (2). He succeeded
in constructing the set of solutions of the equation

𝑈(𝑋) = 1

in a free group 𝔊 as the set of values of “parametric words”𝜑𝑖 (𝑖 = 1, … , 𝑛).
Lyndon’s parametric words 𝜑𝑖, representing solutions, were of a rather compli-
cated nature, and the number of parameters on which 𝜑𝑖 depend turned out to
be bounded only within each equation under consideration.

We have succeeded in reducing the number of parameters to two and in showing
that the problem of solvability of systems of equations with one unknown in
free groups (Lyndon did not explicitly consider this question) is equivalent to
the solvability in nonnegative integers of systems of equations of the form

𝑎𝑥 + 𝑏𝑦 = 𝑐,

where 𝑎, 𝑏, 𝑐 are integers.

By a system of equations in the free group 𝔊 with generators 𝐺1, 𝐺2, … , … , 𝐺𝑟
we mean a system of expressions

𝑊1(𝑋) = 1,
… …

𝑊𝑙(𝑋) = 1,
(1)

where 𝑊𝑘(𝑋) (𝑘 = 1, 2, … , 𝑙) is an element of the free group 𝔊𝑥* with generators
𝐺1, 𝐺2, … , 𝐺𝑟, 𝑋, and 𝑊𝑘(𝑋) ∉ 𝔊.

Solutions of the system (1) are elements 𝑉 of the group 𝔊 such that each word
𝑊𝑘(𝑉 ) (𝑘 = 1, 2, … , 𝑙) is equal in 𝔊 to the empty word.

The left-hand sides of the equations of the system (1), obviously, can only be
such words 𝑊 from 𝔊𝑥 for which
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𝑊 = 𝐴0𝑋𝑒0 … 𝐴𝑒𝑖
𝑖𝑋 … 𝐴𝑒𝑡

𝑡𝑋𝐴𝑡+1,

where 𝐴𝑖 ∈ 𝔊 (𝑖 = 0, 1, … , 𝑡 + 1), and the 𝑒𝑖 take the values ±1. It is easy to
see that the equation

𝐴0𝑋𝑒0 … 𝐴𝑒𝑖
𝑖𝑋 … 𝐴𝑒𝑡

𝑡𝑋𝐴𝑡+1 = 1

is equivalent to the equation

𝐴′
0𝑋𝑒0 … 𝐴𝑒𝑖

𝑖𝑋 … 𝐴𝑒𝑡
𝑡𝑋 = 1,

where 𝐴′
0 = 𝐴𝑡+1𝐴0.

* By elements of the free group 𝔊 we mean words in the alphabet
{𝐺1, 𝐺2, … , … , 𝐺𝑟, 𝐺−1

1 , 𝐺−1
2 , … , 𝐺−1

𝑟 } in which 𝐺𝑖 and 𝐺−1
𝑖 do not stand

next to each other (𝑖 = 1, 2, … , 𝑟).
Definition 1. Let an equation be given

𝐴0𝑋𝑒0 … 𝐴𝑒𝑖
𝑖𝑋 … 𝐴𝑒𝑡

𝑡𝑋 = 1, (2)

for which the element 𝑉 ∈ 𝔊 is a solution. The 𝑉 -eliminators of this equation
will be all expressions of the form

(𝐴0, 𝑉 𝑒0), (𝐴0, 𝑉 𝑒0 , 𝐴1, 𝑉 𝑒1), (𝑉 𝑒0 , 𝐴1, 𝑉 𝑒1 , 𝐴2, 𝑉 𝑒2), …

… , (𝑉 𝑒𝑖−2, 𝐴𝑖−1, 𝑉 𝑒𝑖−1, 𝐴𝑖, 𝑉 𝑒𝑖), … , (𝑉 𝑒𝑡−2, 𝐴𝑡−1, 𝑉 𝑒𝑡−1, 𝐴𝑡, 𝑉 𝑒𝑡).

We shall agree to call the element 𝑉 𝑒0 the middle term of the eliminators
(𝐴0, 𝑉 𝑒0) and (𝐴0, 𝑉 𝑒0 , 𝐴1, 𝑉 𝑒1), and the element 𝑉 𝑒𝑖−1 the middle term
of the eliminator (𝑉 𝑒𝑖−2, 𝐴𝑖−1, 𝑉 𝑒𝑖−1, 𝐴𝑖, 𝑉 𝑒𝑖) (𝑖 = 2, 3, … , 𝑡).
Theorem 1. If an element 𝑉 of the free group 𝔊 is a solution of equation
(2) in the free group 𝔊, then among the 𝑉 -eliminators of this equation there
exists one in which the middle term is completely cancelled∗, provided that the
operation of multiplication is performed in the following order:

𝑉 𝑒𝑖−2𝐴𝑖−1𝑉 𝑒𝑖−1𝐴𝑒𝑖
𝑖𝑉 = ((((𝑉 𝑒𝑖−2𝐴𝑖−1)𝑉 𝑒𝑖−1)𝐴𝑖)𝑉 𝑒𝑖).

To denote non-cancelling multiplication of 𝐴 by 𝐵 we shall use the notation
𝐴 ⋅ 𝐵 instead of 𝐴𝐵. An element 𝑆 ∈ 𝔊 will be called cyclically reduced if
𝑆𝑆 = 𝑆 ⋅ 𝑆. The empty word (or the identity of the group), which we denote by
the symbol 1, is not considered a cyclically reduced element.
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In what follows [𝑃 𝜕 ] (𝑃 ∈ 𝔊) denotes the length of the word 𝑃 , and [𝑃 𝜕 ] = 𝑛 if

𝑃 = 𝐺𝜀1
𝑖1

… 𝐺𝜀𝑛
𝑖𝑛

.

The length of the empty word is taken to be zero.

In Theorems 2 and 3 the letters 𝑆, 𝑇 denote cyclically reduced elements.

Theorem 2. If a 𝑉 -eliminator

(𝑉 𝑒𝑗−1, 𝐴𝑗, 𝑉 𝑒𝑗 , 𝐴𝑗+1, 𝑉 𝑒𝑗+1)

of equation (2) is given, in which the term 𝑉 𝑒𝑗 is completely cancelled, then

𝑉 𝑒𝑖 = 𝐴 ⋅ 𝑆𝑚 ⋅ 𝐵 ⋅ 𝑇 𝑛 ⋅ 𝐶,

where
max{[𝑆𝜕 ], [𝐴𝜕 ], [𝐵𝜕 ], [𝐶𝜕 ], [𝑇 𝜕 ]} ≤ 2max{[𝐴𝜕

𝑗 ], [𝐴𝜕
𝑗+1]};

𝑚, 𝑛 are nonnegative integers.

Theorem 3. Let a system (1) of equations of the form (2) be given, where

𝑊𝑘(𝑋) = 𝐴0𝑘𝑋𝑒0𝑘 … 𝐴𝑖𝑘𝑋𝑒𝑖𝑘 … 𝐴𝑡𝑘𝑘
𝑋𝑒𝑡𝑘𝑘 ,

and let
min

𝑘=1,…,𝑙
max

𝑖=0,…,𝑡𝑘
[𝐴𝜕

𝑖𝑘] = 𝜌.

If 𝑉 is a solution of the system (1), then

𝑉 = 𝐴 ⋅ 𝑆𝑚 ⋅ 𝐵 ⋅ 𝑇 𝑛 ⋅ 𝐶,

where

max{[𝐴𝜕 ], [𝐵𝜕 ], [𝐶𝜕 ], [𝑆𝜕 ], [𝑇 𝜕 ]} ≤ 2𝜌 (𝐴, 𝐵, 𝐶, 𝑆, 𝑇 ∈ 𝔊).

∗ The middle term 𝑉 𝑒𝑖−1 is cancelled in the eliminator (𝑉 𝑒𝑖−2, 𝐴𝑖−1, 𝑉 𝑒𝑖−1, 𝐴𝑖, 𝑉 𝑒𝑖)
if the product 𝑉 𝑒𝑖−2𝐴𝑖−1𝑉 𝑒𝑖−1𝐴𝑒𝑖

𝑖𝑉 annihilates its components.

In what follows, expressions of the form 𝐴 ⋅ 𝑆𝜇 ⋅ 𝐵 ⋅ 𝑇 𝜈 ⋅ 𝐶 (𝐴, 𝐵, 𝑆, 𝑇 ∈ 𝔊; 𝜇
and 𝜈 are variables that may take integer nonnegative values) will be called
parametric elements of the group 𝔊.

It follows from Theorem 3 that the solutions of the system of equations (1) are
the values of such parametric elements 𝐴 ⋅ 𝑆𝜇 ⋅ 𝐵 ⋅ 𝑇 𝜈 ⋅ 𝐶 for which

max{[𝐴𝜕 ], [𝐵𝜕 ], [𝐶𝜕 ], [𝑆𝜕 ], [𝑇 𝜕 ]} ≤ 2𝜌.

An immediate consequence of this bound is that all solutions of the system
of equations (1) are found among the values of a finite number of parametric
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elements of the group 𝔊. Therefore the problem of solvability of systems of
equations with one unknown in free groups reduces to the analysis of equations
that are obtained from the system (1) by substituting some parametric element
𝐴⋅𝑆𝜇⋅𝐵⋅𝑇 𝜈 ⋅𝐶 in place of 𝑋 (the substitution is made simultaneously everywhere
that 𝑋 occurs in the system (1)). A pair of integer nonnegative numbers 𝑚, 𝑛 is
regarded as a solution of the resulting parametric equation if, after replacing
𝜇 and 𝜈 by 𝑚 and 𝑛, respectively, the product

𝐴0(𝐴 ⋅ 𝑆𝑚 ⋅ 𝐵 ⋅ 𝑇 𝑛 ⋅ 𝐶)𝑒0 … 𝐴𝑖(𝐴 ⋅ 𝑆𝑚 ⋅ 𝐵 ⋅ 𝑇 𝑛 ⋅ 𝐶)𝑒𝑖 … 𝐴𝑡(𝐴 ⋅ 𝑆𝑚 ⋅ 𝐵 ⋅ 𝑇 𝑛 ⋅ 𝐶)𝑒𝑡

is equal to the empty word. It is not hard to see that parametric equations can
be put in the form

𝐵0𝑈𝛽0
0 … 𝐵𝑖𝑈 𝑖𝛽𝑖 … 𝐵𝑡𝑈𝑡𝛽𝑡𝐵𝑡+1 = 1,

where 𝛽𝑖 = ±𝜇 or 𝛽𝑖 = ±𝜈, 𝑈𝑖 = 𝑆 or 𝑈𝑖 = 𝑇 , and, moreover, if 𝛽𝑖 = ±𝛽𝑗, then
𝑈𝑖 = 𝑈𝑗.

Theorem 4. If a system of parametric equations in the free group 𝔊 is given

𝑊1(𝜇, 𝜈) = 1
⋯ ⋯ ⋯

𝑊𝑙(𝜇, 𝜈) = 1
(3)

(𝜇, 𝜈 are parameters), then one can construct one parametric equation in some
free group 𝔊′ ⊃ 𝔊, equivalent to the system (3).

Definition 2. The expression

𝐴0𝑈𝛼0
0 … 𝐴𝑖𝑈 𝑖𝛼𝑖 … 𝐴𝑡𝑈𝑡𝛼𝑡𝐴𝑡+1 = 1 (4)

will be called a reduced parametric equation if it has the following proper-
ties:

1) 𝐴𝑖 (𝑖 = 0, 1, … , 𝑡 + 1) and 𝑈𝑖 (𝑖 = 0, 1, … , 𝑡) are fixed elements of the free
group 𝔊, and all 𝑈𝑖 are cyclically reduced.

2) If for 𝑈𝑖 and 𝑈𝑗 there exists an element 𝐵 ∈ 𝔊 with the property

[𝐵𝜕 ] < [𝑈𝜕
𝑗 ], 𝑈±[𝑈𝜕

𝑗 ]
𝑖 ⋅ 𝐵 = 𝐵 ⋅ 𝑈±[𝑈𝜕

𝑖 ]
𝑗 ,

then 𝑈𝑖 = 𝑈𝑗.

3) 𝐴𝑖 does not have 𝑈±1
𝑖−1 as its beginning (𝑖 = 1, 2, … , 𝑡 + 1).

4) 𝐴𝑖 does not have 𝑈±1
𝑖 as its end (𝑖 = 0, 1, … , 𝑡).

5) 𝛼𝑖 = 𝑐𝑖𝜇1 + 𝑑𝑖𝜇2 + 𝑒𝑖, where 𝑐𝑖, 𝑑𝑖, 𝑒𝑖 are given integers (𝑖 = 0, 1, … , 𝑡).
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A pair of integer nonnegative numbers 𝑚1, 𝑚2 will be called a solution of the
equa-

solutions (4), if

𝐴0𝑈𝛼′
0

0 … 𝐴𝑖𝑈𝛼′
𝑖

𝑖 … 𝐴𝑡𝑈𝛼′
𝑡

𝑡 𝐴𝑡+1 = 1∗,

where 𝛼′
𝑖 = 𝑐𝑖𝑚1 + 𝑑𝑖𝑚2 + 𝑒𝑖 (𝑖 = 0, 1, … , 𝑡).

Theorem 5. For any system of equations with one unknown in a free group 𝔊,
one can construct a finite number of parametric elements 𝜑1, … , 𝜑𝑠 such that:

a) all solutions of the system are contained among the values of 𝜑1, … , 𝜑𝑠;

b) if

𝑊(𝑋) = 1 (5)

is some equation with one unknown in the free group 𝔊, and

𝑊(𝜇, 𝜈) = 1 (6)

is the parametric equation obtained from (5) by substituting one of the 𝜑𝑖 in
place of 𝑋, then equation (6) is equivalent to some reduced parametric equation.

Theorem 5 reduces the decidability problem for the system (1) to the analysis
of reduced parametric equations.

Definition 3. Denote by

𝑉1(𝑋), 𝑉2(𝑋), … , 𝑉𝑚(𝑋); 𝑉 ∗
1 (𝑌 ), 𝑉 ∗

2 (𝑌 ), … , 𝑉 ∗
𝑛 (𝑌 )

equations whose solutions may be vectors

𝑍 = {𝜁1, 𝜁2, … , 𝜁𝑠}

with integral nonnegative coordinates 𝜁𝑘 (𝑘 = 1, 2, … , 𝑠). Consider two dis-
junctive systems of equations**

𝑉1(𝑋) ∨ 𝑉2(𝑋) ∨ … ∨ 𝑉𝑚(𝑋), (7)

𝑉 ∗
1 (𝑌 ) ∨ 𝑉 ∗

2 (𝑌 ) ∨ … ∨ 𝑉 ∗
𝑚(𝑌 ). (8)
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The vectors 𝑋 = {𝜉1, 𝜉2, … , 𝜉𝑠} and 𝑌 = {𝜂1, 𝜂2, … , 𝜂𝑠} will respectively be
solutions of the systems (7) and (8), if 𝑋 satisfies at least one 𝑉𝑖(𝑋) (𝑖 =
1, 2, … , 𝑚), and 𝑌—𝑉 ∗

𝑗 (𝑌 ) (𝑗 = 1, 2, … , 𝑛).
We shall call the systems (7) and (8) equivalent if every solution of the system
(7) is also a solution of the system (8) and, conversely, every solution of the
system (8) is a solution of the system (7).

Theorem 6. Every disjunctive system of reduced parametric equations is equiv-
alent to some disjunctive system of Diophantine equations of the form

𝑐𝜇1 + 𝑑𝜇2 + 𝑒 = 0.

Received
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* An equation of the form 𝐴 = 1 (𝐴 ∈ 𝔊) will also be considered by us as a
reduced parametric equation.

** A single equation is also regarded by us as a disjunctive system.

Note: Figure translations are in progress. See original paper for figures.
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