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MATHEMATICS
M. G. GASIMOV, B. M. LEVITAN

ON THE SUM OF DIFFERENCES OF EIGEN-
VALUES OF TWO SINGULAR STURM–LIOU-
VILLE OPERATORS
(Presented by Academician I. G. Petrovskii, 28 II 1963)

1. A formula for the sum of differences of the eigenvalues of two regular Sturm–
Liouville operators was first obtained by I. M. Gelfand and B. M. Levitan (1).
Subsequently, an analogous formula was proved in (2) for the case of two singular
Sturm–Liouville operators with discrete spectra, differing from one another only
by a finite perturbation.

In the present paper we study the sum of differences of the eigenvalues of two
singular Sturm–Liouville operators differing from one another by boundary con-
ditions and a finite perturbation. An analogue of the formula mentioned above
is obtained, and several necessary conditions are proved in order that two se-
quences of numbers {𝜆𝑛} and {𝜇𝑛} be the eigenvalues of one singular Sturm–
Liouville equation, but with different boundary conditions.

2. Consider the differential equation

𝑙[𝑦] ≡ −𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑦 (1)

and the boundary conditions

𝑦′(0) − ℎ1𝑦(0) = 0; (2)

𝑦′(0) − ℎ2𝑦(0) = 0, (3)

where 0 ≤ 𝑥 < ∞; 𝑞(𝑥) is a real function summable on every interval (0, 𝑏)
(𝑏 < ∞); ℎ1 and ℎ2 are real numbers, with ℎ1 ≠ ℎ2. Next define the boundary
condition at the point 𝑏:
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𝑦′(𝑏) sin𝛽 + 𝑦(𝑏) cos𝛽 = 0. (4)

It is obvious that for any finite 𝑏 the spectra of the boundary-value problems
(1), (2), (4) [𝐿ℎ1

(𝑏)] and (1), (3), (4) [𝐿ℎ2
(𝑏)] are bounded below and discrete.

Therefore they can be numbered in increasing order. Let 𝜆−𝑝(𝑏) < 𝜆−𝑝+1(𝑏) <
⋯ < 𝜆(𝑏)

0 < 𝜆1(𝑏) ⋯ and 𝜇−𝑝(𝑏) < 𝜇−𝑝+1(𝑏) < ⋯ be the eigenvalues (here
𝜆0(𝑏) ≤ 0, 𝜆1(𝑏) > 0), and let {𝜑𝑛,𝑏(𝑥)} and {𝜓𝑛,𝑏(𝑥)} be the corresponding
orthonormal eigenfunctions.

Lemma 1. For every integer 𝑁 ≥ 0 the inequalities

(ℎ2 − ℎ1)
𝑁

∑
𝑛=−𝑝

𝜓2
𝑛,𝑏(0) ≤

𝑁
∑

𝑛=−𝑝
{𝜇𝑛(𝑏) − 𝜆𝑛(𝑏)} ≤ (ℎ2 − ℎ1)

𝑁
∑

𝑛=−𝑝
𝜑2

𝑛,𝑏(0). (5)

Proof. By Parseval’s equality,

𝜇𝑛(𝑏) = (𝑙[𝜓𝑛,𝑏], 𝜓𝑛,𝑏) =
∞

∑
𝑘=−𝑝

(𝑙[𝜓𝑛,𝑏], 𝜑𝑘)𝑢𝑛𝑘,

where

𝑢𝑛𝑘 = (𝜑𝑘,𝑏, 𝜓𝑛,𝑏) = ∫
𝑏

0
𝜑𝑘,𝑏(𝑥)𝜓𝑛,𝑏(𝑥) 𝑑𝑥.

Integrating by parts, we obtain

(𝑙[𝜓𝑛,𝑏], 𝜑𝑘,𝑏) = (ℎ2 − ℎ1)𝜓𝑛,𝑏(0)𝜑𝑘,𝑏(0) + 𝜆𝑘𝑢𝑛𝑘.

Therefore

𝜇𝑛(𝑏) =
∞

∑
𝑘=−𝑝

𝜆𝑘(𝑏)𝑢2
𝑛𝑘 + (ℎ2 − ℎ1)𝜓2

𝑛,𝑏(0).

Hence, just as in (2), it is not difficult to obtain that

𝑁
∑

𝑛=−𝑝
𝜇𝑛(𝑏) ≥

𝑁
∑

𝑛=−𝑝
𝜆𝑛(𝑏) + (ℎ2 − ℎ1)

𝑁
∑

𝑛=−𝑝
𝜓2

𝑛,𝑏(0).

This proves the left-hand side of inequality (5). The right-hand side of inequality
(5) is proved analogously. The lemma is proved.
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Let us now find equations for determining the numbers 𝜆𝑛(𝑏) and 𝜇𝑛(𝑏), 𝑛 =
−𝑝, −𝑝 +1, …. To this end, consider the functions 𝜉(𝑥, 𝜆) and 𝜃(𝑥, 𝜆), which are
solutions of equation (1) and satisfy the initial conditions:

𝜉(0, 𝜆) = 1, 𝜉′(0, 𝜆) = ℎ1; (6)

𝜃(0, 𝜆) = 1, 𝜃′(0, 𝜆) = ℎ2. (7)

Let 𝑓(𝑥, 𝜆) = 𝜃(𝑥, 𝜆) + 𝑙𝑏ℎ1
(𝜆)𝜉(𝑥, 𝜆) satisfy the boundary condition (4). Then

𝑙𝑏ℎ1
(𝜆) = −𝜃′(𝑏, 𝜆) sin𝛽 + 𝜃(𝑏, 𝜆) cos𝛽

𝜉′(𝑏, 𝜆) sin𝛽 + 𝜉(𝑏, 𝜆) cos𝛽 . (8)

It is obvious that the eigenvalues of the operators 𝐿ℎ1
(𝑏) and 𝐿ℎ2

(𝑏) coincide
respectively with the poles and zeros of the function 𝑙𝑏ℎ1

(𝜆).
As is known (see (3), p. 35), one can choose such sequences of numbers 𝑏𝑘 → ∞
and 𝛽𝑘 → 𝛽0 as 𝑘 → ∞ that the sequence of functions 𝑙𝑏𝑘

ℎ1
(𝜆) has a limit 𝑙ℎ1

(𝜆)
as 𝑘 → ∞. In this case it is clear that we obtain two self-adjoint extensions of
the differential equation (1). Denote the resulting operators by 𝐿ℎ1

and 𝐿ℎ2
.

Suppose that the function 𝑞(𝑥) is such that any self-adjoint extension of equa-
tion (1) has a discrete spectrum with limit point at infinity. Then it is obvious
that, for any fixed 𝑛 ≥ 0 and as 𝑘 → ∞, the sequences of numbers {𝜆𝑛(𝑏𝑘)}
and {𝜇𝑛(𝑏𝑘)} tend to the eigenvalues of the operators 𝐿ℎ1

and 𝐿ℎ2
, respectively.

Denote 𝜆𝑛 = lim𝑘→∞ 𝜆𝑛(𝑏𝑘), 𝜇𝑛 = lim𝑘→∞ 𝜇𝑛(𝑏𝑘), and the corresponding nor-
malized eigenfunctions of the operators 𝐿ℎ1

and 𝐿ℎ2
by 𝜑𝑛(𝑥) and 𝜓𝑛(𝑥). In

what follows, everywhere, without loss of generality, assume that ℎ2 > ℎ1. Then
it is known that 𝜆𝑛(𝑏) < 𝜇𝑛(𝑏) < 𝜆𝑛+1(𝑏) and 𝜆𝑛 < 𝜇𝑛 < 𝜆𝑛+1. Therefore, from
inequalities (5) it follows that, for any finite 𝜆,

(ℎ2 − ℎ1) ∑
𝜇𝑛(𝑏)<𝜆

𝜓2
𝑛,𝑏(0) ≤ ∑

𝜇𝑛(𝑏)<𝜆
{𝜇𝑛(𝑏) − 𝜆𝑛(𝑏)} ≤

≤ ∑
𝜆𝑛(𝑏)<𝜆

{𝜇𝑛(𝑏) − 𝜆𝑛(𝑏)} ≤ (ℎ2 − ℎ1) ∑
𝜆𝑛(𝑏)<𝜆

𝜑2
𝑛,𝑏(0). (9)

Replacing now in these inequalities 𝑏 by 𝑏𝑘 and passing to the limit as 𝑘 → ∞,
we obtain the following lemma:

Lemma 2. For any finite 𝜆 the inequalities

(ℎ2 −ℎ1) ∑
𝜇𝑛<𝜆

𝜓2
𝑛(0) ≤ ∑

𝜇𝑛<𝜆
(𝜇𝑛 −𝜆𝑛) ≤≤ ∑

𝜆𝑛<𝜆
(𝜇𝑛 −𝜆𝑛) ≤ (ℎ2 −ℎ1) ∑

𝜆𝑛<𝜆
𝜑2

𝑛(0).

(10)
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From these inequalities and from the estimate

∑
𝜆𝑛<𝜆

𝜑2
𝑛(0) = 𝜌ℎ1

(𝜆) − 𝜌ℎ1
(−∞) (see (4,5 ))

it obviously follows

Corollary. The series of the sum of the differences of the negative eigenvalues
of the operators 𝐿ℎ1

and 𝐿ℎ2
converges. (In the case where the operators 𝐿ℎ1

and 𝐿ℎ2
are bounded below, the series becomes a finite sum.)

Remark 1. If no boundary condition need be prescribed at infinity, then 𝑙𝑏ℎ1
(𝜆),

𝜇𝑛(𝑏), and 𝜆𝑛(𝑏) converge to limits as 𝑏 → ∞.

Theorem 1. The following formulas hold:

lim
𝜆→∞

{ ∑
𝜇𝑛<𝜆

(𝜇𝑛 − 𝜆𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆} = −1

2(ℎ2
2 − ℎ2

1); (11)

lim
𝜆→∞

{ ∑
𝜆𝑛<𝜆

(𝜇𝑛 − 𝜆𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆} = −1

2(ℎ2
2 − ℎ2

1). (12)

Proof. Denote by 𝜌ℎ1
(𝜆) the spectral function of the operator 𝐿ℎ1

(for the
definition of the function 𝜌ℎ1

(𝜆), see paper (4)). Then for 𝜆 > 0

∑
𝜆𝑛<𝜆

𝜑2
𝑛(0) = 𝜌ℎ1

(𝜆) − 𝜌ℎ1
(−∞). (13)

From the asymptotic formula for the spectral function and formula (13) it follows
(4,5 ) that, for large 𝜆 > 0,

∑
𝜆𝑛<𝜆

𝜑2
𝑛(0) = 2

𝜋
√

𝜆 − ℎ1 + 𝑜(1). (14)

Similarly,
∑

𝜇𝑛<𝜆
𝜓2

𝑛(0) = 2
𝜋

√
𝜆 − ℎ2 + 𝑜(1). (15)

Therefore from inequalities (10) it follows that

2
𝜋 (ℎ2 − ℎ1)

√
𝜆 − ℎ2(ℎ2 − ℎ1) + 𝑜(ℎ2 − ℎ1) ≤ ∑

𝜇𝑛<𝜆
(𝜇𝑛 − 𝜆𝑛) ≤

≤ 2
𝜋 (ℎ2 − ℎ1)

√
𝜆 − ℎ1(ℎ2 − ℎ1) + 𝑜(ℎ2 − ℎ1). (16)
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Let us now divide the interval [ℎ1, ℎ2] into 𝑝 equal parts and consider the opera-
tors 𝐿𝐻𝑞

(𝑞 = 0, 1, … , 𝑝) (𝐿𝐻0
= 𝐿ℎ1

, 𝐿𝐻𝑝
= 𝐿ℎ2

), generated by the differential
equation (1) and by the boundary conditions 𝑦′

𝑖(0) − 𝐻𝑞𝑦𝑖(0) = 0, respectively.
(If a boundary condition at infinity is needed, then for all the operators it is one
and the same.) Here we choose 𝐻𝑞 = ℎ1 + 𝑞Δℎ, Δℎ = ℎ2 − ℎ1

𝑝 . Let the oper-

ator 𝐿𝑞 have discrete eigenvalues {𝜆𝑛,𝑞}, numbered in increasing order. Then,
by inequalities (16)

−𝐻𝑞 ⋅ Δℎ + 𝑜(Δℎ) ⩽ ∑
𝜆𝑛,𝑞<𝜆

(𝜆𝑛,𝑞 − 𝜆𝑛,𝑞−1) − 2Δℎ
𝜋

√
𝜆 ⩽ −𝐻𝑞−1 ⋅ Δℎ + 𝑜(Δℎ)

for 𝑞 = (𝑝, 𝑝 − 1, … , 1). Adding these inequalities, we obtain

−
𝑝

∑
𝑞=0

𝐻𝑞 ⋅ Δℎ + 𝑜(1) ⩽ ∑
𝜇𝑛<𝜆

(𝜇𝑛 − 𝜆𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆 ⩽ −

𝑝−1
∑
𝑞=0

𝐻𝑞 ⋅ Δℎ + 𝑜(1).

Let now 𝑝 → ∞ and, consequently, Δℎ → 0. Then in the limit we obtain

∑
𝜇𝑛<𝜆

(𝜇𝑛 − 𝜆𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆 = −1

2(ℎ2
2 − ℎ2

1) + 𝑜(1), (17)

which proves formula (11). Formula (12) is proved in an analogous way. The
theorem is proved.

Using now formulas (11) and (12), it is not difficult to prove the following
theorem:

Theorem 2. Let 𝜆𝑛 ≠ 0, 𝜇𝑛 ≠ 0, 𝑛 = 0, ±1, ±2, …. Then the series* converge
absolutely

𝑆1 =
∞

∑
𝑛=−∞

𝜇𝑛 − 𝜆𝑛
𝜇𝑛

; (18)

𝑆2 =
∞

∑
𝑛=−∞

𝜇𝑛 − 𝜆𝑛
𝜆𝑛

. (19)

3. Along with equation (1), consider the equation

−𝑦″ + {𝑞(𝑥) + 𝑝(𝑥)}𝑦 = 𝜆𝑦, 0 ⩽ 𝑥 < ∞, (20)

sovietrxiv.org/items/ru-196301.80532 Machine Translation

https://sovietrxiv.org/items/ru-196301.80532


where 𝑝(𝑥) is a finite function. Suppose the function 𝑞(𝑥) is such that the
boundary-value problem (1)—(2) has a discrete spectrum bounded below, 𝜆1 <
𝜆2 < ⋯.** Then the boundary-value problem (20)—(2) also has a discrete spec-
trum bounded below, 𝜇1 < 𝜇2 < ⋯.

Theorem 3. If 𝑝(𝑥) is differentiable in a neighborhood of zero and

∫ 𝑃(𝑥) 𝑑𝑥 = 0,

then

lim
𝜆→∞

{ ∑
𝜇𝑛<𝜆

(𝜇𝑛 − 𝜆𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆} = −1

2(ℎ2
2 − ℎ2

1) + 𝑃(0)
4 . (21)

Proof. Denote by 𝛾1 < 𝛾2 < ⋯ the eigenvalues of the boundary-value problem
(20)—(1). Then, by (2), for large 𝜆

∑
𝜇𝑛<𝜆

(𝛾𝑛 − 𝜆𝑛) = −𝑃(0)
4 + 𝑜(1). (22)

On the other hand, by Theorem 1, for large 𝜆,

∑
𝜇𝑛<𝜆

(𝜇𝑛 − 𝛾𝑛) − 2
𝜋 (ℎ2 − ℎ1)

√
𝜆 = −1

2(ℎ2
2 − ℎ2

1) + 𝑜(1). (23)

Summing equalities (22) and (23) as 𝜆 → ∞, we obtain formula (21), which
proves the theorem.

Received
27 II 1963
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* If the spectra are bounded below, then 𝜆𝑛 = 0, 𝜇𝑛 = 0 for sufficiently large
negative 𝑛.
** One may dispense with the conditions that the spectrum be bounded below.

sovietrxiv.org/items/ru-196301.80532 Machine Translation

https://sovietrxiv.org/items/ru-196301.80532


Note: Figure translations are in progress. See original paper for figures.
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