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Abstract
Full Text

A. I. VINOGRADOV

ON A PROBLEM OF HUA LOO-KENG
(Presented by Academician I. M. Vinogradov on 8 II 1963)

Hua Loo-keng in (1) (Ch. XII, p. 170) poses the following problem: It is well
known that the set of integer points lying on the line 𝑎𝑥+𝑏, (𝑎, 𝑏) = 1, 𝑥 = 1, 2, …,
contains infinitely many primes. Does the set of integer points on the plane

(𝑎𝑥 + 𝑏𝑦 + 𝑐, 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′)

contain infinitely many pairs of primes (𝑝1, 𝑝2)?
In the present note it will be shown that this problem is answered affirmatively
and is a trivial consequence of the Hardy–Littlewood circle method in the case
when

∣ 𝑎 𝑏
𝑎′ 𝑏′∣ ≠ 0.

Introduce the sum

𝑆(𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′) =

∞
∑

𝑥=−∞

∞
∑
𝑦=1

∞
∑
𝑛=1

∞
∑
𝑚=1

exp [−(|𝑏| + |𝑏′|)𝑦 + 𝑛 + 𝑚
𝑁 ] Λ(𝑛)Λ(𝑚),

(1)
𝑎𝑥 + 𝑏𝑦 + 𝑐 = 𝑛, 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′ = 𝑚.

If it is shown that as 𝑁 → ∞ this sum also tends to ∞, then thereby an
affirmative answer to Hua Loo-keng’s question will be obtained.

Transform our sum as follows:

𝑆(𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′) =

∞
∑

𝑥=−∞

∞
∑
𝑦=1

∞
∑
𝑛=1

∞
∑
𝑚=1

exp [−(|𝑏| + |𝑏′|)𝑦 + 𝑛 + 𝑚
𝑁 ] Λ(𝑛)Λ(𝑚),

𝑥 = 𝑛 − 𝑐 − 𝑏𝑦
𝑎 , 𝑛 ≡ 𝑐 + 𝑏𝑦 (mod 𝑎),

𝑥 = 𝑚 − 𝑐′ − 𝑏′𝑦
𝑎′ , 𝑚 ≡ 𝑐′ + 𝑏′𝑦 (mod 𝑎′).

But since 𝑥 ranges over (−∞, ∞), our sum may be written in the form

𝑆(𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′) =

∞
∑
𝑦=1

∞
∑
𝑛=1

∞
∑
𝑚=1

exp [−(|𝑏| + |𝑏′|)𝑦 + 𝑛 + 𝑚
𝑁 ] Λ(𝑛)Λ(𝑚),
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𝑎′(𝑛 − 𝑐 − 𝑏𝑦) = 𝑎(𝑚 − 𝑐′ − 𝑏′𝑦),
𝑛 ≡ 𝑐 + 𝑏𝑦 (mod 𝑎), 𝑚 ≡ 𝑐′ + 𝑏′𝑦 (mod 𝑎′).

Introduce into the sum discontinuous factors in the form of the known trigono-
metric sums for our congruences:

𝑆(𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′) = 1

𝑎𝑎′

𝑎−1
∑
𝜈=0

𝑎′−1
∑
𝜈′=0

exp [−2𝜋𝑖 (𝑐𝜈
𝑎 + 𝑐′𝜈′

𝑎′ )] ×

×∑ ∑ ∑ exp {−(|𝑏| + |𝑏′|)𝑦 + 𝑛 + 𝑚
𝑁 + 2𝜋𝑖 [𝜈

𝑎(𝑛 − 𝑏𝑦) + 𝜈′

𝑎′ (𝑚 − 𝑏′𝑦)]} Λ(𝑛)Λ(𝑚),

𝑎′(𝑛 − 𝑐 − 𝑏𝑦) = 𝑎(𝑚 − 𝑐′ − 𝑏′𝑦).

We express the resulting ternary equation through a known integral; then our
sum is transformed into the form

𝑆 (𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′ ) = 1

𝑎𝑎′

𝑎−1
∑
𝜈=0

𝑎′−1
∑
𝜈′=0

exp [−2𝜋𝑖 (𝑐𝜈
𝑎 + 𝑐′𝜈′

𝑎′ )] ×

× ∫
1

0
𝑆1(𝛼)𝑆2(𝛼)𝑇 (𝛼) exp(2𝜋𝑖𝛼𝐴) 𝑑𝛼,

where

𝐴 = 𝑐′(𝑢 − 𝑐𝑎′),

𝑆1(𝛼) =
∞

∑
𝑛=1

exp [− 𝑛
𝑁 + 2𝜋𝑖 (𝑎𝑎′ + 𝜈

𝑎) 𝑛] Λ(𝑛),

𝑆2(𝛼) =
∞

∑
𝑚=1

exp [−𝑚
𝑁 − 2𝜋𝑖 (𝛼𝑎 − 𝜈′

𝑎′ ) 𝑚] Λ(𝑚),

𝑇 (𝛼) =
∞

∑
𝑦=1

exp {−|𝑏| + |𝑏′|
𝑁 𝑦 + 2𝜋𝑖 [𝛼(𝑏′𝑎 − 𝑎′𝑏) − 𝑏𝜈

𝑎 − 𝑏′𝜈′

𝑎′ ] 𝑦}

and, by assumption, |𝑏′𝑎 − 𝑎′𝑏| ≠ 0.

The resulting integral

∫
1

0
𝑆1(𝛼)𝑆2(𝛼)𝑇 (𝛼) exp(2𝜋𝑖𝛼𝐴) 𝑑𝛼
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is easily studied by means of the Hardy–Littlewood circle method, since the sum
𝑇 (𝛼) is complete and on the minor arcs is estimated trivially. After calculation
we obtain

𝑆 (𝑁, 𝑎 𝑏 𝑐
𝑎′ 𝑏′ 𝑐′ ) = 𝔖 ( 𝑎 𝑏 𝑐

𝑎′ 𝑏′ 𝑐′ ) 𝑁2 + 𝑂 ( 𝑁2

ln𝐶 𝑁
) , (2)

where 𝔖 is a singular series, greater than zero under the imposition of the natural
congruence conditions on the coefficients, and 𝐶 > 0 is an arbitrarily large
constant. From (2) the answer to Hua Lo-keng’s question follows immediately.

Finally, let us note that this device is suitable for solving the more complicated
system for a point with three prime coordinates:

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 𝑝1,
𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 𝑝2,
𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 𝑝3.

(3)

After introducing the fivefold sum

𝑆 ⎛⎜
⎝

𝑁,
𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

⎞⎟
⎠

,

analogous to the triple sum (1), and after eliminating 𝑥 and 𝑦 twice from the
system (3), we arrive at a ternary problem with primes:

𝐴𝑝1 + 𝐵𝑝2 + 𝐶𝑝3 = 𝐷, (4)

where

𝐴 = 𝑎3 ∣ 𝑎1 𝑎2
𝑏1 𝑏2

∣ − 𝑎2 ∣ 𝑎1 𝑎3
𝑏1 𝑏3

∣ ,

𝐵 = 𝑎1 ∣ 𝑎1 𝑎3
𝑏1 𝑏3

∣ , 𝐶 = 𝑎1 ∣ 𝑎2 𝑎1
𝑏2 𝑏1

∣ ,

𝐷 = ∣ 𝑎3 𝑎1
𝑐3 𝑐1

∣ ⋅ ∣ 𝑎1 𝑎2
𝑏1 𝑏2

∣ − ∣ 𝑎2 𝑎1
𝑐2 𝑐1

∣ ⋅ ∣ 𝑎1 𝑎3
𝑏1 𝑏3

∣ .

with the condition that 𝐴, 𝐵, 𝐶 ≠ 0, and with four congruences modulo

𝑎1, 𝑎2, ∣𝑎1 𝑎2
𝑏1 𝑏2

∣ , ∣𝑎1 𝑎3
𝑏1 𝑏3

∣ .
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Treating equation (4), with additional congruences for prime numbers, by the
classical circle method of Hardy—Littlewood—Linnik, we obtain, after computa-
tions,

𝑆 ⎛⎜
⎝

𝑁, ⎛⎜
⎝

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

⎞⎟
⎠

⎞⎟
⎠

= 𝔖 ⎛⎜
⎝

⎛⎜
⎝

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

⎞⎟
⎠

⎞⎟
⎠

𝑁2 + 𝑂 ( 𝑁2

ln𝐶 𝑁
) ,

where 𝔖 is a singular series, greater than zero under the natural solvability
conditions for the coefficients of system (3). We note that, by complicating the
arguments, one can similarly solve the problem only for positive 𝑥 and 𝑦.
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