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Abstract
Full Text

Z. B. Tsalyuk
On the Question of Stability of Systems of Linear Integral
Equations of Volterra Type
(Presented by Academician L. S. Pontryagin, XII 14, 1962)

Let us consider a system of Volterra integral equations

𝑦(𝑡) = ∫
𝑡

𝑎
𝐺[𝑡, 𝑠, 𝑦(𝑠)] 𝑑𝑠 + 𝑓(𝑡), (1)

where 𝑦(𝑡) = {𝑦1(𝑡), … , 𝑦𝑛(𝑡)}, 𝑓(𝑡) = {𝑓1(𝑡), … , 𝑓𝑛(𝑡)}, 𝐺(𝑡, 𝑠, 𝑦) =
{𝐺1(𝑡, 𝑠, 𝑦1, … , 𝑦𝑛), … , 𝐺𝑛(𝑡, 𝑠, 𝑦1, … , 𝑦𝑛)} are complex-valued vector func-
tions continuous for 𝑎 ≤ 𝑠 ≤ 𝑡 < ∞.

System (1) is called stable if for every 𝜀 > 0 there exists a 𝛿 > 0 such that from

sup
𝑡≥𝑎

𝑛
∑
𝑖=1

|𝑓𝑖(𝑡)| ≤ 𝛿

it follows that

sup
𝑡≥𝑎

𝑛
∑
𝑖=1

|𝑦𝑖(𝑡)| ≤ 𝜀.

Using theorems on integral inequalities (see, for example, (1−5)), the question
of stability of system (1) can be reduced to the investigation of the stability of
a certain majorant system (3,4,6). In the simplest case, a real linear system of
Volterra integral equations may be taken as the majorant,

𝑥(𝑡) = ∫
𝑡

𝑎
𝐾(𝑡, 𝑠)𝑥(𝑠) 𝑑𝑠 + 𝜑(𝑡) (2)

with a nonnegative matrix 𝐾(𝑡, 𝑠) = (𝐾𝑖𝑗(𝑡, 𝑠)). A number of works (7−9)
are devoted to the stability of systems of linear integral equations. The use
of integral inequalities and of generalized norming (10) makes it possible in a
number of cases to obtain results more precise than those in the works cited
above. We shall assume that in system (2) the matrix 𝐾(𝑡, 𝑠) is nonnegative for
𝑎 ≤ 𝑠 ≤ 𝑡 < ∞.
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Lemma (cf. (11)). For the stability of system (2) it is necessary and sufficient
that:

1)

sup
𝑡≥𝑎

∫
𝑡

𝑎
‖𝐾(𝑡, 𝑠)‖ 𝑑𝑠 < ∞.

2) For some 𝑇 ≥ 𝑎 and 𝛼 > 1 there exists a continuous, bounded on [𝑇 , ∞),
essentially positive vector function 𝛾(𝑡) = {𝛾𝑖(𝑡)} (𝜔 ≥ 𝛾𝑖(𝑡) ≥ 𝛽 > 0, 𝑡 ≥
𝑇 , 𝑖 = 1, … , 𝑛), such that

𝛾(𝑡) ≥ 𝛼 ∫
𝑡

𝑇
𝐾(𝑡, 𝑠)𝛾(𝑠) 𝑑𝑠.

Everywhere below we shall assume condition 1) to be fulfilled. From the lemma
there follows the following assertion.

Theorem 1. If, for some 𝑚 ≥ 1, the matrix

𝐴𝑚 = lim
𝑇 →∞

lim
𝑡→∞

∫
𝑡

𝑇
𝐾𝑚(𝑡, 𝑠) 𝑑𝑠,

where 𝐾𝑚(𝑡, 𝑠) is the 𝑚-th iterated kernel, has characteristic numbers whose
moduli are less than one, then system (2) is stable. Conversely, if the sys-

system (2) is stable, then there exists an 𝑚 such that the characteristic numbers
of the matrix 𝐴𝑚 are, in modulus, less than one. Moreover, all the matrices

𝐵𝑖 = lim
𝑇 →∞

lim
𝑡→∞

∫
𝑡

𝑇
𝐾𝑖(𝑡, 𝑠) 𝑑𝑠

also have this property.

If the characteristic numbers of the matrix 𝐴1 are, in modulus, less than one,
then the matrices 𝐴𝑖 (𝑖 ≥ 2) also have this property. The converse is false.
Therefore consideration of iterated kernels leads to more general criteria.

Corollary. If for every 𝑇 ≥ 𝑇0 ≥ 𝑎 there exists

lim
𝑡→∞

∫
𝑡

𝑇
𝐾(𝑡, 𝑠) 𝑑𝑠,

then, for stability of system (2), it is necessary and sufficient that the charac-
teristic numbers of the matrix
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lim
𝑇 →∞

sup
𝑡≥𝑇

∫
𝑡

𝑇
𝐾(𝑡, 𝑠) 𝑑𝑠

be, in modulus, less than one. In particular, for 𝐾(𝑡, 𝑠) = 𝑄(𝑡 − 𝑠) system (2)
is stable if and only if the characteristic numbers of the matrix

∫
∞

0
𝑄(𝑠) 𝑑𝑠

are, in modulus, less than one. Convenient criteria for the characteristic numbers
of a nonnegative matrix to be, in modulus, less than one are given in (12) (for
example, p. 339).

Put 𝑖0 = 1 < 𝑖1 < ⋯ < 𝑖𝑙 = 𝑛 + 1 and denote by 𝑄𝑚𝑘(𝑡, 𝑠) (𝑚, 𝑘 = 1, … , 𝑙) the
matrix with elements 𝐾𝑖𝑗(𝑡, 𝑠), 𝑖𝑚−1 ≤ 𝑖 < 𝑖𝑚, 𝑖𝑘−1 ≤ 𝑗 < 𝑖𝑘. From the lemma
and Theorem 1 it follows that

Theorem 2. If

lim
𝑇 →∞

sup
𝑡≥𝑇

∫
𝑡

𝑇
‖𝑄𝑚𝑘(𝑡, 𝑠)‖ 𝑑𝑠 = 0

for 𝑚 < 𝑘 (or for 𝑚 > 𝑘), then system (2) is stable if and only if the equations

𝑧(𝑡) = ∫
𝑡

𝑎
𝑄𝑘𝑘(𝑡, 𝑠)𝑧(𝑠) 𝑑𝑠 + 𝜓(𝑡) (𝑘 = 1, … , 𝑙)

are stable.

We note that Theorem 2 is valid also without the assumption of nonnegativity
of the matrix 𝐾(𝑡, 𝑠).
Consider the system of differential equations

𝑦′ = 𝐴(𝑡)𝑦, 𝐴(𝑡) = (𝑎𝑖𝑗(𝑡)) (𝑡 ≥ 0, 𝑖, 𝑘 = 1, … , 𝑛), (3)

where 𝑎𝑖𝑗(𝑡) are complex-valued functions continuous on [0, ∞). Reducing, in
one way or another (for example, by the method indicated in (5)), system (3)
to an integral one and applying the theorems formulated above, one can obtain
various stability criteria for system (3). As an example we give the following
two propositions.

Theorem 3. Let 𝐴(𝑡) = 𝐴1 + 𝐴2(𝑡), and let 𝑌 (𝑡) be the solution of the
matrix equation 𝑌 ′(𝑡) = 𝐴1𝑌 (𝑡), 𝑌 (0) = 𝐸 (𝐸 is the identity matrix). If
sup𝑡≥0 ‖𝑌 (𝑡)‖ < ∞ and the characteristic numbers of the matrix
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lim
𝑇 →∞

sup
𝑡≥𝑇

∫
𝑡

𝑇
𝑌 (𝑡 − 𝑠)𝐴2(𝑠) 𝑑𝑠 ∗

are, in modulus, less than one, then all solutions of system (3) are bounded.

* If 𝐵 = (𝑏𝑖𝑗), then |𝐵| = (|𝑏𝑖𝑗|).

From Theorem 2 it follows

Theorem 4. Suppose that there exist functions 𝑏𝑖(𝑡) such that

sup
𝑡≥0

∫
𝑡

0
Re 𝑏𝑖(𝑠) 𝑑𝑠 < ∞,

sup
𝑡≥0

∫
𝑡

0
|𝑎𝑖𝑖(𝑠) − 𝑏𝑖(𝑠)| exp{∫

𝑡

𝑠
Re 𝑎𝑖𝑖(𝜏) 𝑑𝜏} 𝑑𝑠 < ∞,

sup
𝑡≥0

∫
𝑡

0
|𝑎𝑖𝑗(𝑠)| exp{∫

𝑡

𝑠
Re 𝑏𝑖(𝜏) 𝑑𝜏} 𝑑𝑠 < ∞ for 𝑖 > 𝑗 (𝑖 < 𝑗),

lim
𝑇 →∞

sup
𝑡≥𝑇

∫
𝑡

𝑇
|𝑎𝑖𝑗(𝑠)| exp{∫

𝑡

𝑠
Re 𝑏𝑖(𝜏) 𝑑𝜏} 𝑑𝑠 = 0 for 𝑖 < 𝑗 (𝑖 > 𝑗).

Then all solutions of system (3) are bounded.

Taking 𝑏𝑖(𝑡) = 𝑎𝑖𝑖(𝑡), we obtain a generalization of the theorems of N. I. Gavrilov
(13) and A. P. Moiseenko (14).
In conclusion we note that Theorems 1 and 2 extend to multidimensional linear
Volterra equations in the sense of A. N. Tikhonov (15). In particular, these
results are valid for equations of the form

𝑥(𝑡, 𝑠) = ∫
𝑡

𝑎
𝑑𝑦 ∫

𝐺

𝑚
∑
𝑗=1

𝐾𝑗(𝑡, 𝑠, 𝑦, 𝑧) 𝑥(𝑦 − 𝑔𝑗(𝑦), 𝑧) 𝑑𝑧 + 𝑓(𝑡, 𝑠)

(𝑡, 𝑎 ∈ 𝑅𝜇, 𝑠 ∈ 𝑅𝜈, 𝜇, 𝜈 ≥ 1, 𝑚 ̂𝐺 < ∞, 𝑔𝑗(𝑦) ≥ 0).

Theorems on integral inequalities for these equations were presented at the
Izhevsk seminar by A. I. Logunov and N. V. Shklyaeva.

Udmurt State
Pedagogical Institute
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