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The most general results concerning the question of the existence of a solution
of antagonistic games on the unit square with a bounded payoff function (for
unexplained concepts and notation, see, for example, (1)) were obtained by S.
Karlin (?). In the present paper a description is given of a class on the unit
square with an unbounded payoff function K(z,y), for which the equality

1 1 1 1
supint / / K () dF(x) dG(y) = infsup / / K(x,y) dF(z) dG(y), (*)

F F

holds, where F and G denote distributions on the interval [0, 1].

Let ¢(z) be a one-to-one mapping of the interval [0,1] onto itself. For any
distribution function F', by ¢(F') we denote the function defined by the equality

o(F) = [ L @)

This function is also a distribution function.

Let ps(x), ¥s(y) (0 < § < A) be two families of one-to-one transformations of
the interval [0, 1] onto itself. A kernel K(z,y) is called quasi-invariant with
respect to the families of transformations ¢s(x), 1s(y), if for every € > 0 there
exists a 6 > 0 such that for all § € [0,4’], z, and y,

|K (p5(2),y) — K(z,9%5(y))| < e.

Consider a game I" on the unit square, the payoff function K (z,y) of which has
the following properties:

1. The function K (z,y) is measurable in each variable for every fixed value
of the other.
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2. The integrals / K(z,y)dx and / K (z,y) dy converge uniformly for all
0 0
y and z, respectively.

3. For all n > 1 the games I',, with kernels K, (x,y) have solutions, where
the functions K, (x,y) are defined as follows:

K(z,y), |K(z,y)|<n,
Kn(x’y) =3\n, K(m,y) >n,
-n, K(x,y) < —n.

4. There exist such families of transformations of the interval [0, 1] onto itself,
s and )5, with respect to which the function K(x,y) is quasi-invariant
and for which, for all d;,d, € [0, A], x € [0, 1], the inequalities

|05, (2) = s, (2)] > C6; = b,

|5, (2) — s, ()] > C|0; — 05|

hold.

Theorem 1. If the function K(x,y) satisfies conditions 1-4, then equality ()
holds.

Moreover, one can show that for every € > 0 there exist N and ¢’ > 0 such that,
for all n > N, § € [0, ], the distribution functions

t
l

1
7 Fue) = 5 [ oalFutw)as.

§
UG () = (15/0 (G, (y)) do

(ﬁ (2), é’vn(y)—optimal strategies of players I and II respectively in the games

n
I',,) are e-optimal strategies of the players in the game T'.

From this theorem there immediately follow the facts established in (3). A less
trivial consequence is the following result.

Theorem 2. Let the function K(x,y) satisfy conditions 1-3 of Theorem 1 and,
in addition, on the set of points of discontinuity be monotonically increasing in x
and monotonically decreasing iny. Suppose, moreover, that the function K(x,y)
is quasi-invariant with respect to the following two families of transformations
of subsets of the unit interval into the unit interval:
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P =1  weloi-d @ =01-dy yelo.1]

GPa@)=e—5  we01; ¢y =y+5, ye0,1—-3.

Then equality (*) holds.

This theorem asserts the existence, for every € > 0, of e-equilibrium situations
for games with kernels of the type

hl(.’b,y)h’l(l'—y), >y,
K(z,y) = { f(=), T =y,
h2<xay) hl(y_x)a T < Y,

where hq,hy are nonnegative functions continuous in both variables, defined
respectively in the closed triangles 0 <y < x <1 and 0 <z <y < 1; the func-
tions h, and h, are monotonically increasing in x and monotonically decreasing
in y, and the function f(z) is bounded.
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