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Abstract
Full Text
Mathematics

E. B. Yanovskaya

QUASI-INVARIANT KERNELS IN ANTAGO-
NISTIC GAMES
(Presented by Academician V. I. Smirnov on 16 III 1963)

The most general results concerning the question of the existence of a solution
of antagonistic games on the unit square with a bounded payoff function (for
unexplained concepts and notation, see, for example, (1)) were obtained by S.
Karlin (2). In the present paper a description is given of a class on the unit
square with an unbounded payoff function 𝐾(𝑥, 𝑦), for which the equality
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𝐾(𝑥, 𝑦) 𝑑𝐹(𝑥) 𝑑𝐺(𝑦), (*)

holds, where 𝐹 and 𝐺 denote distributions on the interval [0, 1].
Let 𝜑(𝑥) be a one-to-one mapping of the interval [0, 1] onto itself. For any
distribution function 𝐹 , by 𝜑(𝐹) we denote the function defined by the equality

𝜑(𝐹(𝑥)) = ∫
𝜑−1{[0,𝑥]}

𝑑𝐹(𝑥).

This function is also a distribution function.

Let 𝜑𝛿(𝑥), 𝜓𝛿(𝑦) (0 ≤ 𝛿 ≤ Δ) be two families of one-to-one transformations of
the interval [0, 1] onto itself. A kernel 𝐾(𝑥, 𝑦) is called quasi-invariant with
respect to the families of transformations 𝜑𝛿(𝑥), 𝜓𝛿(𝑦), if for every 𝜀 > 0 there
exists a 𝛿′ > 0 such that for all 𝛿 ∈ [0, 𝛿′], 𝑥, and 𝑦,

|𝐾(𝜑𝛿(𝑥), 𝑦) − 𝐾(𝑥, 𝜓𝛿(𝑦))| < 𝜀.

Consider a game Γ on the unit square, the payoff function 𝐾(𝑥, 𝑦) of which has
the following properties:

1. The function 𝐾(𝑥, 𝑦) is measurable in each variable for every fixed value
of the other.

sovietrxiv.org/items/ru-196301.78668 Machine Translation

https://sovietrxiv.org/items/ru-196301.78668


2. The integrals ∫
1

0
𝐾(𝑥, 𝑦) 𝑑𝑥 and ∫

1

0
𝐾(𝑥, 𝑦) 𝑑𝑦 converge uniformly for all

𝑦 and 𝑥, respectively.
3. For all 𝑛 > 1 the games Γ𝑛 with kernels 𝐾𝑛(𝑥, 𝑦) have solutions, where

the functions 𝐾𝑛(𝑥, 𝑦) are defined as follows:

𝐾𝑛(𝑥, 𝑦) =
⎧{
⎨{⎩

𝐾(𝑥, 𝑦), |𝐾(𝑥, 𝑦)| < 𝑛,
𝑛, 𝐾(𝑥, 𝑦) ≥ 𝑛,
−𝑛, 𝐾(𝑥, 𝑦) ≤ −𝑛.

4. There exist such families of transformations of the interval [0, 1] onto itself,
𝜑𝛿 and 𝜓𝛿, with respect to which the function 𝐾(𝑥, 𝑦) is quasi-invariant
and for which, for all 𝛿1, 𝛿2 ∈ [0, Δ], 𝑥 ∈ [0, 1], the inequalities

|𝜑𝛿1
(𝑥) − 𝜑𝛿2

(𝑥)| > 𝐶|𝛿1 − 𝛿2|,

|𝜓𝛿1
(𝑥) − 𝜓𝛿2

(𝑥)| > 𝐶|𝛿1 − 𝛿2|

hold.

Theorem 1. If the function 𝐾(𝑥, 𝑦) satisfies conditions 1–4, then equality (∗)
holds.

Moreover, one can show that for every 𝜀 > 0 there exist 𝑁 and 𝛿′ > 0 such that,
for all 𝑛 > 𝑁 , 𝛿 ∈ [0, 𝛿′], the distribution functions

𝜑𝛿(𝐹𝑛(𝑥)) = 1
𝛿 ∫

𝛿

0
𝜑𝛿(𝐹𝑛(𝑥)) 𝑑𝛿,

𝜓𝛿(𝐺𝑛(𝑦)) = 1
𝛿 ∫

𝛿

0
𝜓𝛿(𝐺𝑛(𝑦)) 𝑑𝛿

(𝐹𝑛(𝑥), 𝐺𝑛(𝑦)—optimal strategies of players I and II respectively in the games
Γ𝑛) are 𝜀-optimal strategies of the players in the game Γ.
From this theorem there immediately follow the facts established in (3). A less
trivial consequence is the following result.

Theorem 2. Let the function 𝐾(𝑥, 𝑦) satisfy conditions 1–3 of Theorem 1 and,
in addition, on the set of points of discontinuity be monotonically increasing in 𝑥
and monotonically decreasing in 𝑦. Suppose, moreover, that the function 𝐾(𝑥, 𝑦)
is quasi-invariant with respect to the following two families of transformations
of subsets of the unit interval into the unit interval:
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𝜑(1)
𝛿 (𝑥) = 𝑥

1 − 𝛿 , 𝑥 ∈ [0, 1 − 𝛿]; 𝜓(1)
𝛿 (𝑦) = (1 − 𝛿)𝑦, 𝑦 ∈ [0, 1];

𝜑(2)
𝛿 (𝑥) = 𝑥 − 𝛿, 𝑥 ∈ [0, 1]; 𝜓(2)

𝛿 (𝑦) = 𝑦 + 𝛿, 𝑦 ∈ [0, 1 − 𝛿].

Then equality (∗) holds.

This theorem asserts the existence, for every 𝜀 > 0, of 𝜀-equilibrium situations
for games with kernels of the type

𝐾(𝑥, 𝑦) =
⎧{
⎨{⎩

ℎ1(𝑥, 𝑦) ln(𝑥 − 𝑦), 𝑥 > 𝑦,
𝑓(𝑥), 𝑥 = 𝑦,
ℎ2(𝑥, 𝑦) ln(𝑦 − 𝑥), 𝑥 < 𝑦,

where ℎ1, ℎ2 are nonnegative functions continuous in both variables, defined
respectively in the closed triangles 0 ≤ 𝑦 ≤ 𝑥 ≤ 1 and 0 ≤ 𝑥 ≤ 𝑦 ≤ 1; the func-
tions ℎ1 and ℎ2 are monotonically increasing in 𝑥 and monotonically decreasing
in 𝑦, and the function 𝑓(𝑥) is bounded.
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