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PHYSICS
S. V. IORDANSKII, A. G. KULIKOVSKII

ON THE STABILITY OF HIGHER CORRELA-
TION FUNCTIONS IN A PLASMA

(Presented by Academician L. I. Sedov on 4 V 1963)

In deriving kinetic equations for the first distribution functions F, in a plasma
(1), it is assumed that, for the higher correlation functions, the influence of the
particular initial data rapidly dies out and they are completely expressed in
terms of the first distribution function. This presupposes certain properties of
the equations for the higher correlation functions. We shall show that, in the
case of first distribution functions that are unstable in the sense of the occur-
rence of plasma waves, the stationary solutions of the equations for the higher
correlations are also unstable. In this paper it is assumed that the magnetic
field is absent.

Let us consider the distribution functions F, _, (24, ..., ) in a multicomponent
plasma consisting of particles of « species, giving the probability density of the
joint distribution of s particles of species a; ...a, in the phase space z; ...z,
where z; denotes the totality of the coordinates q,; and velocities v, of a particle
of species a;. The chain of equations for these functions, first obtained by N. N.
Bogolyubov (1), has the form
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where Mg, denotes the mean density of particles of species a;.

., in the form

Write the function F,

F, =F) o FF T E (2)
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where each function Fg" o, is represented as the sum of all possible products of
m + 1 functions Fg «a,,» corresponding to all possible partitions of a; ...a, into
m + 1 groups. This relation makes it possible to express FO a, through distri-
bution functions of the s-th and lower orders. From the prlnmple of weakening
of correlations, introduced by Bogolyubov, it can be shown that Fglmas tends to
zero if |q; — q;| — oo for at least one pair 7, j. We shall call Fc?l...as irreducible

distribution functions.

We shall consider only the spatially homogeneous case. It is easy to see that,
in the spatially homogeneous case, thl---as depends on s — 1 differences q; — q;.

Similarly, any term Fy" , depends on

s —1 —m differences q; — q;. This circumstance makes it possible to write the
chain of equations only for the irreducible functions F, glm%, using equation (1):
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Here the quantity F1 .a,;a;a, denotes the sum of those terms in the expression
for F} .a, In which a; and a,;, enter into different factors. The system of equa-
tions (3) is equlvalent to system (1) and is obtained from equations (1), after
substituting there the expressions (2), by selecting the terms with the largest

number of arguments.

We shall consider a completely ionized plasma at sufficiently high temperatures,
when the plasma parameter u = en'/2/(xT)3/? < 1, where e is the electron
charge, n is the density of charged particles, T is the absolute temperature, and
» is Boltzmann’ s constant.

The quantity Uaiaj in a completely ionized plasma is the Coulomb potential
energy of interaction of two particles of species a, and a;. If the F, are assumed
not to depend on time, then the system of equations (3) in this case has sta-
tionary solutions Py a,s which are represented by series in powers of u (1'3),
and the magnitude of the s-th irreducible correlation is of order p*~!

characteristic correlation length of the order of the Debye radius.

and has a
Let us consider a nonstationary deviation of the solution Fgl.“a from @, ,

0 — 0
Fal ag q)almas + fal...as
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over times shorter than the characteristic time of variation of F,, so that F,
may be considered independent of time.

Let us compare the orders of magnitude of the different terms in equation (3).
It is easy to see that

L1 )
— U, , (la, — qk\)
iJ;/;k mai aqz a;ap, 1 v, al Qg

has an extra factor u compared with the term

s 0
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and we shall neglect this quantity.

Suppose that we have the following initial data:

t=0 7&0 fal...as, =0 fors 7&5 (4)

al s t=0

We shall assume the quantity fglma to be small, of the order of some pa-

s ‘t:[)
rameter €. According to equations (3), the functions Fp ,  for s < s will be

of order ¢ at subsequent times. Hence, by virtue of the same

it follows from the equations that all fglmaﬁl at subsequent moments of time
will be of order either €2, or epu.

Returning to the equation for fgl“‘as’ we see that the terms obtained from
F! F! , and F? . have orders €% and ep®, b > 1

ay..ag) Tay..ag, Q.0 .,

In studying stability, nonlinear terms of order €2 may be neglected; analogously,
we shall neglect terms containing an extra power of the parameter u. It is clear
that the case of general initial data is obtained by superposition of the initial
data written above.

has the form

Thus, the equation for determining fgl__‘ag

oF,
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Introduce the vector notation f for the collection of all fgl'__ag. Then the last
equation can be written in the form
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where f/l is an integro-differential operator coinciding with the integro-
differential operator in the linearized Vlasov equation for a perturbation of the
first distribution function

oy U2 (9, — a) 3, 73
ab ba +Z abav ﬁfbdvbd(ﬂ)_o

or, in vector form,

oty

o + Lf, =0. (6)

It is easy to see that the product of the solutions of equations (6) f, - fa, 18
a solution of equation (5). Therefore, if equation (6) has solutions that grow
without bound with time, then equation (5) also has solutions that grow without
bound with time.

For the explicit determination of solutions of equations (5), let us carry out the
Fourier transform with respect to all q;:

/@&pkw“m%@ah+m+hy%mhﬂk%ﬁhmf@:
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The general solution for f(k, ... kg, v, ... v, t) with arbitrary initial data can be
written by means of the matrix Green function G in the form

(k.. k,, vy ...V, t) =
::/éguh“km““wyﬁ”wgg&y1gwguﬁp)

x d3v) ... d3!. (7)

The matrix Green’ s function és is the product of the corresponding matrix
Green’ s functions G, (¢, k, v) for system (6):

sovietrxiv.org/items/ru-196301.74253 Machine Translation


https://sovietrxiv.org/items/ru-196301.74253

= él<t7ki,vi7v,§).

=1

G

S

This follows immediately from the fact that the product of solutions of equation
(6) is a solution of equation (5). It follows from this representation that all
properties of the solutions of equation (6) are transferred to the solutions of
equation (5). Hence it follows that, in the case of instability, the fastest-growing
part of the function f , (k; ...k, vy ...v,,t) is proportional to

H Soai (km Vis t)a (8)
=1

where ¢, are the growing solutions of the Vlasov equation (6), which, as is
known, have the form (see (2))

e, 1k 1 oF, it
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)

where €, is the root of the dispersion equation with the largest imaginary part

. 4me, . oF, d3v
6(+)(k’ﬂ>1;mak22k/ v mzo (9)

In the case of stability only the quantity R = [ f, d®v; ... d3v, decays (see (?)).
If the function f,|,_, can be analytically continued into a sufficiently wide strip
0 > Imvf > h in all components of the vectors v;, then the damping will
proceed according to the law exp(s Im§.¢), where € is the root of equation
(9) with the largest imaginary part Im 2, < 0. Otherwise, the damping law of
R depends essentially on the analytic properties of the initial data (2).

In investigating the solutions of equation (5) it was assumed that the functions
F, do not depend on time. Since the rate of change of the irreducible distribution
functions is of order Im £2;, not directly related to u, while the rate of change of
the first distribution function is of order y, then for small p the first distribution
function can indeed be regarded as constant during the time interval over which
the functions fgl___ag (s > 1) have time to grow appreciably.

Thus, in the presence of roots (8) with Im Q, > 0, the stationary solutions for
all irreducible distribution functions are unstable and, consequently, in this case
they cannot be regarded as depending only on the first distribution functions.
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