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Abstract
Full Text

E. M. SEMENOV

ON A SCALE OF SPACES WITH THE INTER-
POLATION PROPERTY

(Presented by Academician S. L. Sobolev on 13 VIII 1962)

In () a maximal scale of spaces connecting the spaces L; and L. was con-
structed. These spaces were first introduced by G. G. Lorentz (?). In his nota-
tion the Banach space A(a) (0 < a < 1) consists of all functions measurable on
[0, 1] for which

1
folyiw =a [ @t de < oc, W
0

where 2*(t) denotes the nonincreasing function equimeasurable with |2(¢)|. The
spaces conjugate to the spaces A(«) are the spaces M («), consisting of all func-
tions measurable on [0, 1] for which

x
T\ Moy = SUp ———— < 00. 2
lolas = sup 2 ©

In (%) it is shown that the spaces A(a) are nonreflexive. In the present note
a scale of spaces M, (a) will be constructed, to which A(a) are conjugate, and
interpolation theorems for this scale will be proved.

1. Let M;(a) denote the set of functions in M () for which

lim 4f0h z(t) dt —

h—0 he 0- (3)

It is easy to verify that every bounded function belongs to M, («) and, moreover,

My(a) C L . (4)

Lemma 1. M,(«) coincides with the closure of the set of bounded functions in
the norm of the space M («).

Proof. Let x5 (t) denote the truncation of the function z(¢t) € M (). Then
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h *
|z — 2] _ SHPM:
NlM(e) 0<h<1 he

fh(x—Nsignx)*dt fhx*dt
= sup 0 > < sup 0 P
O<h<mE(|z|>N) h o<h<mE(z|>N) N

Since limy_,,, mE(|z| > N) = 0, it follows by virtue of (3) that limy_ ., |z —
xN”M(a) =0.

On the other hand, if z(t) € M(«) and z(t) ¢ My(«), then there exists a
sequence hy, | 0 such that

hy,
lim/ 2 (8)dt /B = 2> 0.
0

k—oo

Then for any y(t) € M(«)

[ —y)dt

xr — = Ssu - > hm e ——
” y“M(a) O<h21 ha —_— k00 hg —_—
hk hk hk
() dt / Vi (b) di (1) dt
> 1 : — = lim =2 =
= kDo he he Kooo  hQ

The lemma is proved.

M,(a), being a closed subspace of M(«), is a complete normed space. If x g(t)
is the characteristic function of a measurable set E C [0, 1], then
IXeOlar = sup F————= sup F———=mE (5
0<h<
Theorem 1. The formula

Flz) = /O s(y(t)dt,  where y(t) € A(a), (©6)

gives the general form of a linear functional on My(«), and moreover |f| =
HyHA(a)'
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Proof. As shown in (?),

[f (@) < el aria 19l acay»

therefore f(z) is defined on the whole space M,(a) and | f[ < [y[sq)-

Let us prove that equality holds. It is clear that for every function y(t) € A(«)
there exists a function 6(t) such that *(t) = at®!,

1 1
/ O(t)y(t) dt = / at® Ly (t) dt.
0 0

Denote by 05(t) the truncation of the function 6(t) and

an = (a/N)H/0-.

Then [0yl rs(a) < 10lr1@) =1, On(t) € My(a), and

f(eN):/ eN(t)y(t)dtzN/ Ny*(t)dt+/ at® Ly (t) dt >

N

1 1 an
> a/ Yyttt dt = a/ yr ()t dt — a/ Yttt dt.
a 0 0

N

Since the function y*(¢)t*~! is summable on [0, 1], it follows that

1 apn
sup f(0x) = lim (o [y de—a [y o) = Lyl
N — 00 0 0

We shall show that every linear functional on M («) is representable in the form
(6). Let f(x) be an arbitrary linear functional on M;(a). Then, by virtue of

(5),

FOxe)l < W HIXE ) = IfImE=.

Therefore f(xp), considered as a function of subsets of the interval [0, 1], is
absolutely continuous and, by the Radon-Nikodym theorem, is representable in
the form

ﬂnﬂzémwm7 (7)
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where y(t) is a summable function on [0, 1]. It follows from (7) that for every
step function x(t) the equality (6) is valid.

Now let z(t) € M(«). One can construct a sequence of step functions z(t)
such that zy(¢) converge to x(t) almost everywhere and |zy(t)| < |z(t)]. Then
|z (t)y(t)] will converge almost everywhere to the function |z(t)y(t)|, and the
inequality

lznlaria) < 12l asa)- (8)

will obviously be satisfied.

Taking (8) into account, we have

1
sup [ [an(Op(0)] dt = sup F(|z(0)]sieny() < | sup lenlasia) < LAl < oc.
0

By Fatou’ s theorem,

< £l aray-

/ x(t)y(t) dt
0

In particular, when x(t) = 6(t), then

1 1 1
T dt = 0 dt = ot Yy () dt = .
/0 (yy(t) dt / (yy(t) dt / 11y (8) dE = [yl

Thus, y(t) € A(w). Using Lemma 1 and the continuity of the functional f(x), it
is easy to show by passage to the limit that formula (6) holds for all z € My(«).
The theorem is proved. Thus, A(«) is conjugate to M,(a), and M («) is the
second conjugate of My(a).

Theorem 2. If z(t) € M(«), then

A, My(a)) = Jim o = 2yl asia)

where d(z, My(a)) denotes the distance from the function z(t) to M;,(«), and
xn(t) are the cutoffs of the function x(t).

Proof. It is evidently enough to show

d(z, My(@)) 2 lim 2 —zy]pq)-
—00
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Let up(t) € My(a) and

d(z, My(a)) = 1

Njﬂoo |z — uNHM(a)'

Since the set of bounded functions is dense in M («), we may assume that u (%)
are bounded functions. Repeating each function the required number of times,
one can arrange that

fun(t)] < N (9)

for sufficiently large N. If (9) is satisfied, then

|z — uNHM(a) > o — xNHM(a)’ d(z, My(a)) > A}l_{n |z — xN”M(a)'
oo

The theorem is proved.

2. In the well-known interpolation theorem of Marcinkiewicz (see (%)), functions
satisfying the condition

sup Tni (1) < oo, (10)
0<T<0

are studied, where n, (1) = mE(|z| > 7).

The functional sup,____ ™n~%(7), defined on the set of functions for which

(10) is satisfied, does not have the properties of a norm (the triangle inequality
is not satisfied). However, the following assertion is true.

Lemma 2. The collection of functions satisfying the Marcinkiewicz condition
(10) coincides with the space M («), and moreover

1
sup Tni (1) < Hx”M(a) < - 0<su<p ™l (T).
T<00

0<T<0

Proof. If we put n,(7) = ¢, then by the definition of the rearrangement of
a function (see (%), p. 332), 7 = z*(t). Therefore it is enough to prove the
inequality

1
sup (1)t < @] ppiq) < = sup aF(t)t
0<t<1 Q0<t<1
If

1
— sup z*(t)tt=* =C,
@ 0<t<1
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then z*(t) < Cat® !, and

o
. —sp X Csp 2 _C
12 az o) ool ho = o<kl he

On the other hand, since z*(¢) is nonincreasing,

0
xT = sup —— > sup
Il s e ooney ho ~ och<1r  he 0<t<1

The lemma is proved.

The Marcinkiewicz theorem itself may be formulated as follows. Let 1 < p, <
q, < oo (k=0,1), gy # q;- If a linear operator T is a bounded operator from

L, toM(1—1/g,) (k=0,1), then T acts boundedly from L, to L, , where

1 1—71 T 1 1—7 T
R — _i'_i’ —_ = —‘r*, 0<T<1
pr Po P qr do a;

Here M (0) is the set of functions x(t) for which sup,_,_, *(t)t < oc.

Correspondingly, the interpolation theorems from (!*) can be reformulated.

Theorem 3. If T is a bounded operator from M(1—ay,) to M(1—0,) (k=1,2),
1>a, 20, >0, a; # ay, B; # By, then T acts boundedly from My(1— o) to
My(1—8,), where o, = (1 —T)ay + T, B, = (1 —7)5; + 755.

Proof. From interpolation theorem 1 in (!) it follows that 7' is a bounded
operator from M(1 —«.,) to M(1— f,), and

1Tzl a1 ) < Col@lara—a,)- (11)

It remains to show that if z € My(1 — «, ), then also Tz € M,(1 —$,). For any
sufficiently small € > 0 the inclusion

M(l—ﬂ,r-f—éf) CLl—lﬁ

P

holds. By virtue of (4), M(1 — 3, +¢) C My(1 — 3,). Let x(t) be bounded
on [0,1]. If Tx € My(1 — f,) for some 0 < 7 < 1, then, by the preceding,
Tz € M(1— 8, + ¢), which contradicts (11). Thus Ta € My(1 — §,) for all
O0<7<landallze L.

Every function z(t) € M,(1—c, ) can be approximated by bounded functions u
(in the norm of M(1—«.,.)). By virtue of (11), the sequence T'u is fundamental
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in M(1—f,), and, as was shown, Tuy € My(1 — §,). From the closedness of
My(1—p3.)in M(1— 3,) it follows that Tz € My(1—5,).

The theorem is proved.

Theorem 4. If T is a bounded operator from My(1 — «y,) to My(1 — By)
(k=1,2), 1 >a;, 20, >0, oy # g, By F By, then T acts boundedly from
MO<1 - aT) to MO(l - /BT)

The proof follows from theorem 1 in (1) and theorem 3.
The author expresses his sincere gratitude to S. G. Krein for his guidance.
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