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ERAL VARIABLES

(Presented by Academician S. N. Bernstein, 8 VI 1963)

Let L, (1 < p < oo) be the space of all functions f(zy,...,2y) of period 27
in each of the variables z, (i = 1,2, ..., k), whose p-th power of the modulus is
integrable on the k-dimensional cube of periods. Denote by E,(f;),“mk (f) the com-

plete best approximation (1) of the function f by trigonometric polynomials of
order < n,, respectively in the variables z; (1 = 1,2, ..., k), and by Eﬁg),,,,_,nmoo(f)
the partial best approximation by trigonometric polynomials of order n;, respec-
tively in the variables z; (i = 1,2,...,7; r < k), with coefficients depending on

the variables x; (i =7 +1,..., k) and belonging to the class L, (1 <p < 00).

We shall say that a function (x4, ..., x,) of the class L, (1 < p < o) belongs

to the set Ry, (f), if EXoo(p) < Bloc(f) fori = 1,2,..,7; n; = 0,1,2,....
Put

Er??,...,n,,,oo(f) = Tnl,“.,nir(l'£17'“7$k> Hf('rl? 7$k) - Tnl,“.,nr (1‘1, 7$k)HLP ’ (1>

where T, (21,...,2;) is a trigonometric polynomial of degree n; in the
variables x; (1 = 1,2,...,r), with coefficients depending on the variables x;
(¢=r+1,...,k) and belonging to the class R,
If in this definition r = k, then instead of Eff’l)mnk,oo(f) we shall write
i (p)

Enpl ,,,,, ny (f)

Theorem 1. If f € L, (1 <p<o0), then

Eﬁzpl),“.,nr,oo(f) - ET(I,Z?,.“,TLT,OO(,f)'

Proof. For r =k, R, _,(f) will consist only of constants, and therefore

.....

EP . (f)=EP . (). (1)
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Consider the case r < k.

By the definition of Eﬁf;)wnwoo( f), for any € > 0 there exists a trigonometric
polynomial T,Sf{.__,nr(xl,... ,xy,) of degree m, in the variables z; (i = 1,...,7),
with coefficients depending on x; (i = 7+1, ..., k) and belonging to the class L,
(1 < p < o0), such that

Hf(‘TD 755]9) - TT(LE1))~~~,WW~($17 axk)HL < E7(1p1>7~~x7lr700(f) +e.

Moreover, there is such a natural number N(¢) and such a polynomial
Qn,...ny (T1s o xy) of degree n,; inx; (i =1,2,..., k), that

‘|T,§€1>n(x1, s @) = Qo (T ,xk)HL <e formn; > N(e)
(t=r+1,..,k).

Consequently,
—=(P) —=(P)
Eppooo D) S B (D) =B (D <N = Qo i, <

SN =Tz, + 1T, = Qg I, < B o0 (£) + 26
Hence, by the arbitrary smallness of €,

—(p)
Ey ool ) S EP o). (2)

On the other hand, evidently:

—(p)
EY oo (F) By o). (3)

Therefore, by (2) and (3), we obtain (1). The theorem is proved.
Theorem 2. If n, >m,; (i =1,2,...,7), then

Eﬁl}i)7~"7nrvnr+lwoo<Tml ,,,,, mr) = Eglpr)H»OO(Tml ,,,,, mr)v (4)
where T,,, .. (z1,...,2;) is a polynomial of degree m;, respectively, in the
variables x; (i = 1,2,...,r), with coefficients depending on the variables z;

(i=r+1,..,k) and belonging to the class L, (1 < p < 00).

Proof. In view of equality (1), it is enough to prove
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—=(p)

L nr,nrﬂ,oo( My y.ens ) nrﬂ,oo( My ,e.,m ) (5)

Obviously, by the definition of E(npr)”,oo(f)v for the function T,, ., (z1,...,xy)

there exists a polynomial T, ,Sf) (T

F1NT Mg e,

coefficients belonging to Ry . ..o il

xq,...,x;) of degree n, , in z, |, with
, such that

ml,.“,mT)

—(p)
O R A | PR ol A =Y (6)

It is not difficult to see that theset Ry ;. ..o (T, . ) Will be a subset of all
polynomials of degree m, in the variables x,; (i = 1,2, ...,r) with coefficients de-

pending on the remaining variables z; (i = r+1, ..., k) and belonging to the class

L, (1 <p < o0). The coefficients of the polynomial T,Efr)+1 (T, 3 T1s w5 Tp)
belong to Ry, .o (T, m, ), and therefore they will be polynomials of

degree m; inz; (i =1,2,...,7).

Consequently, taking (6) into account, we may write

1oeeo s tlpri1y 1oyl

1oy n7~+1( ml,m,mr)HLp

<

(p)

S

< En, 00Ty gm,) T &
Hence, by the arbitrary smallness of €,
—=(P) —=(P)
nl,...,nr,nrﬂ,oo(Tml,...,mr) < Enrﬂ,oo( ml,...,mr)' (7)
On the other hand,
—=(P) —=(p)
nrﬂ,oo( ml,.A.,mT) < En1,...,nr,nTH,oo(Tml,..,mT)' (8)

From (7) and (8) follows (5), and from (5), in turn, follows (4). The theorem is
proved.

Theorem 3. If f € L, (1 <p < o), then

k
Bl (£) € C Y Billoc(f), (9)
=1
. 1
where C' is a constant < %(2 —1).
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An inequality of the form (9) for 1 < p < co was proved by M. F. Timan ! with
an unknown constant depending on p, and for p =2, k£ = 2 by S. N. Bernstein
2 with C' = 1.

Proof. Let T(E> _____ o (f;xq,...,2;) be a trigonometric polynomial of degree
U respectlvely in the Varlables z, (v, = 1,2,....k s = 1,2,....k; i =
12 ,k — 1), with coeflicients dependlng on z, and belonging to L, (1<
< ) such that

BY oD | =T, (A S EP o) te

Vk—1 V1
LP

Then, taking equality (4) into account, we can write

B i (F) S B, [~ (D] + BEon, [T s, ()] <

< E(P) oo(f) +€+E(P) I:TT(LE) ) (f)] <

u17 i Vi1’ vy Vk 1 —

<BY e HED [T@ )= f] + B so(f)+e<

1-/17 ’n,jk 1

wo(f) + B oolf) + 2.

My ey

< 9opWP

u17 7nz/k 1

Hence, by the arbitrariness of the small quantity €, we obtain

B () <2BY . (5 +EL (f).

V-1

In exactly the same way one can show that

Eflp)

vy »---’nuk71

o) S2BL) o solf)+EE so(f):

Yk

Continuing this process, it is easy to conclude that

k
n17 7nk Z k 1E T, ,OO ) (10)
i=1

v; can take k different values for each ¢; therefore, from (10) we obtain another
k — 1 inequalities of the form (10). Adding all these inequalities and dividing
by k, we shall have

) 1 ) 2~ 1N )
B (1) < 4 QP 4252 ek )Y B () = == D BR
=1 =1
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The theorem is proved.

The question of whether inequality (9) holds for discontinuous functions when
p = oo was posed by S. N. Bernstein 2. Theorem 3 gives an affirmative answer
to this question.
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