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1. Suppose that the motion of a system is described by the differential equa-
tion:

' = X(x,u), (1)

where z is an n-dimensional vector, and w(t) is the control function. We shall
consider the problem of finding a control—a function u(t)—which transfers the
system from the point x to the point zp, or to the surface z;, = z,;p, k =
1,2,...,l < n, in minimum time.

Suppose that equation (1) has the form

z; = fi(zq, .., 2,), 1=1,2,...,m;
’

2)

zl = fi(ry, . xp,u), j=m+1, 0.

The first m equations, which do not contain the control, we shall agree to call
kinematic relations.

We shall denote the constraints on the phase coordinates and on the control as
follows:

x € M(t), (3)

ue Gla), (4)
where M and G are certain closed sets, or, somewhat more generally:

(x,u) € W.

The conditions at the right-hand end of the phase trajectory of system (1) will
be called the control objective.
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Let us also introduce a function II(z), characterizing the distance of the repre-
sentative point from the control objective. For example, if the control objective
is the point (™), this function may be taken in the form

) = 5 > o — o), (5)

where p;, are weighting factors.

2. For an effective solution of the problem, some preliminary information on
the behavior of the phase trajectories is necessary. This information makes
it possible to specify an initial (zero) approximation. Since the choice of
the initial approximation is not a universal operation, but depends on the
particular conditions of the problem, we shall not discuss this question
here. We shall only note that in problems where the “distance” to the
control objective is small (problems of the correction type), an elemen-
tary operation (see item 3) or analogous considerations may be used to
construct the zero approximation.

3. The basic element in the construction of the algorithm is an elementary
operation (a B, -operation). This operation solves a local variational prob-
lem: to two nearby points of the phase space, P, and P., it assigns a
control (and a trajectory of system (1)) transferring the representative
point from position P, to position P. in time 7, this time being minimal
or differing from it by a quantity O(7*), where k > 1.

To construct the elementary operation one may use the maximum principle.
Suppose that the number m in system (2) is equal to zero. Replace system (2)
by the following;:

x; = i(u>7 (6)

where

- _ _ . Xr. — X
fi:fi(xlﬂ"‘7xnﬂu>’ xi:li

p; = a;, 1=1,2,...,n,

where the a, are arbitrary constants connected by one relation (for example, by
the normalization condition Y a? = 1).
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From the maximum principle we find v as a function of the constants a,. Equa-
tion (6) can now be integrated. At the time ¢t = 7 the phase trajectory must
pass through the point P.. This gives n equations

zy(r) = ;) (7)
for determining the constants a, and 7. Thus, in the given problem the B_-
operation reduces to the solution of the system of transcendental equations (7).

If m # 0, then the problem proves to be more complicated. In this case we
replace system (2) by the following:

z, = f,(6x sy 0T,), i=1,2,...,m,
f_AZ( m+1 ) (8)

4
i
63:32 j(u)7 j=m+1,..,n,

where

_ o B n of,
fi(dxyiqs s 0zy,) = f(21,T9y 0, &) + Z ( / > oy,
k=m+1 axk =T

fj(u) = fi(Zy, .., T, u).

The system adjoint to system (7) is also integrated explicitly:

b; = ay, Z:]-v?v"'amv

m
pj:aj—i—Zbijait, j=m+1,..,n,
i=1

where the a, are arbitrary constants (among them n — 1 independent ones).

On the basis of the maximum principle we find

u=F(ay,...,a,,t).
Let us note that in this case system (8) can no longer be integrated explicitly,
which considerably complicates the solution of system (7).

Remarks. I. The practical implementation of the elementary operation can be
considerably simplified if there is a good approximation. The latter is always
available when one is dealing with a process of successive approximations (see
item 4). In the latter case, the implementation of the elementary operation can
always be reduced to solving a system of linear algebraic equations.
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II. The maximum principle is a convenient, but not the only, means of imple-
menting the elementary operation. Using the proximity of the points P,
and P,, it is sometimes possible to construct a direct solution of the local
variational problem.

4. Thus, suppose that at our disposal we have some zero approximation and
a method for constructing a trajectory that, in an optimal way, transfers
system (1) from one point of phase space to another point close to it.
The task of the algorithm is to construct, relying on these two facts, an
optimal solution. The algorithm set forth below has much in common
with algorithms used in economic problems (1).

On the trajectory of the zero approximation, mark the points P, Py, ..., Py,
and construct (n — 1)-dimensional hyperspheres S; with centers at these points

=2, Yo -n) =0 (9)
k=2
where ¢ is a small number. On the spheres S; place the sets F,;. The number of

points in these sets depends on the memory of the machine. In solving concrete
problems, the authors constructed sets P;; consisting of 2(n — 1) points:

Zy £ 0; xkza:? (k # s).

Remark. The indicated method of constructing the set P;; is convenient if the
coordinate x; changes monotonically. In some cases it is expedient to replace
the first of the conditions by the following:

H:Hi7

where II is determined by formula (5), and the index 4 corresponds to the value
of IT at the point P,. Then in the second condition the summation must be
carried out from k =1 to n.

With the aid of the B_-operation, connect the point P, with each of the points
P, ;. This means that to each point P; we have put in correspondence a control

and a transition time Téj . Next take any one of the points of the second set, for
example the point P,;, and connect it with each of the points of the first set.
Let lejk denote the transition time from the point P;; to the point P,;. The
transition time of the system from the initial position to the point Py, will be

15 2k
To T Tij -

This quantity is a function of the intermediate point (index j). Define
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2k _ s 1y 2k .
70 —mjln(ro +7'1j),

Tgk is the optimal transition time of the system (among the selected bundle of
trajectories) from the initial position to the point P,;. We remember only the

control that realizes this transition and the time Tgk.

In this way we construct 2(n — 1) trajectories connecting the point P, with each
of the points of the set {Py_; ,}. The last step depends on the nature of the
objective of control. If the objective of control is the point 7, then as the
optimal control we take the one that realizes

. N—-ls , T _
min (TO + TN_LS) =T,

where T%_LS is the transition time of the system from the point Py_; ; to the
point Py. If the objective of control is some manifold, then around the point
Py we construct the set Py ; and choose the control that realizes min; Tév 7.

The constructed control is called the first approximation uw*). To construct
the second approximation, we shall take the trajectory realized when u = u),
divide it into N; points, and with it repeat the process described.

5. Constraints on the phase coordinates are taken into account when con-
structing the points P;;. If these points do not satisfy constraints of type
(3), then the corresponding trajectories are not computed. It may turn
out that, because of constraints (4), the transition from the point P ; to
the point P, ; is impossible. These trajec-

we discard. The constraints may also have a more complicated structure: for
example, suppose the trajectory must satisfy the condition

I= /J(xl,...,xn)dt <C,

where J is some prescribed function of the phase coordinates. In this case, along
each of the trajectories the integral I is computed, and all those trajectories for
which the value of I reaches C' are discarded.

The algorithm makes it possible to construct a sequence of controls
U = {u!,u? .. ,u<”>}, to which there corresponds a nonincreasing sequence
of times 7" : T} > T, > ---. Therefore, in those variational problems where a
solution exists, the sequence U is weakly convergent.

6. In this note a time-optimal problem was considered. However, the scheme
presented can also be used to solve other problems. For example, suppose
the problem is to find a control that realizes the minimum of an additive
functional L. Then the entire procedure described above remains valid if,
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instead of the B_-operation, one uses the B;-operation, which assigns to
the points P, and P, a control that brings system (1) to a nearby point
in such a way that the functional L assumes its minimal value.

In conclusion, the authors express their sincere gratitude to A. A. Abramov and
V. S. Mikhalevich for discussions and advice.
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