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Abstract
Full Text
PHYSICAL CHEMISTRY
Corresponding Member of the Academy of Sciences of the USSR S. Z. ROGIN-
SKII, Yu. L. KHAIT

ON THE THEORY OF THE COMPENSA-
TION EFFECT IN DIFFUSION PROCESSES
IN SOLIDS
When comparing rate constants that vary with temperature according to equa-
tions of the Arrhenius type, for many processes occurring with the participation
of condensed phases one observes a strong increase of the pre-exponential factor
𝐾0 with increasing activation energy 𝐸 (1−5). Depending on the temperature
𝑇 and on the specific form of the relation between 𝐾0 and 𝐸, the increase of
𝐾0 leads to more or less complete compensation (and sometimes to overcom-
pensation) of the decrease in 𝐾 caused by the diminution of the selection factor
exp(−𝐸/𝑘𝑇 ) (as 𝐸 increases and 𝑇 = const). Such an effect is often called the
compensation effect (CE). Despite the large number of works devoted to the
CE, its causes have still been insufficiently studied and, probably, are not the
same in all cases. Recently we (5,6) have shown the fundamental possibility of
the appearance of a CE in activation processes owing to the collective nature
of the elementary act of random concentration of energy on individual particles
(bonds) of a condensed body. In doing so we explicitly took into account that
the elementary act of passage over a potential barrier in a condensed body oc-
curs with the participation of many interacting particles of the system, whose
collective motion ensures the transfer of energy with average velocity 𝑣0 to the
place of its random concentration (7). In this connection the occurrence of a ran-
dom“surge”of energy on individual particles is accompanied by some decrease
of the energy of the surrounding region, of volume Ω, which possesses many
degrees of freedom. These circumstances substantially affect the probability of
the elementary act of an activation process. In papers (5,6) the pre-exponential
factor 𝐾0 is calculated under the assumption of adiabatic isolation of the region
Ω during the “lifetime of the surge”of energy on individual particles. As was
noted (6), more satisfactory results can be expected if the assumption of adi-
abatic closure of the volume Ω is abandoned. Study of this question led to a
more detailed investigation of the kinetics of formation of a considerable surge
of energy on individual particles of condensed bodies, its space-time scales, and
the probability of its occurrence (8,9). This investigation, carried out with the
aid of methods of the theory of stationary random functions (10), made it pos-
sible to take several further steps toward accounting for collective effects in the
theory of activation processes and the CE, and led to a pre-exponential factor
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that is in qualitative agreement with experimental data.

To test the concept set forth in papers (5−9), and also to establish the conditions
for the appearance of a CE of the type under consideration and the criteria dis-
tinguishing it from a CE of other origin, it is of interest to apply this concept to
an analysis of the magnitude of the CE for definite types of activation processes.
In the present work this is done for self-diffusion in solids.

The experimental values of the pre-exponential factor 𝐷0 in the formula for the
diffusion coefficient

𝐷 = 𝐷0 exp(− 𝐸
𝑘𝑇 ) (1)

for different solids cover a very broad range (1,2,11,12). In this case an exponential
increase of 𝐷0 with increasing 𝐸 is often observed, which can be described by
the relations

𝐷0 = 𝐷00 exp(𝑎𝐸𝑠) or 𝐷 = 𝐷00 exp(𝑎𝐸𝑠) exp(− 𝐸
𝑘𝑇 ) . (2)

Here 𝑎 and 𝐷00 are practically independent of 𝐸 and 𝑇 , and the exponent 𝑠
is usually taken to be equal to unity. To explain the experimentally observed
dependence of 𝐷0 on 𝐸, some authors (12−15) attempted to apply the theory
of absolute reaction rates (16) and the theory of Ya. I. Frenkel (17). In doing
so, a linear relation between 𝐸 and 𝑇 , proposed by Frenkel (17), was assumed,
and the hypothesis of “local melting”was introduced∗. However, despite the
successes achieved, the causes of the compensation effect observed in the study
of diffusion in solids cannot be considered clarified. It is shown below that
taking into account the collective nature of the elementary act of diffusion in a
solid makes it possible to establish, for the proposed approach, the characteristic
dependence of the factor 𝐷0 on 𝐸, on the Debye temperature 𝜃, on the velocity
𝑣0, on the coordination number 𝑥, on the volume of the elementary cell of the
crystal 𝑄, and on the number of degrees of freedom in it 𝛾, and thereby to
obtain structurally sensitive formulas for the diffusion coefficient 𝐷. Following
the scheme developed in works (8,9) for thermal activation processes, we first
estimate the space-time scales of the elementary act of diffusion, using for this
purpose the statistical theory of vibrations with a continuous spectrum, which
is practically cut off at the Debye frequency 𝑣𝐷. We assume that the elementary
act of diffusion occurs with probability of order unity when the energy of one
(or several) particles accidentally increases to a value 𝐸′ ≥ 𝐸 ≫ 𝑘𝑇 . In this
case the momentum in the region of the energy surge takes values 𝑝(𝐸′) ≫ 𝑝(𝐸).
The mean time ̄𝜏 (1) between the moment 𝑡′ of the beginning of the surge and
the moment 𝑡′ + ̄𝜏 (1) at which the momentum 𝑝(𝐸′) reaches its largest value
will be called the mean duration of formation of the surge. The mean“lifetime”
of the surge ̄𝜏 = ̄𝜏 (1) + ̄𝜏 (2) is called the mean duration of the elementary act of
diffusion; here ̄𝜏 (2) is the mean time from the moment 𝑡′ + ̄𝜏 (1) to the moment
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𝑡′ + ̄𝜏 of the end of the surge (the particles release the excess energy). During
the time ̄𝜏 (1), the energy required for the formation of the surge is delivered, on
average, from the surrounding region having volume (8,9)

Ω ≃ 4𝜋
3 𝑙3, where 𝑙 ≃ 𝑣0 ̄𝜏 (1). (3)

In calculating ̄𝜏 (1) we assume (8,9) that the 3𝑁0 coordinates 𝑞𝑖(𝑡) form a 3𝑁0-
dimensional, continuous, stationary, almost everywhere twice differentiable ran-
dom vector function R(𝑡, 𝜉) = {𝑞𝑖(𝑡, 𝜉)}, 𝑖 = 1, … , 3𝑁0, possessing the ergodic
property; the random vibrations of the 3𝑁0 components of the momentum
𝑝𝑖(𝑡) and the 3𝑁0 components of the forces 𝑝𝑖(𝑡), acting on 𝑁0 particles, re-
spectively form 3𝑁0-dimensional continuous stationary random vector functions
P(𝑡, 𝜁) = {𝑝𝑖(𝑡, 𝜁)}, F(𝑡, 𝜂) = {𝑝𝑖(𝑡, 𝜂)}, possessing the ergodic property; here 𝑡
is time; 𝜉, 𝜁, 𝜂 are the “numbers”of realizations of the corresponding random
functions (10). We shall assume that the spectra of the random functions un-
der consideration are practically cut off at the Debye frequency 𝑣𝐷 (8,9). The
quantities corresponding to this frequency and having the dimensions of time,
length, momentum, and force are

𝑡0 = ℎ
𝑘𝜃 , 𝜆𝐷 = ℎ𝑣0

𝑘𝜃 , 𝑠 =
√

𝑚𝑘𝜃, 𝜎 = 𝑠
𝑡0

= 𝑘𝜃
ℎ

√
𝑚𝑘𝜃, (4)

∗ Explanations based on specifying a definite dependence between 𝐸 and 𝑇 were
also proposed for other processes (18,19).
where 𝑚 is the mass of the particles. To calculate ̄𝜏 (1), 𝑙, we shall use the
energetic definition of the duration of a fluctuation, applied in (8,9). Then,
taking into account that each atom has 𝜘 nearest neighbors, which are channels
for supplying to it the necessary energy, we obtain the relations*

̄𝜏 (1) = 𝛽 ℎ
𝜘𝑘𝜃

√ 𝐸
𝑘𝜃 , ̄𝜏 ≈ 2 ̄𝜏 (1), (5)

which characterize the duration of the elementary act of diffusion; here 𝛽 is a
dimensionless coefficient of order unity, reflecting the inaccuracy of the calcula-
tion made. From (3) and (5) we obtain the following expressions for 𝑙 and Ω,
and for the number of degrees of freedom 𝑛 in the volume Ω:

𝑙 = 𝛽 𝜆𝐷
𝜘

√ 𝐸
𝑘𝜃 , Ω = 4𝛽3 𝜆3

𝐷
𝜘3 ( 𝐸

𝑘𝜃)
3/2

; (6)

𝑛 = 𝛾 Ω
𝑄 = 4𝛾𝛽3 𝜆3

𝐷
𝜘3𝑄 ( 𝐸

𝑘𝜃)
3/2

, (7)
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where 𝛾 is the number of degrees of freedom in a crystal cell of volume 𝑄.

Let us calculate the diffusion coefficient. For this purpose, consider the energy
balance of the processes taking place in the volume Ω and accompanying the for-
mation of a random energy fluctuation. The energy of the particles surrounding
the fluctuation undergoes twofold changes (8,9): (a) it decreases by an amount
𝐸′ ≷ 𝐸 owing to the transfer of energy into the region of the fluctuation; (b)
it increases by an amount Δ𝑈( ̄𝜏 (1)) owing to the influx into the volume Ω of
energy from other parts of the system, which to a certain extent (if not com-
pletely) compensates the loss. These circumstances were taken into account in
(8,9) by describing the energy fluctuations with the aid of a four-dimensional
(space-time) random normal field, stationary in 𝑡 and homogeneous in the coor-
dinates, of volume energy density. Using the method developed there and the
relations found thereby, and also taking into account expressions (6) and (7)
and the formula 𝐷 = 𝑓𝜌2/6𝜏𝑑, we obtain the final expression

𝐷 = 𝐷0 exp(− 𝐸
𝑘𝑇 ) , (8)

where the pre-exponential factor 𝐷0 is calculated from the formulas

𝐷0 = 𝐷00 exp[𝑔 ( 𝜃
𝑇 )

2
√ 𝐸

𝑘𝜃] exp[− 𝜃
𝛿𝑇 ( 𝐸

𝑘𝜃)
1/4

] exp[𝛿 ( 𝐸
𝑘𝜃)

3/4
] ; (9)

𝐷00 = 𝑓𝜘4𝑄𝜌2𝑘𝜃
16𝛽4𝜆3

𝐷𝛾ℎ (𝑘𝜃
𝐸 )

2
, 𝑔 = 𝜘3𝑄

8𝛽3𝛾𝜆3
𝐷

; 𝛿 = 2𝛽1/2 (𝜆3
𝐷𝛾

𝜘3𝑄)
1/2

; (10)

𝜌2 is the mean square displacement in the elementary act of diffusion, 𝑓 is a
quantity depending on the type of crystal lattice; 𝜏𝑑 is the mean time between
two successive energy fluctuations on the same particles. In view of the fact that√𝑛 ≫ 1, among the three exponential multiplier functions in (9) the principal
role is played by the factor

exp[𝛿 ( 𝐸
𝑘𝜃)

3/4
] = 𝑒

√𝑛. (11)

This permits, in some cases, the expression for 𝐷0 to be represented in the
following simplified form:

𝐷0 ≈ 𝐷00 exp[𝛿 ( 𝐸
𝑘𝜃)

3/4
] = 𝐷00 exp (𝑎′𝐸3/4) , (12)
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where 𝑎′ = 𝛿/(𝑘𝜃)3/4. Formulas (8)—(12) relate 𝐷 and 𝐷0 to the experimentally
measured quantities: 𝐸, 𝜃, 𝜘, 𝑣0, 𝑄, and 𝛾, which characterize the structure
of the solid, the interaction between its particles, and the spectrum of their
collective vibrations. The only quantity that we have not determined exactly is
the dimensionless parameter 𝛽 ≈ 1. The value of 𝛽 for different

* In (8,9), for simplicity, in estimating ̄𝜏 (1) and Ω, not 𝜘 channels for the supply
of energy were taken into account, but one; therefore 𝜘 does not appear in the
formulas.

we shall choose so that the calculated values 𝐷0𝑣 of the factor 𝐷0 coincide with
its values 𝐷0𝑒 found experimentally. Calculation by formulas (8), (9) of the
self-diffusion coefficients of metals with cubic crystal lattices (bcc and fcc) leads
to agreement of 𝐷0𝑣 and 𝐷0𝑒 for 𝛽 ≈ 1.1÷1.3. Consequently, 𝛽 changes little in
passing from one substance to another and therefore practically does not hinder
the use of formulas (8)—(12) for the analysis of experimental data.

Let us present some consequences following from the relations obtained. First,
formulas (8)—(12) are in qualitative agreement with formula (2), since with the
existing accuracy of experiment it is impossible to distinguish the values 𝑠′ = 3/4
in (8)—(12) from the value 𝑠′ = 1, and the quantities 𝛿 and 𝑎′ in (9)—(12) do
not depend on 𝑇 and 𝐸. Second, from (9)—(12) it follows that 𝐷0 depends
exponentially on 𝜃 and is determined mainly by the dimensionless activation
energy 𝜀 = 𝐸/𝑘𝜃. In view of the fact that for different substances 𝜃 varies over a
wide range (for example, for Fe 𝜃Fe = 420∘, and for Pb 𝜃Pb = 88∘), it follows from
(9)—(12) that 𝐷0 may change in a very complicated manner. Other conditions
being equal, a decrease in 𝜃 is associated with an increase in 𝐷0. In accordance
with this, for example, 𝐷0𝑣 for self-diffusion of 𝛾-Fe and Pb differ only slightly
(for 𝛽 ≈ 1.2), although 𝐸Fe ≈ 74 kcal/g・mole, while 𝐸Pb ≈ 28 kcal/g・mole.
Third, since, according to (10), 𝛿 ∼ 1/𝜘3/2, for bcc metals (𝜘1 = 8), other
conditions being equal, one may expect larger values of 𝐷0 than for fcc metals
(𝜘2 = 12). This circumstance makes it possible, for example, to explain the
large difference in the experimental values 𝐷0𝛼 and 𝐷0𝛾 for self-diffusion in 𝛼-
Fe and 𝛾-Fe (𝐷0𝛼 = 3.4 ⋅ 104 ÷ 2.3 ⋅ 103 cm2/sec, 𝐷0𝛾 = 5.8 cm2/sec), which is
observed at activation energies 𝐸𝛼 ≈ 𝐸𝛾 ≈ 77 ÷ 73 kcal/g・mole (1,12). In this
case 𝛽 ≈ 1.2.
The explanation proposed by us cannot, of course, apply to all observed cases of
the compensation effect, since it does not take into account a number of factors
that may prove essential in some concrete systems (restrictions leading to the
fact that not every surge of energy causes an act of diffusion; simultaneous
diffusion by two or more mechanisms, etc.). However, in a number of cases
the relations found make it possible to approach from a new point of view the
understanding of certain causes of the compensation effect in solids, and to
connect it more closely with the structure and spectrum of vibrations of their
particles.
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