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Abstract
Full Text

MATHEMATICS
M. A. NAIMARK
ON COMMUTING UNITARY OPERATORS IN THE
SPACE Π𝜒

(Presented by Academician L. S. Pontryagin, 17 XI 1962)

A space Π𝜒 (where 𝜒 is a natural number) is a Hilbert space in which, in
addition to the usual scalar product [𝑥, 𝑦], a second indefinite scalar product
(𝑥, 𝑦) is given, defined, for a suitable choice of an orthonormal basis {𝑒𝛼}, by
the formula

(𝑥, 𝑦) =
𝜒

∑
𝛼=1

[𝑥, 𝑒𝛼][𝑦, 𝑒𝛼] − ∑
𝛼>𝜒

[𝑥, 𝑒𝛼][𝑦, 𝑒𝛼].

An axiomatic definition of the space Π𝜒 was given in (1); here we retain the
terminology of article (1). A linear operator 𝑈 mapping Π𝜒 one-to-one onto
itself is called unitary if (𝑈𝑥, 𝑈𝑦) = (𝑥, 𝑦) for all 𝑥, 𝑦 ∈ Π𝜒. According to a
theorem of L. S. Pontryagin (2), for every unitary operator 𝑈 in Π𝜒 there exists
a 𝜒-dimensional nonnegative subspace invariant with respect to 𝑈 ∗.* For 𝜒 =
1 the corresponding invariant subspace is one-dimensional and, consequently,
determines a nonnegative eigenvector of the unitary operator.

The following theorem will be useful in constructing the theory of unitary rep-
resentations of groups in the spaces Π𝜒 and in a number of other questions.

Theorem 1. Let 𝔘 be a set of pairwise commuting unitary operators in the space
Π𝜒. Then in Π𝜒 there exists a nonnegative 𝜒-dimensional subspace invariant
with respect to all operators 𝑈 ∈ 𝔘.

For simplicity and brevity of exposition, we shall give the proof here only for
𝜒 = 1.

1. Choose an orthonormal basis {𝑒𝛼} in Π1 so that

(𝑥, 𝑦) = 𝑥1𝑦1 − ∑
𝛼>1

𝑥𝛼𝑦𝛼, (1)

where 𝑥𝛼 = [𝑥, 𝑒𝛼], 𝑦𝛼 = [𝑦, 𝑒𝛼]. If the vector 𝑥 is nonnegative, then, by virtue
of (1),

sovietrxiv.org/items/ru-196301.71505 Machine Translation

https://sovietrxiv.org/items/ru-196301.71505


0 ≤ (𝑥, 𝑥) = |𝑥1|2 − ∑
𝛼>1

|𝑥𝛼|2; (2)

hence it follows that 𝑥1 ≠ 0 for 𝑥 ≠ 0. Replacing 𝑥 by 1
𝑥1

𝑥, we may assume

that 𝑥1 = 1. In this case, from (2) we conclude that

∑
𝛼>1

|𝑥𝛼|2 ≤ 1. (3)

A nonnegative vector 𝑥 will be called normalized if 𝑥1 = [𝑥, 𝑒1] = 1.

* L. S. Pontryagin established this theorem for self-adjoint (with respect to
(𝑥, 𝑦)) operators; by virtue of the Cayley transform, the result of L. S. Pon-
tryagin is equivalent to the assertion about unitary operators formulated in the
text. Another, simpler proof of this theorem for unitary (and more general non-
decreasing) operators was subsequently given in the article of M. G. Krein (3)
(see also (1)).
2. Let 𝐾 be the totality of all normalized nonnegative vectors in Π1; by (3)
there exists a one-to-one correspondence between the points of 𝐾 and the points
of the unit ball 𝑄 in the (ordinary) Hilbert space 𝑙2 of all numerical sequences
{𝑥𝛼, 𝛼 > 1} satisfying the condition ∑𝛼>1 |𝑥𝛼|2 < ∞. With the aid of this
correspondence we transfer to 𝐾 the weak topology in 𝑄; then 𝐾 becomes a
bicompact space, since 𝑄 is bicompact in the weak topology.

3. Let 𝑈 ∈ 𝔘. If 𝑥 ∈ 𝐾, then 𝑥 ≠ 0, (𝑥, 𝑥) ⩾ 0; putting 𝑦 = 𝑈𝑥, we have:

𝑦 ≠ 0, (𝑦, 𝑦) = (𝑈𝑥, 𝑈𝑥) = (𝑥, 𝑥) ⩾ 0,

therefore 𝑦1 = (𝑦, 𝑒1) ≠ 0. Introduce the (nonlinear) operator 𝑉 (𝑥), putting
𝑉 (𝑥) = 𝑦−1

1 𝑦 = (𝑈𝑥, 𝑒1)−1𝑈𝑥. The operator 𝑉 maps 𝐾 into itself. Indeed, if
𝑥 ∈ 𝐾, then (𝑥, 𝑥) ⩾ 0, hence also

(𝑉 (𝑥), 𝑉 (𝑥)) = |𝑦1|−2(𝑈𝑥, 𝑈𝑥) = |𝑦1|−2(𝑥, 𝑥) ⩾ 0;

moreover, (𝑉 (𝑥), 𝑒1) = 𝑦−1
1 (𝑈𝑥, 𝑒1) = 𝑦−1

1 𝑦1 = 1. It is also obvious that the
operator 𝑉 is continuous on 𝐾 in the weak topology. On the basis of Schauder’
s theorem we conclude from this that 𝐾 contains a fixed point 𝑥 of the operator
𝑉 , i.e. 𝑉 (𝑥) = 𝑥*. This means that 𝑦−1

1 𝑈𝑥 = 𝑥, i.e. 𝑈𝑥 = 𝑦1𝑥; thus the existence
of a nonnegative eigenvector has been proved, and hence of a nonnegative one-
dimensional invariant subspace of the operator 𝑈**.

4. From the preceding reasoning it is clear that to each fixed point 𝑥 of the
operator 𝑉 in 𝐾 there corresponds a one-dimensional nonnegative invariant
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subspace of the operator 𝑈 . Conversely, let 𝔐1 be such a subspace, and let
𝑥 be a normalized vector from 𝔐1. Then 𝑈𝑥 = 𝜆𝑥 for some 𝜆. Hence 𝑦1 =
(𝑈𝑥, 𝑒1) = 𝜆(𝑥, 𝑒1) = 𝜆𝑥1 = 𝜆; consequently, 𝑥 = 𝜆−1𝑈𝑥 = 𝑦−1

1 𝑈𝑥 = 𝑉 (𝑥),
i.e. 𝑥 is a fixed point of the operator 𝑉 in 𝐾.

5. Let 𝐹(𝑈) be the set of all fixed points of the operator 𝑉 (𝑥) = 𝑦−1
1 𝑈𝑥 in 𝐾;

by the continuity of the operator 𝑉 in 𝐾, the set 𝐹(𝑈) is a closed subset in 𝐾.
From the arguments in §§ 3–4 we conclude that the assertion of the theorem will
be proved if we establish that the intersection of all 𝐹(𝑈), 𝑈 ∈ 𝔘, is nonempty.
On the basis of the bicompactness of the set 𝐾, for this it is in turn sufficient
to show that the intersection of any finite number of the sets 𝐹(𝑈) is nonempty.
In view of what was said in §§ 3–4, for this it is sufficient to establish that
for any finite number of operators 𝑈1, … , 𝑈𝑛 ∈ 𝔘 there exists a nonnegative
one-dimensional subspace invariant with respect to all 𝑈𝑗, 𝑗 = 1, … , 𝑛.
We shall prove this last assertion by induction on 𝑛. For 𝑛 = 1 the assertion
coincides with what was proved in § 3. Suppose that the assertion has been
proved for some 𝑛; we shall prove that it is valid for 𝑛 + 1.
Let 𝑈1, … , 𝑈𝑛, 𝑈𝑛+1 ∈ 𝔘. By the induction hypothesis, in Π1 there exists a
one-dimensional nonnegative subspace 𝔐1 invariant with respect to all 𝑈𝑗, 𝑗 =
1, … , 𝑛; consequently, for 𝑥 ∈ 𝔐1

𝑈𝑗𝑥 = 𝜆𝑗𝑥 for all 𝑗 = 1, … , 𝑛, (4)

where 𝜆𝑗 are certain numbers. Denote by 𝔐 the totality of all vectors 𝑥 ∈ Π1
satisfying condition (4); then 𝔐 is a subspace in Π1, and 𝔐1 ⊂ 𝔐. If 𝑥 ∈
𝔐, so that (4) holds, then 𝑈𝑗𝑈𝑛+1

𝑥 = 𝑈𝑛+1𝑈𝑗𝑥 = 𝜆𝑗𝑈𝑛+1
𝑥; consequently, also

𝑈𝑛+1𝑥 ∈ 𝔐. Therefore 𝑈𝑛+1𝔐 ⊂ 𝔐. Applying the same reasoning to 𝑈−1
𝑛+1, we

conclude that also 𝑈−1
𝑛+1𝔐 ⊂ 𝔐, and therefore

𝑈𝑛+1𝔐 = 𝔐. (5)

* Indeed, by virtue of the correspondence between 𝐾 and 𝑄 established in § 2,
𝑉 may be regarded as a weakly continuous mapping of the convex bicompact
set 𝑄 into itself.

** The reasoning in § 3 is a slight modification of the proof of Theorem 3.1 in
(1) for 𝜘 = 1.
Only the following cases are possible:

I. 𝔐 is one-dimensional; hence 𝔐 = 𝔐1. Then, by virtue of (4) and (5),
𝔐 = 𝔐1 is a nonnegative one-dimensional subspace invariant with respect to
𝑈1, … , 𝑈𝑛, 𝑈𝑛+1.

II. 𝔐 is not one-dimensional; by Lemma 1.2, from (1) 𝔐 cannot be nonneg-
ative. In this case only the following cases are possible:

sovietrxiv.org/items/ru-196301.71505 Machine Translation

https://sovietrxiv.org/items/ru-196301.71505


IIa. The scalar product degenerates on 𝔐. Let 𝔐′ be an isotropic subspace for
𝔐; on the basis of Lemma 1.2, from (1) 𝔐′ is one-dimensional. 𝔐′ is invariant
with respect to 𝑈𝑛+1. Indeed, if 𝑥 ∈ 𝔐′ and 𝑦 ∈ 𝔐, then, by virtue of (5),
𝑈−1

𝑛+1𝑦 ∈ 𝔐, and therefore 0 = (𝑥, 𝑈−1
𝑛+1𝑦) = (𝑈𝑛+1𝑥, 𝑦); this means that also

𝑈𝑛+1𝑥 ∈ 𝔐′. But then 𝔐′ is a one-dimensional nonnegative subspace invariant
with respect to 𝑈1, … , 𝑈𝑛, 𝑈𝑛+1. Case IIa occurs, in particular, if (𝑥, 𝑥) ⩽ 0
on 𝔐. Indeed, then (𝑥, 𝑥) = 0 on 𝔐1, since 𝔐1 is nonnegative; hence, by the
Cauchy—Bunyakovsky inequality |(𝑥, 𝑦)|2 ⩽ [−(𝑥, 𝑥)][−(𝑦, 𝑦)], valid in the case
under consideration for all 𝑥, 𝑦 ∈ 𝔐, (𝑥, 𝑦) = 0 for all 𝑦 ∈ 𝔐 and 𝑥 ∈ 𝔐1.

IIb. The scalar product does not degenerate on 𝔐. By what was said above,
in this case (𝑥, 𝑥) changes sign on 𝔐; therefore 𝔐 is also a space Π1, and 𝑈𝑛+1
is a unitary operator in 𝔐. By what was proved in item 3, there exists in 𝔐 a
one-dimensional nonnegative subspace invariant with respect to 𝑈𝑛+1; evidently,
it is also invariant with respect to 𝑈1, … , 𝑈𝑛.

Thus, in every case there exists a nonnegative one-dimensional subspace invari-
ant with respect to 𝑈1, … , 𝑈𝑛, 𝑈𝑛+1; this completes the proof of the theorem for
𝜅 = 1.
Corollary 1. For every family of mutually commuting bounded self-adjoint
operators in the space Π𝜅, there exists a 𝜅-dimensional nonnegative subspace
invariant with respect to all operators of this family.

Corollary 2. Let 𝑅 be a commutative ring of bounded linear operators in the
space Π𝜅, containing together with each operator 𝐴 the operator 𝐴∗ adjoint (with
respect to (𝑥, 𝑦)). Then in Π𝜅 there exists a nonnegative 𝜅-dimensional subspace
invariant with respect to all operators from 𝑅.

The following Theorem 2 generalizes Corollary 1 to some noncommutative fam-
ilies of operators; assertion 2) in Theorem 2 may be regarded as an infinite-
dimensional analogue of Li’s theorem.

Theorem 2. Let 𝑋 be a set of linear bounded operators in Π𝜅 possessing the
following properties: 1) 𝑋 is linear with respect to the operations of addition
of operators and multiplication of an operator by a number; 2) in 𝑋 there
exists a family of subspaces 𝑋1, 𝑋2, … , 𝑋𝑚 and Hermitian operators 𝐻𝑘 ∈ 𝑋𝑘
such that: a) 𝑋 ⊃ 𝑋1 ⊃ ⋯ ⊃ 𝑋𝑚; b) 𝑋𝑘 is the subspace generated by the
operator 𝐻𝑘 and the subspace 𝑋𝑘+1, for 𝑘 = 0, 1, … , 𝑚 − 1, where, by definition,
𝑋0 = 𝑋; c) 𝐻𝑘𝐻 − 𝐻𝐻𝑘 ∈ 𝑋𝑘+1 for any 𝐻 ∈ 𝑋𝑘+1, 𝑘 = 0, 1, … , 𝑚 − 1; d)
𝑋𝑚 is commutative and, together with each operator 𝐴, contains the operator
𝐴∗ adjoint (with respect to (𝑥, 𝑦)). Then: 1) in Π𝜅 there exists a nonnegative
𝜅-dimensional subspace invariant with respect to all operators from 𝑋; 2) in Π𝜅
there exists a nonnegative vector 𝑥0 ≠ 0 which is a common eigenvector for all
operators from 𝑋.

We note that in the case of an ordinary Hilbert space, a proposition analogous
to assertion 2) generally does not hold.
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