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Abstract
Full Text

A. Kh. GUDIEV

THE PROBLEM OF S. L. SOBOLEV AND S. M. NIKOL-
SKII FOR THE LIMITING EXPONENT
(Presented by Academician S. L. Sobolev on 6 X 1962)

Denote by L, ., ,(R") the class of functions f(z), defined on R", for which the
norm is bounded

P2/P1
Ifle,, . & = { / ( / |F(@)Pr dx> d}
Rp—s RS

The aim of the present note is to prove the following theorem:

1/p2

Theorem 1. If f(z) € W;”(Q),

n n—s S
7_12 +77 p22p1>p>17
p Pa Py

then f(z) € Ly, ,,)(€2) and, moreover, the inequality

”fHL(pl’m)(Q) < C”f”W,(,”(Q)

holds, where ¢ is a constant independent of f (2 may also be unbounded).

This theorem gives a solution of the problem of S. L. Sobolev and S. M. Nikolskii
for the limiting exponent, posed by them at the Fourth All-Union Mathematical
Congress.

For the proof of Theorem 1 it suffices to establish the validity of the following
theorem, which, in turn, generalizes some results obtained by S. L. Sobolev (1),
V. I. Kondrashev (?), V. P. II' in (3), and L. V. Kantorovich ().

Theorem 2. If f(y) € L,(R"),

n n—s S
A=—+ + —, Do 2 D1 >p>1,
p Do D1
then
U(#) = / f@rrdgeL,, , (R 1)
Rn
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and, moreover, the inequality

Ul . & < el lpmn (2)

holds, where ¢ is a constant independent of f.

If one uses a known theorem of functional analysis, then the proof of inequality
(2) is equivalent to the proof of the inequality

F@) 0a(@) 1P (@) - "
g < n - 1 s,
I /R /R x djdz < clealy,, (mol fluprn lal” iy

)

3)

n
Y
where

(po/p1) " + [(po/p) ! = 1.

Introduce the notation:

81

nes = (Tgi1, Tyiay ey Tpy)-
s+1

" 1/2
Ty = lz<xz _yz)2‘| ; i's = (1'171'2; 7:Cs);

We transform the left-hand side of inequality (3)

I — / SDi/pl (Enis) / / / f(ysvynfs)w)?(‘rs?xnfs) dl:ls dﬂ_ﬂ's dl,_ln,S di'n75~
Rn—s Rrp—s \/Rs J/R; r

In estimating this integral we may assume that f,p,, @, are nonnegative. On
the basis of S. L. Sobolev’ s lemma (!) and its generalization (see (*)) we have

1< @@ V (/
Rp—s Ry \/R

n
Y

/ f (Tlvynfs)fQ(T%xnfs) dj. dl‘s) dyns‘| dz, .,
n r

(4)

s s
x Y
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where f*(ry,y,_s) is a nonincreasing function of r; for all y,_, =
(Yss1>Ysq2r > Yn); ©5(r9,@,_,) is a nonincreasing function of ry, for all

Lp—s = <x5+17xs+27 ,an).

We split the integral in the round brackets on the right-hand side of inequality
(4) into three summands By, B,, and Bj, where

Bi _ -//kST‘ f (T17yn75)<p2<r27mn75) d.’is dﬁs (5)

rA
ST

(iF ks i#F7 k#F7; kji=1,2,3);

then

3
I S Z/ (pi/pl (i.nfs) [/ Bz dyns‘| d‘%nfs = lev
; R Rn—s

i=1

where

n—s
Yy

Bi dgn—s‘| d'fn—s .

In view of the fact that the quantities I;, I,, and I; are estimated analogously,
it is sufficient to estimate one of them, for example I,.

To estimate B, we pass to polar coordinates and, using the lemma of S. L.
Sobolev (1), p. 474, obtain

B, = f*(rl’gnfs)wz(r%‘%nfs) dz dg S
2 15T s IS

rA
T3=<T3

[e%e] T s—1
x - (s=1)/p’ _ oy drg
< Cl/o ©5(T9y Ty )Ty P F(ry, Yn_s) </0 (7“?2) +r2)1/2N er) , (6

where

— —s/p’—1 "2 % — S—
F(T2a yn—s) =T9 /P /P/ f (Tlvyn—s>rl ! drl'
0

Taking into account inequality (6) and carrying out the necessary transforma-
tions, we shall have
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/ B;dy, . <c¢ / O3 (ra, By )y 7 x
Rp—s 0

Y

/ T2 r§_1 drg
F(T 7@7175) </ ) dzjnfs dry. (7)
Ry CETHES :

Since, by the hypothesis of the theorem, p, > p; > p > 1 and

n—s S n 1 1 1 1
A= +*+j:(n—s) 7+*, +s 7“!‘}7 5

X

P2 Py P P2 P P1

after simple estimates we obtain

[e’e] T s—1
- (s=1)/p’ _ *orydrg ) _
Toy Tpog) T F(ry, y,_s oy | dYp_s | dT
/0 ©5(75 )Ty l . (725 Yn—s) </0 (1“?) +72)1/2x Y 2

> " _ s/o—1/p" _ —(n—s)(1 1/p") ;-
< 62/ 802(7»2’1%_3)7” /p1—1/p [/ F(T27yn—s> T4( )(1/p2+1/p") dyn—s} dr2.
0 R

(®)

Let us now estimate the expression

‘[2 = / (pi/pl (‘i‘nfs) [ B2 dyns‘| dinfs' (9)
R;)L*S R{V’L*S

Substituting in (9), in place of the expression in square brackets, its estimate
from (7) and (8), and changing the order of integration in the resulting expres-
sion, we shall have

I2 < CS/ TS/piil/p/ [/ wi/pl (‘(Enfs)(pZ(r%infs)
0 Rn—¢

g </ F(T27 gnfs) T;(W*S)(l/pzﬁ'l/p/) dyns) dxn5‘| dr2-
Rp—s

To the integral standing in square brackets we apply Holder’ s inequality. Tak-
ing into account the properties of integrals of potential type for the limiting
exponent, we obtain
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o , 1/p5
s/py—1/p’ 1/py /= * — Pz . _
I2 < 03/ 7A2/pl /P [/ ‘901/]9 <$n75)¢2(r2,$n75) dxns}
0

n—s
x

1/p
x ( / |F<r2,yns>|pd@“> dr. (10)
RTL*S

Y

By hypothesis p, > p; > p (for p;, = p; the theorem was proved by S. L. Sobolev
(1)); therefore we consider the positive numbers

) 7+7:1

)\:P1(P2_1>, X:P1(P2_1) (1 1 )
P2 — D1 pa(py — 1) AN

and apply Holder’ s inequality to the integral standing in square brackets on

the right-hand side of inequality (10), which, for convenience, we denote by f2p 2,
Then

1/py
T 1/py * = rog=
IZ < ”901”[,/(52/171),(]{”*5) {L 7[302(7123‘%7175)]1)1 dxns} . (11)

From (10), taking (11) into account, after elementary transformations we obtain
:| 171/1’1

1
I <cgllga ]y

7 | ) (3], (2)
2/P1) 0

where

1/p}
s—1)/p" % _ VA
(I)(TQ) = 71(2 /e {/ [3020127 xnfs)]pl d‘rns} N
RILfs

Let us estimate the expression

1 —s/p’
Tz/pX(7”2) =Ty " l/
R

n
Y

Ty p 1/p
</ f* (Tl’ gnfs) ri_l d7“1> dyns‘|
s o
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1/p

p
f* (Th gnfs) dys) dyns‘| ’

= 05T;S/p/ l/ (/
Rp-s \/C

where C, is the ball of radius r, in the s-dimensional space (y;,ys, .-, y5) With
center at the origin. Applying Holder’ s inequality to the inner integral and
taking into account that ||f*\|Lp = ||f||Lp (°), we obtain the estimate

T2

1
ry"X(ry) < gl fllz, (m; (13)
therefore
1 .y [e%e} 1/py e} 1/17/1
12sC7||sol|L(§;w|f|Lf“{ / |X(r2)|pdr2} { / |q><r2>|pldr2} |
) 0 0
(14)

Let us estimate the integral

oo oo , T2 / P
/ x(r)[P dry = / { / g O/ +1) ( / FH (0, G g) T Pps=DI dm) dm] di, .
0 Rn—s 0 0

(15)
Using Hardy’ s inequality (®), for estimating the integral standing in the square
brackets on the right-hand side of equality (15), we obtain

n
Yy

o0
[ xtele dr, < csl1E e (16)
0

It is also not difficult to show that

/0 @) dry < colill, (17)
From (14), taking (16) and (17) into account, we shall have

1
I, < exol flu, el rmlerl sy

Theorem 2 is completely proved.

I take this opportunity to express my gratitude to S. V. Uspenskii for the valu-
able comments he made in carrying out this work.
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