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faces

(Presented by Academician I. N. Vekua on 23 V 1963)

1. Let on a closed Riemann surface R of genus p there be given a contour I,
consisting of a finite number of mutually nonintersecting smooth closed curves

Consider the Riemann boundary-value problem

o+ (P) = G(P)o~(P) (1)
under the assumption that G(P) € H(T'), G(P) # 0.
The question of the solvability of problem (1) depending on the value of the

index
1 1 -
"= dlnG—sz_/delnG—Z%j (2)
J

was studied in works (#75), where it was proved that for % > p the problem is
always solvable (a regular solution is meant, not identically equal to zero), while
for % < 0 there are no regular solutions except ® = 0.

In the present paper we give a necessary and sufficient condition for the solv-
ability of problem (1) when 0 < » < p, in terms of Riemann 9J-functions, sup-
plementing the results known for this case from work (°).

2. Choose on each contour I'; one point P; (j=1,2,...,m) as the initial point
for traversing the contour, and an arbitrary branch In G, single-valued on the
contour I' cut at the points P; (j=1,2,...,m). Consider the function

W(z) = exp{;m /ma(t) A*(t, 2) dt}, 3)

T
where A*((, ) is the multivalued Cauchy kernel with periods

[aaea=o [ aaca-2m
A, B,

dw,

d¢

v=12,...,p), (4)
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and dwy, ..., dw, is a complex-normalized basis of Abelian differentials of the
first kind (7). From (4) and the known properties of an integral of Cauchy type
(1) it follows that W (%) is a multiplicatively multivalued function with multipliers

wlA,) =1, w(B,) = exp/lndeu (v=1,..,p), (5)
r

has order »; at the point P; (j = 1,2,...,m), and everywhere on I' satisfies
condition (1).

Theorem 1. For problem (1) to be solvable it is necessary and sufficient that
on the surface R there exist n points Ry,..., R, (not necessarily distinct) for
which the system of congruences

" R m P,
J 1 J
g / dw, = —— /lndeV + E %/ dw, (modulo periods) (6)
— 2 <"
j=1"YF r j=1 Py
(v=1,...,p); P, is an arbitrarily fixed point.

Necessity. Denote the solution of the problem by ® and its zeros by Ry, ..., R, .
The function F = ¥/®, where ¥ is given by formula (3), is multiplicatively
multivalued with multipliers (5), meromorphic on the whole surface, having
order x; at the point P; (j = 1,2,...,m) and poles at the points Ry,..., R
Consequently, dIn G is a differential of the third kind with periods

X

n(B,) = /lndey + 2mim,, m(Ay) = 2mil,,,
T

where m,,,l, are integers (v = 1,2,...,p), and with poles at the points
Py, ..,P,, Ry, ..., R, . From the known relation between periods ((2), Theorem
10.6) we obtain (6).

Sufficiency. To prove sufficiency, consider the differential of the third kind

m X

dQ) = —ijdijpo + Zdijpo,

=1 =1

where dwp, is a complex-normalized differential of the third kind with residues
+1 and —1 at the points P and @), respectively, and the points taken as R,
(j = 1,...,x) are points satisfying system (6). On the basis of (6) and the
above-mentioned relation between periods ((?), Theorem 10.6), we verify that
F, = exp [ dQ is a multiplicatively multivalued function with multipliers 1/u,,
(v=1,2,...,p) and order —x; at the point P; (j = 1,2,...,m). Then, as is easy
to check, ® = UF| will be a solution of the problem with zeros at the points
Ry, ..., R, (see, for example, (1), §44).

Let us note that the choice of the points P; (j =1,2,...,m) and of the branch
of InG does not affect the solvability of system (6), as is easily verified by a
simple calculation.

X
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3. Denoting

m P, P
1
)\1/ = _T 1ndey+Z XJ dwl/7 UV(P) = / dw (V = 1727 7p)7

T Jr =1 P, P,

we rewrite system (6) in the form
X
ZuU(Rj) =), (modulo periods) (8)
j=1

(v=1,2,...,p).

The problem of finding points Ry, ..., R, satisfying system (8) for a given right-
hand side is known as the Jacobi inversion problem. It was first applied to
the solution of the Riemann problem in the work (). For y > p the inversion
problem is always solvable, which agrees with the results of (7).

To study the question of solvability of system (8) for 0 < x < p, we turn to
the Riemann theta function of p variables u;(P), uy(P), ..., u,(P), denoting it
briefly by ¥(uy, ... ,u,) = 9¥(u,). We shall need the following properties of it (%):

I. ¥ is an even function.

II.
p—1
j=1
for any divisor Qq,Qs, ..., Q,_1, where k, (v =1,2,...,p) is a system of
numbers depending only on the surface.
ITI. Whatever the numbers e, (v = 1,2,...,p), there exists a divisor

?,Q3, ..., QY such that
p
U (Z u,(Q0) +e, + k') £,
=1

IV. If 9(u,(P) —e,) # 0 as a function of the point P, then it has p zeros on
the surface R, and if these are denoted by Q7,Q5, ..., @),

the following system of congruences will hold:

p
e, = Zuy (Q;) +k, (modulo periods)

Theorem 2. For the solvability of system (8) it is necessary and sufficient that
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p—x—1
) ( > @)+, +ky> =0 (9)
j=1
Jor any divisor Qy,...,Q,_y_1-

Necessity follows from property II.

Sufficiency. To prove sufficiency, denote by [ the greatest integer for which

p—x+l
] ( > Q)+ A, + ky> =0 (10)

j=1

for any divisor Qy,...,Q,_,4;- In view of (9) and property III, such a number
exists and —1 <1<y —1. Let Q9,..., Qgﬂﬁlﬂ be a divisor for which

p—x+I+1
ﬂ( > uy<Q2>+Au+ky> #0

J=1

and, consequently, the function

p—x+1+1

=1

is not identically equal to zero. But, in view of (10),

p—x+I+1

J=1

and, using property IV, we are convinced of the validity of system (8), if the
zeros of the function (11), distinct from Qy, ..., Q,_, 1, are taken as the points

R17 "'7RX7Z+17 and RX*I == RX*I+1 — = RX == PO'

As an application of Theorem 2, we point out that equality (9) gives a necessary
and sufficient condition for the solvability of Hilbert’s problem Re[(a—ib)F] = 0
on a finite Riemann surface, in particular on a plane multiply connected domain,
if it is reduced by the known method (4) to problem (1) on the doubled Riemann
surface.

If, for x < 0, as a solution of problem (1) one allows functions having |x| poles
on the surface, then the condition for solvability of the problem will likewise be
given by Theorem 2.
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