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MECHANICS
I. I. Metelitsyn

THE INFLUENCE OF CHANGES IN THE PA-
RAMETERS OF LINEAR GYROSCOPIC SYS-
TEMS ON THE FREQUENCIES OF OSCILLA-
TIONS AND THE DAMPING COEFFICIENTS

(Presented by Academician A. Yu. Ishlinskii, 11 VI 1963)

The roots of the characteristic equation of a gyroscopic system satisfy equality

(1)
T*p? + (D* 4 iT*)pu + V* 4 iE* =0, (1)

where T*, D*, T*, V* E* are real numbers:

T =" ayA A, V=D A AL DF =YY by AAL
i = Z Z VieAi A B = Z Z einA AL, (2)

where

Qi = Qi bir = by Cik = Chi» Yik = ~Vki> Cik = "Cki
The conjugate constants A;, A; satisfy the system of equations

Z (agep® + (byg, + Vi) + i + €43) A, = 0

or

2 / ’ .
Z [aik,u + (b + var )1 + i + Eik] Ay=0  (i=12..,n). (3
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From (3) it is clear that A; depend on the roots of the characteristic equation,
and from (1) we find that the roots of the characteristic equation depend on A,
and on the coefficients a;;, ..., €.

It is easy, however, to prove that the roots of the characteristic equation do
not depend on A, Ay ; therefore, when determining the differential du from (1),
one should take into account the dependence of 7%, ..., E* and p only on the
coeflicients a;y, ..., €;;; this is readily checked directly if one takes into account
relations (3).

This observation is the basis of a method for investigating the influence of
changes in the coefficients a;, ..., €;;, on the frequencies of oscillations and on
the damping coeflicients.

Restricting ourselves to such gyroscopic systems in which the gyroscopic forces
have a dominant significance (1), let us recall that the roots of equation (1)

_ —(D+iD) £ (x +1y)
/“‘L_ 2T 9

—(D—=z)—4i(T—y)  —(D+x)—i(T +y)
2T o 2T 2T ’

(4)

H1 =

have negative coeflicients of the imaginary unit if the system is statically unsta-
ble (V* < 0). If the system is statically stable (V* > 0),

then the root p1; may be positive, since

D*—x  AV*T* — D*?

e )
_Dba (T 4T DR
H2 ™= Tops T+ AT T~ B

As for T and E*, both functions may be regarded as positive or negative, but
necessarily of the same sign (!). With simultaneous changes in the signs of T'*
and E*, the roots of equation (1) do not change.
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A change in the potential energy of the system entails a change in the roots of
the characteristic equation, which can be determined from equality (1).

If the gyroscopic system is conservative (D* = 0 and I'* = 0), then

Oy oV*/oc _ Opy oV*/dc

e Ay} R Ay
Oc 4 /T*2 + 4V T dc —/T*2 + 4V *T*
where ¢ = ¢;,.

From the last equalities it follows: with an increase in the stiffness of an
ideal gyroscopic system, its oscillation frequencies increase.

The proof is readily seen from Fig. 1la.

If the masses (the coefficients a;;) in an ideal gyroscopic system are increased,
then

or* or*
O _, 9’ 0w _ oa " .
—— =t =1, = .
da /T*2 + 4V *T* oa /T*2 EVAVE

Assuming that the system is statically stable, and noting that u? = —32 < 0,
we arrive at the conclusion: with an increase in the masses of the system,
the oscillation frequencies decrease, if the system is statically stable.

For a statically unstable system (V* < 0), the frequencies of the slow oscillations
increase, while the frequencies of the fast oscillations decrease (Fig. 1b) with
increasing masses of the system.

The influence of a change in stiffness in a nonconservative gyroscopic system
(D* # 0, E* # 0) can be investigated if Ou/0dc (¢ = ¢;;,) is determined from
equality (1):

Oy oV*/dc oV*/dc .

F T SR, ) A

Opiy oV*/oc oV*/dc _ (6)
e —(z+iy) 22 +P (@ =y).

Figure 2 presents the vectors du,/0c and Ou, /¢ for a statically stable system
(V* > 0). Hence one may draw the following conclusion: with an increase
in stiffness, the damping coefficients and the frequencies of the slow
oscillations increase; the frequencies of the fast oscillations increase,
while the damping coefficients decrease.

V* OE*
9% by 9 i (e = €;3,), we obtain

Replacing in equalities (6) the derivative

Fig. 3
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8E*Z,
Oy De ;
%Z_xg_iyg(x_zy%
OB (7)
Opg 0 ! ;
5 = jy2(a:—zy).

Using Fig. 3, which shows the vectors du, /0 and Ouy/0e, we find: with an
increase in the intrinsic nonconservative forces, the oscillation fre-
quencies decrease; the damping coefficients of the slow oscillations
increase, while those of the fast oscillations decrease.

Obviously, by the indicated method one can also prove a number of other, more
complicated theorems, if various assumptions are made concerning changes in
the parameters of the system.
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