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Abstract
Full Text

R. L. Dobrushin

Uniform Methods of Information Transmission.
The General Case
(Presented by Academician A. N. Kolmogorov on 31 VIII 1962)

In this note we study the same problems as in our paper (1), but in a more
general setting. We shall regard the definitions and notation from (1) as known.

We investigate a message whose components are not independent. Let 1 ≤ 𝑗 ≤
𝑘 ≤ 𝑛, and let, for 𝑑 = (𝑢1, … , 𝑢𝑛), the function

𝛾𝑗𝑘(𝑑) = (𝑢𝑗, 𝑢𝑗+1, … , 𝑢𝑘) ∈ 𝑈𝑘−𝑗+1.

Generalizing definition (10) from (1), we shall call a segment of length 𝑘 − 𝑗 + 1,
specified by the probabilities

̃𝑞( ̃𝑑) = ∑
𝛾𝑗𝑘(𝑑)= ̃𝑑

𝑞(𝑑), ̃𝑑 ∈ 𝑈𝑘−𝑗+1,

a subsegment of a message segment of length 𝑛, specified by the probabil-
ities {𝑞(𝑑), 𝑑 ∈ 𝑈𝑛}.

We shall call a system of messages a collection

𝑆 = {𝑆𝑛, 𝑛 = 1, 2, …},

where 𝑆𝑛 is some collection of segments of length 𝑛, and we shall assume that
the consistency condition formulated in (1) is fulfilled.

For any 𝐴 ⊂ 𝑈𝑛, put
𝑞(𝐴) = ∑

𝑑∈𝐴
𝑞(𝑑).

We shall call the 𝜎-algebra of events 𝔅𝑗𝑘 the system of sets 𝐴 representable
in the form

𝐴 = {𝛾𝑗𝑘(𝑑) ∈ ̃𝐴}, ̃𝐴 ⊂ 𝑈𝑘−𝑗+1. (1)

We shall call the 𝑚-th coefficient of strong mixing (see (2)) (0 < 𝑚 ≤ 𝑛)
the number

𝑎𝑚(𝑄) = sup |𝑄(𝐴 ∩ 𝐵) − 𝑄(𝐴)𝑄(𝐵)|,
where the supremum is taken over all 𝑠, 0 ≤ 𝑠 < 𝑠 + 𝑚 ≤ 𝑛, and all 𝐴 ∈ 𝔅0,𝑠,
𝐵 ∈ 𝔅𝑠+𝑚,𝑛.
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Let
𝑎𝑚(𝑆) = sup

𝑄∈𝑆𝑛, 𝑛≥𝑚
𝑎𝑚(𝑄).

We introduce the following condition of uniform strong mixing: for some
𝜒 > 0,

𝑎𝑚(𝑆) = 𝑂(𝑒−𝜒𝑚).

Theorem 1. For any system of messages 𝑆 = {𝑆𝑛} for which the consistency
and uniform strong mixing conditions hold,

𝐻(𝜀, 𝑆) = lim
𝑛→∞

1
𝑛ℎ(𝜀, [𝑆𝑛]). (2)

For special cases see (4, 5).

Let us consider channels with memory. We shall say that a channel segment

𝑃 = {𝑝(𝑏/𝑎)}

is a channel segment without anticipation if, for 𝑏 = (𝑦1, … , 𝑦𝑛), 𝑎 =
(𝑥1, … , 𝑥𝑛), and any specified 𝑥1, … , 𝑥𝑘, 𝑦1, … , 𝑦𝑘, the sum

∑
𝑦𝑘+1,…,𝑦𝑛∈𝑌

𝑝(𝑦1, … , 𝑦𝑛, 𝑥1, … , 𝑥𝑛)

does not depend on the choice of 𝑥𝑘+1, … , 𝑥𝑛.

We shall say that a system of channels

𝑇 = {𝑇 𝑛, 𝑛 = 1, 2, …}

is given if 𝑇 𝑛 is some collection of channel segments without anticipation of
length 𝑛.

We shall say that for the system the condition of consistency and strong
ergodicity is satisfied if, for some 𝜒 > 0 and 𝐾 < ∞, and for any 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑛,
to every probability distribution 𝑔(𝑥1, … , 𝑥𝑗) on (𝑥1, … , 𝑥𝑗) ∈ 𝑋𝑗 one can assign
a probability distribution ̄𝑔(𝑥1, … , 𝑥𝑘) on (𝑥1, … , 𝑥𝑘) ∈ 𝑋𝑘 such that:

a) for all 𝑥1, … , 𝑥𝑗

𝑔(𝑥1, … , 𝑥𝑗) = ∑
𝑥𝑗+1,…,𝑥𝑘

̄𝑔(𝑥1, … , 𝑥𝑘);

b) for any ̄𝑎 = (𝑥𝑘+1, … , 𝑥𝑛) ∈ 𝑋𝑛−𝑘 and any segment {𝑝(𝑏/𝑎)} ∈ 𝑇 𝑛, the
conditional probability distribution ̂𝑝(𝑏̄/ ̄𝑎) on the set of sequences 𝑏̄ =
(𝑦𝑘+1, … , 𝑦𝑛), defined by the formula

̂𝑝(𝑏̄/ ̄𝑎) = ∑
𝑥1,…,𝑥𝑘

∑
𝑦1,…,𝑦𝑘

̄𝑔(𝑥1, … , 𝑥𝑘) 𝑝(𝑦1, … , 𝑦𝑛/𝑥1, … , 𝑥𝑛)
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is such that there exists a channel segment {𝑝′(𝑏̄/ ̄𝑎)} ∈ 𝑇 𝑛−𝑘 such that

∑
𝑏̄∈𝑌 𝑛−𝑘

∣ ̂𝑝(𝑏̄/ ̄𝑎) − 𝑝′(𝑏̄/ ̄𝑎)∣ ≤ 𝐾𝑒−𝜒(𝑘−𝑗);

c) for any ̄𝑎 = (𝑥𝑘+1, … , 𝑥𝑛) ∈ 𝑋𝑛−𝑘 and any segment {𝑝(𝑏/𝑎)} ∈ 𝑇 𝑛, and
for the conditional probability distribution ̃𝑝(𝑏/ ̄𝑎), defined by the formula

̃𝑝(𝑏/ ̄𝑎) = ∑
𝑥1,…,𝑥𝑘

̄𝑔(𝑥1, … , 𝑥𝑘) 𝑝(𝑦1, … , 𝑦𝑛/𝑥1, … , 𝑥𝑛),

and
̃𝑝(𝐵/ ̄𝑎) = ∑

𝑏∈𝐵
̃𝑝(𝑏/ ̄𝑎),

where 𝐵 ⊂ 𝑌 𝑛, for any sets 𝐴 ∈ 𝔅0,𝑗 and 𝐵 ∈ 𝔅𝑘+1,𝑛 (the definition of
the 𝜎-algebras 𝔅𝑗𝑘 is given analogously to (1), but with 𝑈 replaced by 𝑌 )
the inequality

| ̃𝑝(𝐴 ∩ 𝐵/ ̄𝑎) − ̃𝑝(𝐴/ ̄𝑎) ̃𝑝(𝐵/ ̄𝑎)| ≤ 𝑐𝑒−𝜒(𝑘−𝑗)

holds.

The intuitive meaning of this rather weak restriction is that we assume that,
for arbitrary random signals at the input at the moments 1, … , 𝑗, it is possible
to choose signals at the input at the intermediate moments 𝑗 + 1, … , 𝑘 so that
(consistency condition b)) transmission at the remaining time moments 𝑘 +
1, … , 𝑛 proceeds almost as in some segment of the system 𝑇 𝑛−𝑘, and so that
(strong ergodicity condition), for a given input signal at the moments 𝑘+1, … , 𝑛,
the output signal at the moments 1, … , 𝑗 is only weakly dependent on the output
signal at the moments 𝑘 + 1, … , 𝑛.

Theorem 2. For any system of channels 𝑇 = {𝑇 𝑛} for which the condition of
consistency and strong ergodicity is satisfied,

𝐶(𝑇 ) = lim
𝑛→∞

1
𝑛 𝑐(|𝑇 𝑛|). (3)

For particular cases see (4, 7).

Suppose now that 𝑈, 𝑉 are arbitrary measurable spaces with 𝜎-algebras of mea-
surable sets 𝔅𝑈 and 𝔅𝑉 . The definition of a message with independent com-
ponents, quantization, mean loss, etc., is given by obvious analogy with what
was done in the discrete case. The information corresponding to the joint
distribution 𝜋(𝐴) on the product of measurable spaces (𝐸×𝐹, 𝔅𝐸 ×𝔅𝐹 )
is defined as

𝐼({𝜋(𝐴)}) = sup 𝐼({ ̃𝜋( ̃𝑒, ̃𝑓)}), (4)
where the supremum is taken over all possible partitions 𝐸 = ̃𝑒1 ∪ ⋯ ∪ ̃𝑒𝑟,
𝐹 = ̃𝑓1 ∪ ⋯ ∪ ̃𝑓𝑠, ̃𝑒𝑖 ∩ ̃𝑒𝑗 = 0, ̃𝑓𝑖 ∩ ̃𝑓𝑗 = 0, 𝑖 ≠ 𝑗, ̃𝑒𝑖 ∈ 𝔅𝐸, ̃𝑓𝑗 ∈ 𝔅𝐹 , where

sovietrxiv.org/items/ru-196301.67919 Machine Translation

https://sovietrxiv.org/items/ru-196301.67919


̃𝜋( ̃𝑒𝑖, ̃𝑓𝑗) = 𝜋( ̃𝑒𝑖 × ̃𝑓𝑗) (for more detail see (4)), and, analogously to (13) from
(1), we introduce the quantities

ℎ(𝜀, 𝐷), corresponding to any set 𝐷 of message segments. We shall regard the
set of all probability distributions 𝑄(𝐴), 𝐴 ∈ 𝔅𝑛

𝑈 , where 𝔅𝑛
𝑈 is the 𝑛-th power

of the 𝜎-algebra 𝔅𝑈 , as a metric space with distance

𝛾(𝑄1, 𝑄2) = sup
𝐴∈𝔅𝑈𝑛

|𝑄1(𝐴) − 𝑄2(𝐴)|, (5)

and it is precisely in the sense of this distance that we shall understand the
maximal closed convex system of distributions [𝐷] containing all distributions
𝐷. We shall call a 𝛿-net of cardinality 𝐾 for a system of distributions 𝐷
on 𝑈𝑛 a set 𝑄1, … , 𝑄𝐾 of distributions on 𝔅𝑛

𝑈 such that, for all 𝑄 ∈ 𝐷,
min𝑖=1,…,𝐾 𝛾(𝑄, 𝑄𝑖) ≤ 𝛿. We shall denote by Γ(𝛿, 𝐷) the least size of a 𝛿-net for
the system 𝐷.

Theorem 3. For any system of messages with independent components 𝑆 =
{𝑆𝑛}, for which the consistency conditions are satisfied, and for any 𝜒 > 0 and
𝛿 > 0,

Γ ( 𝛿
𝑛, 𝑆1) = 𝑜 (22𝜒𝑛) (𝑛 → ∞), (6)

the relation

𝐻(𝜀, 𝑆) = lim
𝑛→∞

1
𝑛ℎ(𝜀, [𝑆𝑛]) (7)

holds.

Results analogous to those formulated in remarks 4, 5, 6 from (1) are valid.
The result corresponding to remark 4 was proved earlier by the author (4).
Condition (6), which is a generalization of the compactness requirement, is not
very burdensome. It is always true if the space 𝑈 is finite; and if (𝑈, 𝔅𝑈) is
a Euclidean space and the distributions 𝑄 ∈ 𝑆1 are given by densities, then
it is sufficient that these densities, together with their first partial derivatives,
be uniformly integrable with respect to 𝑆1 and 𝑢 ∈ 𝑈 , and uniformly bounded.
In the case where 𝑆1 consists of Gaussian distributions, it is sufficient that the
determinant of the covariance matrix and its reciprocal be uniformly bounded.

Let us further suppose that 𝑋 and 𝑌 are arbitrary measurable spaces with
𝜎-algebras of measurable sets 𝔅𝑋 and 𝔅𝑌 . The definitions of a segment of
a channel without memory, the consistency condition, correction, and error
probability are given in the same way as in the discrete case. In addition,
suppose (cf. (4)) that a measurable function 𝜏(𝑥) ≥ 0, 𝑥 ∈ 𝑋, is given. Let, for
𝛼 = (𝑥1, … , 𝑥𝑛), 𝜏(𝛼) = 𝜏(𝑥1)+⋯+𝜏(𝑥𝑛). We shall call the mean weight for
a correction 𝔄
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𝑘(𝔄) = 1
𝑁

𝑁
∑
𝑗=1

∑
𝑎∈𝑋𝑛

𝑞𝑗(𝑎) 𝜏(𝑎).

For any 𝜀 > 0 we shall put

𝑟(𝜀, 𝑛, 𝑁) = inf
𝑘(𝔄)≤𝜀

sup
𝑃∈𝑇 𝑛

𝑟(𝔄, 𝑃 ),

where 𝔄 ranges over all corrections of volume 𝑁 and length 𝑛 such that 𝑘(𝔄) ≤ 𝜀.
We shall call the capacity 𝐶(𝜀, 𝑇 ) of the system of channels 𝑇 , for a given weight
𝜀, the least upper bound of the numbers 𝑅 such that, for all ̃𝜀 > 𝜀,

𝑟( ̃𝜀, 𝑛, [2𝑛𝑅]) → 0

as 𝑛 → ∞. The definition of capacity is given analogously to (5) from (1), with
the only difference that the definition of information (4) is used and the upper
bound is taken not over all distributions 𝑔(𝐴) on 𝐴 ∈ 𝔅𝑛

𝑋, but only over such
distributions 𝑔(𝐴) that

∫
𝑋𝑛

𝜏(𝑎) 𝑔(𝑑𝑎) ≤ 𝜀.

The convex closure [𝐺] of the aggregate 𝐺 is defined in the same way as in
the discrete case, but using the metric specified by condition (5). For any two
segments of the channel 𝑃1(𝐴/𝑥) and 𝑃2(𝐴/𝑥), 𝐴 ∈ 𝔅𝑦, 𝑥 ∈ 𝑋, we shall denote

𝛾(𝑃1, 𝑃2) = sup
𝑥∈𝑋, 𝐴∈𝔅𝑦

|𝑃1(𝐴/𝑥) − 𝑃2(𝐴/𝑥)|.

We shall call a set 𝑃1, … , 𝑃𝐾 of such segments a 𝛿-net of cardinality 𝐾 for the
system of channel segments 𝐺 of length 𝑛 if for all 𝑃 ∈ 𝐺

min
𝑖=1,…,𝐾

𝛾(𝑃 , 𝑃𝑖) ≤ 𝛿.

We shall denote by Δ(𝛿, 𝐺) the smallest size of a 𝛿-net for the system 𝐺.

Theorem 4. For any system of memoryless channels 𝑇 = {𝑇 𝑛}, for which the
consistency conditions hold, and for any 𝜒 > 0, 𝛿 > 0,

Δ ( 𝛿
𝑛, 𝑇 1) = 𝑜 (22𝜒𝑛) (𝑛 → ∞), (8)

the relation
𝐶(𝜀, 𝑇 ) = lim

𝑛→∞
1
𝑛𝑐(𝜀, [𝑇 𝑛]). (9)
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holds.

Results analogous to those formulated in remarks 1, 2, 3 of (1) are valid. The
result corresponding to remark 1 was proved earlier by the author (4). Condition
(9) is fairly general and is satisfied in “good cases”if the space 𝑋 is finite or
compact. At the same time, if, for example, 𝑋 is a Euclidean space, then it is
usually false. Here the following easily proved remark is helpful.

Let 𝑋 ∈ 𝔅𝑥. For any channel segment 𝑃 of length 𝑛, let 𝑃𝑋 denote the segment
obtained if the domain of definition of the transition function of the channel
𝑃(𝐵/𝑎) is restricted to values 𝑎 ∈ 𝑋𝑛. Let 𝐺𝑋 be the aggregate of segments
𝑃𝑋, where 𝑃 ∈ 𝐺. Theorem 4 is valid if there exists a sequence 𝑋𝑘 ∈ 𝔅𝑥 such
that this theorem is applicable to the system

𝑇𝑋𝑘
= (𝑇 𝑛

𝑋𝑘
, 𝑛 = 1, 2, …)

and
lim

𝑘→∞
𝑐(𝜀, 𝑇𝑋𝑘

) = 𝑐(𝜀, 𝑇 ).

In this form the theorem turns out to be widely applicable. For example, it
is valid for a broad class of Gaussian memoryless channels (the case of ho-
mogeneous memoryless channels with additive Gaussian noise was studied by
Wolfowitz (8)).

Finally, we note that the main theorem is also valid for messages with dependent
values and an arbitrary set of states, if the condition of uniform strong mixing
and the condition

Γ ( 𝛿
𝑛, 𝑆 [log 𝑛]2) = 𝑜 (22𝜒𝑛) ,

which generalizes (6), hold. An analogous generalization is also valid for chan-
nels.

Moscow State University
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Note: Figure translations are in progress. See original paper for figures.
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