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(Presented by Academician V. A. Fock on 10 XII 1962)

Recently, in connection with the experimental discovery of particles with spin
1 (see, for example, (1'?) and the bibliography cited there), the development of
the theory of vector mesons has acquired great interest.

Below, within the framework of the 10-dimensional S-formalism, a compact ma-
trix representation of the wave functions of a vector meson is proposed, allowing
calculations of various interaction effects involving longitudinally polarized par-
ticles with spin 1 to be carried out on the basis of a covariant method of direct
evaluation of matrix elements.

In accordance with the general method of projection operators in the theory
of elementary particles (3, the projection matrices-dyads A§f> , which determine
the states of a vector particle with a given value of the 4-momentum and of the
projection of the spin on the direction of motion, can be written in the form*

AFY = *é"s(as + 1)p(p —ix) = ¢V (p) - ) (p); (1)
Ay = ﬁ(ai —Dp(p —ix) = (p) - ¥ (p). (2)

Here p = p, 3, where 3, are the 10 x 10 Duffin—Kemmer matrices;

Og = iéabcsaﬁbﬂc = S0 (S = &) (3)

is the operator of spin projection on the direction of motion of the particle;
Y EV(p), O (p) are 10-dimensional wave functions describing the states of a
vector particle with spin projections 4+1 and 0, respectively.
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Just as in the 10-dimensional theory of the electromagnetic field (see (4*9), the
spin-projection operator can be expressed through the mutually orthogonal unit
vectors e; and e, ([e;e,] =s) in the form

or through the circular vectors e(*) and e(~):

e = —(e; +iey), ete=1 e#H?=0 (5)

1
V2
in the form

o, =eHelt) —ehel-), (6)

Such a representation is convenient for describing spin states with spin projec-
tion 1. According to (6), taking into account the Duffin—Kemmer algebra for
the projection spin operators ﬁ( 41) (3) which select from the wave—

* We restrict ourselves to the case of positive energies.

of the wave function of a state with spin projections +1 and —1, we shall have

B(H) = %%(Us +1)= (é(—))Q(é(-&-))z; )
By = %05(05 —1) = (éM)2(e)2 ®)

In this case the projection matrices-dyads A;il) (1) take the form

1 N ~ i~ .
A = _w(emy(e(ﬁ)% (p—ix). )

Using the method of covariantization described in (7| the spin-projection oper-
ators (3), (4), (6), in complete analogy with how this was done for the electro-
magnetic field in 8, can be put into the relativistically covariant form

1 ’ o 1 ’os /o’ T
s = 3 Ouwpo Py Pe = ;{(Sop —pps’)o +ilp’s’IT}; (10)

oy = (€€ — €5e1); (11)
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o, =&+ _ g+)er(=) (12)

S I

where ¢’ = ¢,6,, ¢ = Le, e = (3), p’ = Lp, s = Ls, s = (§), 04 = 104p.5B;
7o = (8,8, —B.B,) (a,b,c =1,2,3), and L is the Lorentz matrix corresponding
to a pure motion.

Naturally, under this the projection matrices A;,S) (1), (2) retain their general
structure. Thus, for example, expression (9) takes the form

(£1) _ _i SHF)N2 (57 257 ()
e NACRAC )25 (9" —ix). (13)

Proceeding analogously to ®), i.e., using the representation of the matrices
ﬁu ) (14)
in terms of the elements of the complete matrix algebra 4 in 10-dimensional

space (e4BeCP = §5,e4P where A, B,C,D = p,[uv], p # v), after the corre-
sponding calculations we find *

P (p) = X\l/i(i) —ix)ep et (15)

Here it has been taken into account that

b=y, n=28-1, gr=1, r=e) "= (16)

and, consequently,

(p—ix)n=-—np—ix)",  ern=c*  lp=—c" (17)

If the wave functions (15) are written out in expanded form, we obtain

—iyel™)
(+1) _ 1 —ixef?
¢ (p) - ﬁ [p 6<$)] . (18)
~(pse’™ — €'p)

As a special case of (18) there follow formulas (8) of paper ) (for s = +1).

* For definiteness, the column different from zero has been taken to be the first.
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Applying the covariant method of calculating ® the squared modulus of the
matrix element, one can write

M) = sp{QAR QAL ) (19)

where @ is the vertex operator, and Ag;sll) and A;,s;) are the projection dyad ma-
trices (1), (2), determining the initial and final states of the vector particle. Such
an approach proves especially convenient when considering processes involving
unpolarized vector particles, since in this case the summation and averaging
over spin states can be performed before taking traces. As a result we obtain

2

2 A —. .
M, | = oy SPAQPi by — i2)Qba(hr — i)} (20)
In calculations of interaction processes of particles with fixed initial and final
polarizations, especially when the vertex operator has a complicated form, the
computations nevertheless turn out to be rather cumbersome. In this case,
considerable simplifications and shortening of the calculations can be achieved
by directly computing the matrix elements of polarized particles. In contrast
to the method used in ¥ and based on direct multiplication of wave functions
and matrices ﬂ#, taken explicitly in some chosen basis, we use the covariant

approach. The matrix element is written in the form (7

My = Sp { QUi () @(32)(192)} : (21)

In order, when calculating the matrix element, to be able to use the technique
of traces, it is necessary to express the matrix dyad v, ~$2 in terms of the
10 x 10 Duffin-Kemmer matrices. As in the case of Dirac particles (see (710)),
this can be done in various ways. In the present case it is convenient to use
the expressions obtained above for the wave functions written in matrix form.
Taking the wave functions of the initial state

1 . . B
P (py) = m(lﬁ - W)@Ef)@”l’ € ==+, (22)
and of the final state

1 .
w<62><p2>:%—ﬂ@rm)ef”eﬂ, £y = &, (23)

and carrying out in reverse order all the operations used above in obtaining
these expressions for the wave functions from the projection matrix dyads Ai”
and A](D‘22>, we find for the desired matrix dyad entering into (21):
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. b
WE (1) - ) (py) = — 5 (B — el el e (y — i) (24)

Thus, the general expression for the matrix element M (21), after substitution
of (24) with allowance for relation (*!)

et = (5,uu - Bvﬂy)('g - B2) = (5uu - /Buﬂp)P7 (25)

takes the following covariant form:

Sp{QU (py) - U2 (py) } =

1
= 57 Sp {Q(fh —in) <§<782>g(81> _ e(ene(feg)) P(py — m)} , (26)

where P = 3— 32 = 3—B,8, is the projection operator selecting the vector part
of the 10-dimensional space (V).

For illustration, we give the calculation of the matrix element for the process of
scattering of a vector particle by a fixed force center, with a vector character of
the interaction (@ = $,). According to (26), in this case we obtain (retaining
under the sign Sp only terms containing products of an even number of matrices

Bu)

é pox > —
MpZp = o Sp{ (8,01 P + B,y P) els)el~=2)

_ (5@16(*62)6(61)13 + ﬁue(fa)e(el)pzp)} (27)
i
= E [6(51>e(52>(p1u +p2#) _p16<52) . egfl) _pe(€1> . 6552>:| .
Here the relation Pj3, +ﬁ#]3 = 0 has been taken into account, where P = 32 —2
is the projection matrix selecting the tensor part of the 10-dimensional space,
and also the general formulas for traces of products of the matrices 3, P, and
P have been used (12),
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