Soviet-era science, translated into English

MATHEMATICS

I. S. ARSHON, M. A. IGLITSKY

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.64772

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.64772

Abstract

Full Text
MATHEMATICS
I. S. ARSHON, M. A. IGLITSKY

ON THE DECAY OF HARMONIC FUNC-
TIONS IN A CYLINDER

(Presented by Academician M. V. Keldysh on 20 1V 1963)

The classical Phragmén-Lindel6f theorems for analytic functions can be divided
into two types. In theorems of the first type, for various infinite domains one
establishes the limiting growth under which there can exist a function regular
in the given domain, bounded on the boundary and unbounded inside. In
theorems of the second type, often called uniqueness theorems, one establishes
how rapidly a nonidentically zero analytic function can decay uniformly inside
the given domain.

In papers (17%) analogues of theorems of the first type were established for
harmonic functions of three variables. In the present note a uniqueness theorem
is proved for harmonic functions of three variables in a half-cylinder, analogous
to the classical uniqueness theorem for analytic functions decreasing in a half-
plane.

Theorem 1. Let D be an arbitrary domain in the plane (x;,x5), and let
u(x,x1,25) be a harmonic function of three variables in the half-cylinder
(z1,249) € D, 0 <z < o0. If, for arbitrarily small a > 0, 1 > 0, we have

) (1)

where h is the diameter of the largest circle that can be placed in the domain
D, then u(z,x;,z5) = 0 in the whole half-cylinder.

|u(z, zq,24)| < Cexp {—aexp U

Here and below C' denotes a positive constant, not necessarily the same one.
For the proof we shall need the following well-known result. Let f(z), 2 = o+,

be an analytic function, regular for ¢ > 0 and satisfying the conditions

f(z) = exp{o(|2*)}, 2] = o0,

|f(o)] < Cexp (%Ulnd), p >0, (2)
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|f(iT)] < Cexp(=b|7]), b>0.

If, moreover, b > 7/2p, then f(z) =0.

The assertions of Theorem 1 will follow from the lemmas proved below. Intro-
duce the function

(o)
v(z,xth)E/ u(z, xy, 24)e"* dx. (3)
0

It follows from the conditions of Theorem 1 that v(z,x,,x,), for (z,,z,) € D,
is an entire function of the variable z, satisfying the differential equation

8211 82'[1 /
502 T g+ #0= (0,7 w5) — zu(0, 7y, 7). )
1 2

Lemma 1. The function v(z,z,,x,) can be represented in the form

v(2,2q,T9) = —// K(z, xl—pl,mg—pz)[u;(O,pl,p2)—zu(0, 01702)] dpy dpy+vy (2,21, 75),
G
(5)

where

0 0
vy (2,1, T9) = / |:K(Za$1 — 81, Ty — 89) 5 (2, 81, 83) — (2,81, 8) 5K (2,27 — 81,29 — 32)] dl;
. on on
(6)

1 +o0o . .
Kz = gz [ [ SRR g ag, @

G is the disk referred to in the statement of the theorem (for convenience, its
center is taken to coincide with the origin); v is the boundary of Gj; [ is the
length of the arc along -, and 9/0n denotes differentiation in the direction of
the exterior normal.

Proof. Consider the Fourier transform of the function v(z, x,, z,)

0(2,£,&) = //GU(ZJU%)GXP(—Wlfl —i15&5) dry dzy.

From (4), by a straightforward calculation we obtain
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(260, 6) = m

where
U(2,81,8) = // [u;;(073317372> — zu(0, 7y, 332)} exp(—iz &y — i1565) dry dzg+
G

) ) ov 0 . )
+/ [GXP(—Z%& - @33252)% - n exp(—iz;§; —iwy6,) | dl.

Y

Applying the inverse Fourier transform and changing the order of integration,
we obtain formula (5).

Lemma 2. On the real axis z = o we have

h
|v1(a,x1,m2)\<0exp{ alna}, o — 0.
T+

Proof. From (6) and (7) it is clear that v, (2, x;,z,) grows on the real axis no
faster than v(z, z,, z,); therefore it suffices to estimate the function v(o, x4, z,).
From (1) and (3) we obtain

n:c—l—ax}dx:CF( ho>’ o — Q.

oo T+
v(o,xq,25)| < C ex {—aex
o a)l <€ [ o {ac e

The required estimate now follows with the aid of Stirling’ s formula.

Lemma 3. For the kernel K(z,aq,a,) and its normal derivative on the imagi-
nary axis z = 7, we have

|K(i7—aa17a2)| < C|T|71/267T‘T‘7 aEK(Z.T7alaO‘2) S |T|1/267T‘T‘a (8)
n

where 7 = \/a? 4+ o2, and C depends on 7.
Proof. From the easily verified equality

400 . . . 2
2
/// exp(za12§1 + 2025224‘ ifT) dé, e, dr — m
o G+&+T Vai+as+ 52

it follows that K (i, ay,a,) can be represented in the form
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+00

exp(ifT)
w]_ TR )

If cuts are made from ir to ico and from —ir to —ioco, then integration along
the real axis in formula (9) may be replaced by integration along the shores of
the upper cut for 7 > 0 and by integration along the shores of the lower cut for
7 < 0. We obtain

K(it,aq,09) = K(iT,1) =

1 [ exp(—s|T]) 1 * exp(—tr|t|)

= — ———ds = — —_
2w J. Vs2—r? 2r )y Vitz —1

Representing this integral as the sum of integrals over the intervals (1,2) and
(2,00), we obtain the first of estimates (8). To obtain the second estimate, we
write

|K (iT, 7)) dt.

oK | _ |0k
on| | or

or

on

0K
< -
| or

and differentiate with respect to r under the integral sign.

Lemma 4. On the imaginary axis z = i7, for the function v, (z, x1, z5) we have

) h
i, a1,0)| < Clrl P exp {17l (5 — [t +a3) }.

Proof. From the definition of v(z,z,,z5) by formula (3) it follows that

|v(i7,m1,x2)| <

therefore it is enough, for z = i7, to estimate the double integral appearing
on the right-hand side of equality (5). The required result follows immediately
from formula (6) and estimates (8).

Proof of Theorem 1. We now subject x; and z, to the condition

h n
\/x%+x§<8<§ﬂ+n.

We shall have

h \/332+332>7T h
2 Vo279 a4y

Together with the results of Lemmas 2 and 4, this means that, for 2% + 23 < &2,
vy (2, 1, ) satisfies all the conditions of the auxiliary theorem formulated above
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(the fulfillment of the first of conditions (2) follows from the result of Lemma
2, since vy (z, 1, T,), obviously, grows no faster on the real axis). Therefore, for
7? + 23 < €2 we shall have v, (2,2, 25) = 0, whence it follows that

v(z, 2y, T9) =
= // K(z,0y —py, 25 — py) [u;((),pbpg) - ZU(Oappr)] dp; dps.
G

Inverting the Laplace transform (3), we obtain from this

1 ou 1 0 /1
u(z, 9, T9) = 47T//G [@(QPDPQ; _U(07p17p2)% (;)] dpy dpy.  (10)

Here

0 0
= \/x2+(x17p1)2+(x2—p2)2, - ow

and z? + 22 < £2. By the uniqueness theorem for harmonic functions, equality
(10) will be valid in the entire cylinder (z,,25) € G, 0 <z < 0.

We pass to the final stage of the proof. Denote by S the lateral surface of the
cylinder (z,%5) € G, 0 < x < co. Then, according to

by the well-known formula, for any point A(z,z,,z,) we have:

// du 1 (1) u) d u(A) (the point A is inside the cylinder),
O— =
G+s 371 r o an 0 (the point A is outside the cylinder).
(11)
Comparing (10) and (11), we find that

8 1 1
J(ESACR
onr r
if the point A is inside the cylinder. But this integral represents a function
harmonic everywhere outside S, and therefore it is identically equal to zero.
Now it follows from (11) that the integral on the right-hand side of (10) is equal

to zero for all points external to the cylinder, and consequently it is identically
equal to zero. This observation proves our theorem.

Let us note that the constant w/h found is exact for many domains D (for
example, for a rectangle, a disk, a semicircle). Namely, following (3), we shall
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call the width of the smallest strip containing D the outer width H = H (D) of
the domain D. The diameter of the largest disk h = h(D) that can be placed
in the domain D will be called the inner width of the domain D.

Theorem 2. For domains with equal outer and inner width, the constant
7w/h(D) is sharp.

Proof. Without loss of generality, one may suppose that the smallest strip
containing the domain D is bounded by the lines #; = £H/2. Consider the
harmonic function

u(z,z,29) = Re {exp (— exp U E(m + le))} .

We have

T—¢ T—¢
|w(z, zq,24)| = exp {—COS % exXP x}

For |z,| < H/2 and any € > 0 we shall have

T™—E& > T™—E&
COS ——& COs
H 1

i.e.

m™—E&

H

|u(z,zq,24)| < exp {—ag exp x

For domains where H(D) # h(D) (for example, for a triangle), the question of
the exact constant remains unresolved.

The authors express their gratitude to M. A. Evgrafov for posing the problem
and for consultation.
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