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Abstract
Full Text
MATHEMATICS

I. S. ARSHON, M. A. IGLITSKY

ON THE DECAY OF HARMONIC FUNC-
TIONS IN A CYLINDER
(Presented by Academician M. V. Keldysh on 20 IV 1963)

The classical Phragmén–Lindelöf theorems for analytic functions can be divided
into two types. In theorems of the first type, for various infinite domains one
establishes the limiting growth under which there can exist a function regular
in the given domain, bounded on the boundary and unbounded inside. In
theorems of the second type, often called uniqueness theorems, one establishes
how rapidly a nonidentically zero analytic function can decay uniformly inside
the given domain.

In papers (1−6) analogues of theorems of the first type were established for
harmonic functions of three variables. In the present note a uniqueness theorem
is proved for harmonic functions of three variables in a half-cylinder, analogous
to the classical uniqueness theorem for analytic functions decreasing in a half-
plane.

Theorem 1. Let 𝐷 be an arbitrary domain in the plane (𝑥1, 𝑥2), and let
𝑢(𝑥, 𝑥1, 𝑥2) be a harmonic function of three variables in the half-cylinder
(𝑥1, 𝑥2) ∈ 𝐷, 0 ≤ 𝑥 < ∞. If, for arbitrarily small 𝑎 > 0, 𝜂 > 0, we have

|𝑢(𝑥, 𝑥1, 𝑥2)| < 𝐶 exp {−𝑎 exp 𝜋 + 𝜂
ℎ 𝑥} , (1)

where ℎ is the diameter of the largest circle that can be placed in the domain
𝐷, then 𝑢(𝑥, 𝑥1, 𝑥2) ≡ 0 in the whole half-cylinder.

Here and below 𝐶 denotes a positive constant, not necessarily the same one.

For the proof we shall need the following well-known result. Let 𝑓(𝑧), 𝑧 = 𝜎+𝑖𝜏 ,
be an analytic function, regular for 𝜎 ≥ 0 and satisfying the conditions

𝑓(𝑧) = exp{𝑜(|𝑧|2)}, |𝑧| → ∞,

|𝑓(𝜎)| < 𝐶 exp (1
𝜌𝜎 ln 𝜎) , 𝜌 > 0, (2)
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|𝑓(𝑖𝜏)| < 𝐶 exp(−𝑏|𝜏|), 𝑏 > 0.

If, moreover, 𝑏 > 𝜋/2𝜌, then 𝑓(𝑧) ≡ 0.

The assertions of Theorem 1 will follow from the lemmas proved below. Intro-
duce the function

𝑣(𝑧, 𝑥1, 𝑥2) ≡ ∫
∞

0
𝑢(𝑥, 𝑥1, 𝑥2)𝑒𝑥𝑧 𝑑𝑥. (3)

It follows from the conditions of Theorem 1 that 𝑣(𝑧, 𝑥1, 𝑥2), for (𝑥1, 𝑥2) ∈ 𝐷,
is an entire function of the variable 𝑧, satisfying the differential equation

𝜕2𝑣
𝜕𝑥2

1
+ 𝜕2𝑣

𝜕𝑥2
2

+ 𝑧2𝑣 = 𝑢′
𝑥(0, 𝑥1, 𝑥2) − 𝑧𝑢(0, 𝑥1, 𝑥2). (4)

Lemma 1. The function 𝑣(𝑧, 𝑥1, 𝑥2) can be represented in the form

𝑣(𝑧, 𝑥1, 𝑥2) = − ∬
𝐺

𝐾(𝑧, 𝑥1−𝜌1, 𝑥2−𝜌2)[𝑢′
𝑥(0, 𝜌1, 𝜌2)−𝑧𝑢(0, 𝜌1, 𝜌2)] 𝑑𝜌1 𝑑𝜌2+𝑣1(𝑧, 𝑥1, 𝑥2),

(5)

where

𝑣1(𝑧, 𝑥1, 𝑥2) = ∫
𝛾

[𝐾(𝑧, 𝑥1 − 𝑠1, 𝑥2 − 𝑠2) 𝜕
𝜕𝑛𝑣(𝑧, 𝑠1, 𝑠2) − 𝑣(𝑧, 𝑠1, 𝑠2) 𝜕

𝜕𝑛𝐾(𝑧, 𝑥1 − 𝑠1, 𝑥2 − 𝑠2)] 𝑑𝑙;
(6)

𝐾(𝑧, 𝛼1, 𝛼2) = 1
4𝜋2 ∫

+∞

−∞
∫ exp(𝑖𝛼1𝜉1 + 𝑖𝛼2𝜉2)

𝜉2
1 + 𝜉2

2 − 𝑧2 𝑑𝜉1 𝑑𝜉2; (7)

𝐺 is the disk referred to in the statement of the theorem (for convenience, its
center is taken to coincide with the origin); 𝛾 is the boundary of 𝐺; 𝑙 is the
length of the arc along 𝛾, and 𝜕/𝜕𝑛 denotes differentiation in the direction of
the exterior normal.

Proof. Consider the Fourier transform of the function 𝑣(𝑧, 𝑥1, 𝑥2)

̃𝑣(𝑧, 𝜉1, 𝜉2) ≡ ∬
𝐺

𝑣(𝑧, 𝑥1, 𝑥2) exp(−𝑖𝑥1𝜉1 − 𝑖𝑥2𝜉2) 𝑑𝑥1 𝑑𝑥2.

From (4), by a straightforward calculation we obtain
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̃𝑣(𝑧, 𝜉1, 𝜉2) = 𝜓(𝑧, 𝜉1, 𝜉2)
𝜉2

1 + 𝜉2
2 − 𝑧2 ;

where

𝜓(𝑧, 𝜉1, 𝜉2) = ∬
𝐺

[𝑢′
𝑥(0, 𝑥1, 𝑥2) − 𝑧𝑢(0, 𝑥1, 𝑥2)] exp(−𝑖𝑥1𝜉1 − 𝑖𝑥2𝜉2) 𝑑𝑥1 𝑑𝑥2+

+ ∫
𝛾

[exp(−𝑖𝑥1𝜉1 − 𝑖𝑥2𝜉2) 𝜕𝑣
𝜕𝑛 − 𝑣 𝜕

𝜕𝑛 exp(−𝑖𝑥1𝜉1 − 𝑖𝑥2𝜉2)] 𝑑𝑙.

Applying the inverse Fourier transform and changing the order of integration,
we obtain formula (5).

Lemma 2. On the real axis 𝑧 = 𝜎 we have

|𝑣1(𝜎, 𝑥1, 𝑥2)| < 𝐶 exp { ℎ
𝜋 + 𝜂 𝜎 ln 𝜎} , 𝜎 → ∞.

Proof. From (6) and (7) it is clear that 𝑣1(𝑧, 𝑥1, 𝑥2) grows on the real axis no
faster than 𝑣(𝑧, 𝑥1, 𝑥2); therefore it suffices to estimate the function 𝑣(𝜎, 𝑥1, 𝑥2).
From (1) and (3) we obtain

|𝑣(𝜎, 𝑥1, 𝑥2)| < 𝐶 ∫
∞

0
exp {−𝑎 exp 𝜋 + 𝜂

ℎ 𝑥 + 𝜎𝑥} 𝑑𝑥 = 𝐶Γ ( ℎ𝜎
𝜋 + 𝜂 ) , 𝜎 → ∞.

The required estimate now follows with the aid of Stirling’s formula.

Lemma 3. For the kernel 𝐾(𝑧, 𝛼1, 𝛼2) and its normal derivative on the imagi-
nary axis 𝑧 = 𝑖𝜏 , we have

|𝐾(𝑖𝜏, 𝛼1, 𝛼2)| < 𝐶|𝜏|−1/2𝑒−𝑟|𝜏|, 𝜕
𝜕𝑛𝐾(𝑖𝜏, 𝛼1, 𝛼2) ≤ |𝜏|1/2𝑒−𝑟|𝜏|, (8)

where 𝑟 = √𝛼2
1 + 𝛼2

2, and 𝐶 depends on 𝑟.

Proof. From the easily verified equality

∭
+∞

−∞

exp(𝑖𝛼1𝜉1 + 𝑖𝛼2𝜉2 + 𝑖𝛽𝜏)
𝜉2

1 + 𝜉2
2 + 𝜏2 𝑑𝜉1 𝑑𝜉2 𝑑𝜏 = 2𝜋2

√𝛼2
1 + 𝛼2

2 + 𝛽2

it follows that 𝐾(𝑖𝜏, 𝛼1, 𝛼2) can be represented in the form
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𝐾(𝑖𝜏, 𝛼1, 𝛼2) ≡ 𝐾(𝑖𝜏, 𝑟) = 1
4𝜋 ∫

+∞

−∞

exp(𝑖𝛽𝜏)
√𝑟2 + 𝛽2

𝑑𝛽. (9)

If cuts are made from 𝑖𝑟 to 𝑖∞ and from −𝑖𝑟 to −𝑖∞, then integration along
the real axis in formula (9) may be replaced by integration along the shores of
the upper cut for 𝜏 > 0 and by integration along the shores of the lower cut for
𝜏 < 0. We obtain

|𝐾(𝑖𝜏, 𝑟)| = 1
2𝜋 ∫

∞

𝑟

exp(−𝑠|𝜏|)√
𝑠2 − 𝑟2 𝑑𝑠 = 1

2𝜋 ∫
∞

1

exp(−𝑡𝑟|𝜏|)√
𝑡2 − 1

𝑑𝑡.

Representing this integral as the sum of integrals over the intervals (1, 2) and
(2, ∞), we obtain the first of estimates (8). To obtain the second estimate, we
write

∣𝜕𝐾
𝜕𝑛 ∣ = ∣𝜕𝐾

𝜕𝑟 ∣ ∣ 𝜕𝑟
𝜕𝑛∣ ≤ ∣𝜕𝐾

𝜕𝑟 ∣

and differentiate with respect to 𝑟 under the integral sign.

Lemma 4. On the imaginary axis 𝑧 = 𝑖𝜏 , for the function 𝑣1(𝑧, 𝑥1, 𝑥2) we have

|𝑣1(𝑖𝜏, 𝑥1, 𝑥2)| < 𝐶|𝜏|1/2 exp {−|𝜏| (ℎ
2 − √𝑥2

1 + 𝑥2
2)} .

Proof. From the definition of 𝑣(𝑧, 𝑥1, 𝑥2) by formula (3) it follows that

|𝑣(𝑖𝜏 , 𝑥1, 𝑥2)| < 𝐶;

therefore it is enough, for 𝑧 = 𝑖𝜏 , to estimate the double integral appearing
on the right-hand side of equality (5). The required result follows immediately
from formula (6) and estimates (8).

Proof of Theorem 1. We now subject 𝑥1 and 𝑥2 to the condition

√𝑥2
1 + 𝑥2

2 < 𝜀 < ℎ
2

𝜂
𝜋 + 𝜂 .

We shall have

ℎ
2 − √𝑥2

1 + 𝑥2
2 > 𝜋

2
ℎ

𝜋 + 𝜂 .

Together with the results of Lemmas 2 and 4, this means that, for 𝑥2
1 + 𝑥2

2 < 𝜀2,
𝑣1(𝑧, 𝑥1, 𝑥2) satisfies all the conditions of the auxiliary theorem formulated above
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(the fulfillment of the first of conditions (2) follows from the result of Lemma
2, since 𝑣1(𝑧, 𝑥1, 𝑥2), obviously, grows no faster on the real axis). Therefore, for
𝑥2

1 + 𝑥2
2 < 𝜀2 we shall have 𝑣1(𝑧, 𝑥1, 𝑥2) ≡ 0, whence it follows that

𝑣(𝑧, 𝑥1, 𝑥2) =

= − ∬
𝐺

𝐾(𝑧, 𝑥1 − 𝑝1, 𝑥2 − 𝑝2) [𝑢′
𝑥(0, 𝑝1, 𝑝2) − 𝑧𝑢(0, 𝑝1, 𝑝2)] 𝑑𝑝1 𝑑𝑝2.

Inverting the Laplace transform (3), we obtain from this

𝑢(𝑥, 𝑥1, 𝑥2) = 1
4𝜋 ∬

𝐺
[𝜕𝑢

𝜕𝑛(0, 𝑝1, 𝑝2)1
𝑟 − 𝑢(0, 𝑝1, 𝑝2) 𝜕

𝜕𝑛 (1
𝑟 )] 𝑑𝑝1 𝑑𝑝2. (10)

Here

𝑟 = √𝑥2 + (𝑥1 − 𝑝1)2 + (𝑥2 − 𝑝2)2, 𝜕
𝜕𝑛 = − 𝜕

𝜕𝑥

and 𝑥2
1 + 𝑥2

2 < 𝜀2. By the uniqueness theorem for harmonic functions, equality
(10) will be valid in the entire cylinder (𝑥1, 𝑥2) ∈ 𝐺, 0 ≤ 𝑥 < ∞.

We pass to the final stage of the proof. Denote by 𝑆 the lateral surface of the
cylinder (𝑥1, 𝑥2) ∈ 𝐺, 0 ≤ 𝑥 < ∞. Then, according to

by the well-known formula, for any point 𝐴(𝑥, 𝑥1, 𝑥2) we have:

1
4𝜋 ∬

𝐺+𝑆
(𝜕𝑢

𝜕𝑛
1
𝑟 − 𝜕

𝜕𝑛 (1
𝑟 ) 𝑢) 𝑑𝜎 = {𝑢(𝐴) (the point 𝐴 is inside the cylinder),

0 (the point 𝐴 is outside the cylinder).
(11)

Comparing (10) and (11), we find that

∬
𝑆

(𝜕𝑢
𝜕𝑛

1
𝑟 − 𝜕

𝜕𝑛 (1
𝑟 ) 𝑢) 𝑑𝜎 = 0,

if the point 𝐴 is inside the cylinder. But this integral represents a function
harmonic everywhere outside 𝑆, and therefore it is identically equal to zero.
Now it follows from (11) that the integral on the right-hand side of (10) is equal
to zero for all points external to the cylinder, and consequently it is identically
equal to zero. This observation proves our theorem.

Let us note that the constant 𝜋/ℎ found is exact for many domains 𝐷 (for
example, for a rectangle, a disk, a semicircle). Namely, following (3), we shall
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call the width of the smallest strip containing 𝐷 the outer width 𝐻 = 𝐻(𝐷) of
the domain 𝐷. The diameter of the largest disk ℎ = ℎ(𝐷) that can be placed
in the domain 𝐷 will be called the inner width of the domain 𝐷.

Theorem 2. For domains with equal outer and inner width, the constant
𝜋/ℎ(𝐷) is sharp.

Proof. Without loss of generality, one may suppose that the smallest strip
containing the domain 𝐷 is bounded by the lines 𝑥1 = ±𝐻/2. Consider the
harmonic function

𝑢(𝑥, 𝑥1, 𝑥2) = Re {exp (− exp 𝜋 − 𝜀
𝐻 (𝑥 + 𝑖𝑥1))} .

We have

|𝑢(𝑥, 𝑥1, 𝑥2)| = exp {− cos 𝜋 − 𝜀
𝐻 𝑥1 ⋅ exp 𝜋 − 𝜀

𝐻 𝑥} .

For |𝑥1| < 𝐻/2 and any 𝜀 > 0 we shall have

cos 𝜋 − 𝜀
𝐻 𝑥1 > cos 𝜋 − 𝜀

2 = 𝑎𝜀,

i.e.

|𝑢(𝑥, 𝑥1, 𝑥2)| < exp {−𝑎𝜀 exp 𝜋 − 𝜀
𝐻 𝑥} .

For domains where 𝐻(𝐷) ≠ ℎ(𝐷) (for example, for a triangle), the question of
the exact constant remains unresolved.

The authors express their gratitude to M. A. Evgrafov for posing the problem
and for consultation.

Received
16 IV 1963
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