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MATHEMATICS
Yu. A. BRUDNYI

A GENERALIZATION OF A THEOREM OF A.
F. TIMAN

(Presented by Academician S. N. Bernstein on 20 VII 1962)

1°. For approximations of functions, defined on a finite interval, by algebraic
polynomials, the following theorem of A. F. Timan is known ((°), see also (%, §
5.2), which is a strengthening of the classical Jackson theorem:

If f(z) has on [—1,1] a continuous derivative of order r, then for every integer
n > r there exists an algebraic polynomial P, (x) of degree < n such that

(@) — Py ()] < 4, (1‘”” + 1) wy (f“); vi—a?, 1) G

n n? n n2

—1<x<1;

i

A, depends only on 7.

This theorem, connected with the presence of corner points on the interval, was
developed in a number of works in various directions. V. K. Dzyadyk (%) and G.
Freud (Y) obtained an analogous result for classes of functions with a prescribed
second modulus of smoothness of the r-th derivative. In work (%) result (1)
was generalized to the case of approximation on a finite system of intervals.
Analogous features arising in passing to approximation by entire functions on
one or two infinite intervals were discovered in papers by the author (?) and by
R. M. Trigub (7).

In the present work all the results indicated above on approximation by algebraic
polynomials are generalized to classes of functions with arbitrarily prescribed
differential-difference properties.

Let, for a function f(z) defined on [a, b],

w,(f;t) = sup sup |A} f(z)]

a<z<b |h|<t

be the r-th modulus of smoothness, and
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E, (f;a,b) =inf sup

Ck a<z<b

Theorem 1. For every bounded function f(x), defined on [—1,1], for any
natural v and n > r — 1, there exists an algebraic polynomial P, (x) of degree
<n such that

(2)

n2

where A, is a constant depending only on r.

Remark 1. If f(x) has a bounded k-th derivative, then
wr(f; t) < tkwrfk(f%); t)

Therefore Timan’ s and Dzyadyk—Freud’ s theorems follow directly from inequal-
ity (2).
Theorem 2. Let a bounded function f(x) be defined on the set

K =

J

[a;,b;] and A(x) = ’
1

for x € [a;, 0] (=1,2,...,p).

p 24/(b; —x)(z — ay)

b —a;

Then, for any natural numbers r and n > r — 1, there exists an algebraic
polynomial P, (z) of degree < n such that

f(2) — Py(2)] < A(K) w, (f; M) | ) , 3)

where A, (K) depends only on r and K.

Remark 2. By virtue of Remark 1, Theorem 2 implies the author’ s result
noted above (3).

Theorem 3. Let f(x) be a bounded function defined on [0,1]. Then, for any
natural numbers r and n > r — 1,

B0 < B, (£ ). @

where B, depends only on 7.
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Remark 3. Theorem 3 does not follow from Theorem 1, since B, = o(A,) as
T — 00.

The following theorem shows that functions whose differential-difference prop-
erties deteriorate near the endpoints of the interval can be approximated more
accurately than in Theorem 3.

Theorem 4. Suppose that, under the conditions of Theorem 3, for some natural
number r,

|AZ" f(z)| < @1 [P (x)] for 0 <a; x+2rh <1,

|AZ"f(z)] < pp(6)  for0<ax <6, [h| <6

Here ¢, and ¢, are monotonically increasing to +oo functions, while ¢ (z) > 0
and tends to co as  — +0. Denote by ¢, the (unique) root of the equation

pr[n2P(E2)] = o (7).

Then, for n > 2r — 1, we have

To illustrate Theorem 4, let us give the following example. Let f(z) = zP sina ™9,
p > 0,q > 0. It can be shown that (4) gives E,, (f;0,1) < Apyqn’p/“”l), whereas
the application of (5) gives E,,(f;0,1) < prqn’zp/@‘frl). The latter inequality
is order-sharp.

2°. Let us outline the proofs of the formulated theorems. Let T, = {I,}"*]
(R, = {I,}"*]) be the Chebyshev (uniform) partition of the interval, i.e.

I, =[cosb,,cosb, ] (: [V_ 1, K]) )

n n

— 1
where 0, = uw. Let
n

r—1
Iy,r = U Iu+s'
s=0

Theorems 1, 3, and 4 are obtained from the following assertion (and Whitney’
s theorem (8)):

Theorem 5. For every function f(x) bounded on [—1, 1] and for every n > r—1,
there exists an algebraic polynomial Py (f;x) of degree N < 3(n+ 1)r such that

sovietrxiv.org/items/ru-196301.64350 Machine Translation


https://sovietrxiv.org/items/ru-196301.64350

n—r+2

[f(@) = Py(fio)| <A, Y B, y(fil,,) @, (t—6,). (6)

v=1

Here @g")(sc) = (1 + n|z|)~®, t = arccosxz. The constant A, for Chebyshev
(uniform) approximation is

< Ay (%)2”1 (< Agrm™n).

For the proof we shall need some auxiliary results. Let S = {[z,,z,.,]}"*] be
an arbitrary partition of the interval [—1,1]; L{a,, ..., a,,](f) is the Lagrange
interpolation polynomial, po-

constructed for the function f(z) at the points ay,...,a, ., and f(ay,...,a, )
is the r-th divided difference of f(z) at the same points. Let

Lg>(f,$) d:ef L[xw"'axuqtrfl](f)? fOI'IZZE [xwxv+1]7 V:1,...,77,*7’+2,
L[xnfr+27 Tt $n+1](f)v for x € [xn7r+2v$n+1]'

Then the following is true.
Lemma 1. The identity holds

n—r+1

LO(fi) =P y(@)+ D ap (D), —1<z<1, ()

v=1
Where Pr—l(x) = L[xh 7xr](f>7 al/+1(f) = (zu+1 - xu)f(xw cee zu—o—r)a

ba(@) = S0+ sgley — )} [J — 2,0,

s=1

We shall also need the following.

Lemma 2. Let

1
x(60;t) = 5{1 + sgn|cos § — cost]}.

Then for every natural number n there exists a trigonometric polynomial
KN(0,t) of degree N < 2mn such that

X(0;1) — Ky (6;0)] < 72105 (6 —1). ®)
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We proceed to the proof of Theorem 5. Put S = R,,(=T,,) in Lemma 1. Then
we have

F(@) = LG (i) < A )1 (Fi Lo ) (©)
where v(z) is such that z € I,

Next, by the definition of [, (z), we have

r—1

I, 1(cost) =x(0,.;t) H(cost —cosb,_ ).
s=1

Therefore, with the aid of Lemma 2 we obtain

r—1
sin "4,
|1, (cost) — Ky, ()] < AQ(T)Tlﬂ‘Pw(@y —1),
where
r—1
Ky, () = 015 H cost —cosf,,,)
s=1

is an even algebraic polynomial of degree N; < 3(n+ 1)r. We now consider the
even trigonometric polynomial

n—r+1
Ky (f;t) = P,_y(cost) + Z ay 1 (KN, yi1(t).
v=1

Taking into account that

nrfl
lay1(F) < A3(r)—=——E,_1(f; L),
sin' " 0,4

we obtain

n—r+1
|L f7COSt) KNl(fv | <A4 Z E ’ ur r+2(9 _t) (10)

The theorem follows from (9) and (10).

Theorem 2 is obtained from Theorem 1 and the following lemma.
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Lemma 3. Let I, = [a,,b,], s = 1,2,3, be nonintersecting intervals, and let

LRI

Q,,(x) be a polynomial of degree n such that |Q,,(x)| < M for z € I, (I, is the
middle interval). Then there exists a polynomial R(z) of degree 4sn such that

Qu (@) — R(2)| < AMp" for a € I,

|R(z)] < AMp™ for xz € I, U I5.
Here A > 0, the natural number s, and 0 < p < 1 depend only on a,b,,
s=1,2,3.

Proof. By S. N. Bernstein’ s inequality (see [1], p. 21) we have |Q,,(z)| < MI™
for x € I; UI;, where [ > 1 depends only on a, b,, s = 1,2,3. Moreover, it is not

87787

difficult to construct a polynomial S(z) of degree 4n such that |1 —S(z)| < Ar™
for x € I, and |S(z)| < Ar™ for x € I, U I3, where A > 0 and 0 < r < 1 depend
only on a,,b, (s =1,2,3).

LR

For example, one may put

2x — b, —a by + ay — 2z
S(z) = P 1 2\ p( L2 3
(z) <2M—b1—a2> <2N—b2—a3 ’
where

M = max{2b; — b, —ay, by +ay —2a,},

N == {2b3 - a/3 - b2, b2 + ag - 2@1},

P(z) =g / 1= (x— 1)) dt,
0

and g is such that P(1) = 1. If s is the least integer such that Ir® < 1, then the
required polynomial is
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