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Abstract
Full Text

MATHEMATICS
Yu. A. BRUDNYI

A GENERALIZATION OF A THEOREM OF A.
F. TIMAN
(Presented by Academician S. N. Bernstein on 20 VII 1962)

1°. For approximations of functions, defined on a finite interval, by algebraic
polynomials, the following theorem of A. F. Timan is known ((5), see also (6, §
5.2), which is a strengthening of the classical Jackson theorem:

If 𝑓(𝑥) has on [−1, 1] a continuous derivative of order 𝑟, then for every integer
𝑛 > 𝑟 there exists an algebraic polynomial 𝑃𝑛(𝑥) of degree ≤ 𝑛 such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐴𝑟 (
√

1 − 𝑥2

𝑛 + 1
𝑛2 )

𝑟

𝜔1 (𝑓 (𝑟);
√

1 − 𝑥2

𝑛 + 1
𝑛2 ) , (1)

−1 ≤ 𝑥 ≤ 1;
𝐴𝑟 depends only on 𝑟.

This theorem, connected with the presence of corner points on the interval, was
developed in a number of works in various directions. V. K. Dzyadyk (4) and G.
Freud (9) obtained an analogous result for classes of functions with a prescribed
second modulus of smoothness of the 𝑟-th derivative. In work (3) result (1)
was generalized to the case of approximation on a finite system of intervals.
Analogous features arising in passing to approximation by entire functions on
one or two infinite intervals were discovered in papers by the author (2) and by
R. M. Trigub (7).

In the present work all the results indicated above on approximation by algebraic
polynomials are generalized to classes of functions with arbitrarily prescribed
differential-difference properties.

Let, for a function 𝑓(𝑥) defined on [𝑎, 𝑏],

𝜔𝑟(𝑓; 𝑡) = sup
𝑎≤𝑥≤𝑏

sup
|ℎ|≤𝑡

|Δ𝑟
ℎ𝑓(𝑥)|

be the 𝑟-th modulus of smoothness, and
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𝐸𝑛(𝑓; 𝑎, 𝑏) = inf
𝑐𝑘

sup
𝑎≤𝑥≤𝑏

∣𝑓(𝑥) −
𝑛

∑
𝑘=0

𝑐𝑘
𝑘𝑥∣ .

Theorem 1. For every bounded function 𝑓(𝑥), defined on [−1, 1], for any
natural 𝑟 and 𝑛 ≥ 𝑟 − 1, there exists an algebraic polynomial 𝑃𝑛(𝑥) of degree
≤ 𝑛 such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐴𝑟𝜔𝑟 (𝑓;
√

1 − 𝑥2

𝑛 + 1
𝑛2 ) , (2)

where 𝐴𝑟 is a constant depending only on 𝑟.

Remark 1. If 𝑓(𝑥) has a bounded 𝑘-th derivative, then

𝜔𝑟(𝑓; 𝑡) ≤ 𝑡𝑘𝜔𝑟−𝑘(𝑓 (𝑘); 𝑡).

Therefore Timan’s and Dzyadyk—Freud’s theorems follow directly from inequal-
ity (2).

Theorem 2. Let a bounded function 𝑓(𝑥) be defined on the set

𝐾 =
𝑝

⋃
𝑗=1

[𝑎𝑗, 𝑏𝑗] and 𝜆(𝑥) =
2√(𝑏𝑗 − 𝑥)(𝑥 − 𝑎𝑗)

𝑏𝑗 − 𝑎𝑗
for 𝑥 ∈ [𝑎𝑗, 𝑏𝑗] (𝑗 = 1, 2, … , 𝑝).

Then, for any natural numbers 𝑟 and 𝑛 ≥ 𝑟 − 1, there exists an algebraic
polynomial 𝑃𝑛(𝑥) of degree ≤ 𝑛 such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐴𝑟(𝐾) 𝜔𝑟 (𝑓; 𝜆(𝑥)
𝑛 + 1

𝑛2 ) , (3)

where 𝐴𝑟(𝐾) depends only on 𝑟 and 𝐾.

Remark 2. By virtue of Remark 1, Theorem 2 implies the author’s result
noted above (3).

Theorem 3. Let 𝑓(𝑥) be a bounded function defined on [0, 1]. Then, for any
natural numbers 𝑟 and 𝑛 ≥ 𝑟 − 1,

𝐸𝑛(𝑓; 0, 1) ≤ 𝐵𝑟𝜔𝑟 (𝑓; 1
𝑛 + 1) , (4)

where 𝐵𝑟 depends only on 𝑟.
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Remark 3. Theorem 3 does not follow from Theorem 1, since 𝐵𝑟 = 𝑜(𝐴𝑟) as
𝑟 → ∞.

The following theorem shows that functions whose differential-difference prop-
erties deteriorate near the endpoints of the interval can be approximated more
accurately than in Theorem 3.

Theorem 4. Suppose that, under the conditions of Theorem 3, for some natural
number 𝑟,

|Δ2𝑟
ℎ 𝑓(𝑥)| ≤ 𝜑1[ℎ2𝜓(𝑥)] for 0 < 𝑥; 𝑥 + 2𝑟ℎ ≤ 1,

|Δ2𝑟
ℎ 𝑓(𝑥)| ≤ 𝜑2(𝛿) for 0 ≤ 𝑥 ≤ 𝛿, |ℎ| ≤ 𝛿.

Here 𝜑1 and 𝜑2 are monotonically increasing to +∞ functions, while 𝜓(𝑥) ≥ 0
and tends to ∞ as 𝑥 → +0. Denote by 𝑡𝑛 the (unique) root of the equation

𝜑1[𝑛−2𝜓(𝑡2)] = 𝜑2(𝑡2).

Then, for 𝑛 ≥ 2𝑟 − 1, we have

𝐸𝑛(𝑓; 0, 1) ≤ 𝐶𝑟𝜑2(𝑡2
𝑛). (5)

To illustrate Theorem 4, let us give the following example. Let 𝑓(𝑥) = 𝑥𝑝 sin 𝑥−𝑞,
𝑝 > 0, 𝑞 ≥ 0. It can be shown that (4) gives 𝐸𝑛(𝑓; 0, 1) ≤ 𝐴𝑝,𝑞𝑛−𝑝/(𝑞+1), whereas
the application of (5) gives 𝐸𝑛(𝑓; 0, 1) ≤ 𝐶𝑝,𝑞𝑛−2𝑝/(2𝑞+1). The latter inequality
is order-sharp.

2∘. Let us outline the proofs of the formulated theorems. Let 𝑇𝑛 = {𝐼𝜈}𝑛+1
𝜈=1

(𝑅𝑛 = {𝐼𝜈}𝑛+1
𝜈=1) be the Chebyshev (uniform) partition of the interval, i.e.

𝐼𝜈 = [cos 𝜃𝜈, cos 𝜃𝜈+1] (= [𝜈 − 1
𝑛 , 𝜈

𝑛]) ,

where 𝜃𝜈 = 𝑛 − 𝜈 + 1
𝑛 𝜋. Let

𝐼𝜈,𝑟 =
𝑟−1
⋃
𝑠=0

𝐼𝜈+𝑠.

Theorems 1, 3, and 4 are obtained from the following assertion (and Whitney’
s theorem (8)):

Theorem 5. For every function 𝑓(𝑥) bounded on [−1, 1] and for every 𝑛 ≥ 𝑟−1,
there exists an algebraic polynomial 𝑃𝑁(𝑓; 𝑥) of degree 𝑁 ≤ 3(𝑛+1)𝑟 such that
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|𝑓(𝑥) − 𝑃𝑁(𝑓; 𝑥)| ≤ 𝐴𝑟

𝑛−𝑟+2
∑
𝜈=1

𝐸𝑟−1(𝑓; 𝐼𝜈,𝑟) Φ(𝑛)
𝑟+2(𝑡 − 𝜃𝜈). (6)

Here Φ(𝑛)
𝑠 (𝑥) = (1 + 𝑛|𝑥|)−𝑠, 𝑡 = arccos 𝑥. The constant 𝐴𝑟 for Chebyshev

(uniform) approximation is

≤ 𝐴0 (𝑟𝜋
𝑒 )

2𝑟+1
(≤ 𝐴0𝜋4𝑟).

For the proof we shall need some auxiliary results. Let 𝑆 = {[𝑥𝜈, 𝑥𝜈+1]}𝑛+1
𝜈=1 be

an arbitrary partition of the interval [−1, 1]; 𝐿[𝑎1, … , 𝑎𝑟+1](𝑓) is the Lagrange
interpolation polynomial, po-

constructed for the function 𝑓(𝑥) at the points 𝑎1, … , 𝑎𝑟+1, and 𝑓(𝑎1, … , 𝑎𝑟+1)
is the 𝑟-th divided difference of 𝑓(𝑥) at the same points. Let

𝐿(𝑟)
𝑆 (𝑓; 𝑥) def= {𝐿[𝑥𝜈, … , 𝑥𝜈+𝑟−1](𝑓), for 𝑥 ∈ [𝑥𝜈, 𝑥𝜈+1], 𝜈 = 1, … , 𝑛 − 𝑟 + 2,

𝐿[𝑥𝑛−𝑟+2, … , 𝑥𝑛+1](𝑓), for 𝑥 ∈ [𝑥𝑛−𝑟+2, 𝑥𝑛+1].

Then the following is true.

Lemma 1. The identity holds

𝐿(𝑟)
𝑆 (𝑓; 𝑥) = 𝑃𝑟−1(𝑥) +

𝑛−𝑟+1
∑
𝜈=1

𝑎𝜈+1(𝑓)𝑙𝜈+1(𝑥), −1 ≤ 𝑥 ≤ 1, (7)

where 𝑃𝑟−1(𝑥) = 𝐿[𝑥1, … , 𝑥𝑟](𝑓), 𝑎𝜈+1(𝑓) = (𝑥𝜈+1 − 𝑥𝜈)𝑓(𝑥𝜈, … , 𝑥𝜈+𝑟),

𝑙𝜈+1(𝑥) = 1
2{1 + sgn[𝑥𝜈+1 − 𝑥]}

𝑟−1
∏
𝑠=1

(𝑥 − 𝑥𝜈+𝑠).

We shall also need the following.

Lemma 2. Let

𝜒(𝜃; 𝑡) = 1
2{1 + sgn[cos 𝜃 − cos 𝑡]}.

Then for every natural number 𝑛 there exists a trigonometric polynomial
𝐾𝑁(𝜃, 𝑡) of degree 𝑁 ≤ 2𝑚𝑛 such that

|𝜒(𝜃; 𝑡) − 𝐾𝑁(𝜃; 𝑡)| ≤ 𝜋2𝑚−1Φ(𝑛)
2𝑚−1(𝜃 − 𝑡). (8)
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We proceed to the proof of Theorem 5. Put 𝑆 = 𝑅𝑛(= 𝑇𝑛) in Lemma 1. Then
we have

|𝑓(𝑥) − 𝐿(𝑟)
𝑆 (𝑓; 𝑥)| ≤ 𝐴1(𝑟)𝐸𝑟−1(𝑓; 𝐼𝜈(𝑥),𝑟), (9)

where 𝜈(𝑥) is such that 𝑥 ∈ 𝐼𝜈(𝑥).

Next, by the definition of 𝑙𝜈(𝑥), we have

𝑙𝜈+1(cos 𝑡) = 𝜒(𝜃𝜈+1; 𝑡)
𝑟−1
∏
𝑠=1

(cos 𝑡 − cos 𝜃𝜈+𝑠).

Therefore, with the aid of Lemma 2 we obtain

|𝑙𝜈(cos 𝑡) − 𝐾𝑁1,𝜈(𝑡)| ≤ 𝐴2(𝑟) sin𝑟−1 𝜃𝜈+1
𝑛𝑟−1 Φ(𝑛)

𝑟+2(𝜃𝜈 − 𝑡),

where

𝐾𝑁1,𝜈+1(𝑡) = 𝐾𝑁(𝜃𝜈+1; 𝑡)
𝑟−1
∏
𝑠=1

(cos 𝑡 − cos 𝜃𝜈+𝑠)

is an even algebraic polynomial of degree 𝑁1 ≤ 3(𝑛 + 1)𝑟. We now consider the
even trigonometric polynomial

𝐾𝑁1
(𝑓; 𝑡) = 𝑃𝑟−1(cos 𝑡) +

𝑛−𝑟+1
∑
𝜈=1

𝑎𝜈+1(𝑓)𝐾𝑁1,𝜈+1(𝑡).

Taking into account that

|𝑎𝜈+1(𝑓)| ≤ 𝐴3(𝑟) 𝑛𝑟−1

sin𝑟−1 𝜃𝜈+1
𝐸𝑟−1(𝑓; 𝐼𝜈,𝑟),

we obtain

|𝐿(𝑟)
𝑆 (𝑓; cos 𝑡) − 𝐾𝑁1

(𝑓; 𝑡)| ≤ 𝐴4(𝑟)
𝑛−𝑟+1
∑
𝜈=1

𝐸𝑟−1(𝑓; 𝐼𝜈,𝑟)Φ(𝑛)
𝑟+2(𝜃𝜈 − 𝑡). (10)

The theorem follows from (9) and (10).

Theorem 2 is obtained from Theorem 1 and the following lemma.
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Lemma 3. Let 𝐼𝑠 = [𝑎𝑠, 𝑏𝑠], 𝑠 = 1, 2, 3, be nonintersecting intervals, and let
𝑄𝑛(𝑥) be a polynomial of degree 𝑛 such that |𝑄𝑛(𝑥)| ≤ 𝑀 for 𝑥 ∈ 𝐼2 (𝐼2 is the
middle interval). Then there exists a polynomial 𝑅(𝑥) of degree 4𝑠𝑛 such that

|𝑄𝑛(𝑥) − 𝑅(𝑥)| ≤ 𝐴𝑀𝜌𝑛 for 𝑥 ∈ 𝐼2,

|𝑅(𝑥)| ≤ 𝐴𝑀𝜌𝑛 for 𝑥 ∈ 𝐼1 ∪ 𝐼3.

Here 𝐴 > 0, the natural number 𝑠, and 0 < 𝜌 < 1 depend only on 𝑎𝑠, 𝑏𝑠,
𝑠 = 1, 2, 3.

Proof. By S. N. Bernstein’s inequality (see [1], p. 21) we have |𝑄𝑛(𝑥)| < 𝑀𝑙𝑛
for 𝑥 ∈ 𝐼1 ∪𝐼3, where 𝑙 > 1 depends only on 𝑎𝑠, 𝑏𝑠, 𝑠 = 1, 2, 3. Moreover, it is not
difficult to construct a polynomial 𝑆(𝑥) of degree 4𝑛 such that |1−𝑆(𝑥)| < 𝐴𝑟𝑛

for 𝑥 ∈ 𝐼2 and |𝑆(𝑥)| < 𝐴𝑟𝑛 for 𝑥 ∈ 𝐼1 ∪ 𝐼3, where 𝐴 > 0 and 0 < 𝑟 < 1 depend
only on 𝑎𝑠, 𝑏𝑠 (𝑠 = 1, 2, 3).
For example, one may put

𝑆(𝑥) = 𝑃 ( 2𝑥 − 𝑏1 − 𝑎2
2𝑀 − 𝑏1 − 𝑎2

) 𝑃 ( 𝑏2 + 𝑎3 − 2𝑥
2𝑁 − 𝑏2 − 𝑎3

) ,

where

𝑀 = max{2𝑏3 − 𝑏1 − 𝑎2, 𝑏1 + 𝑎2 − 2𝑎1},

𝑁 = {2𝑏3 − 𝑎3 − 𝑏2, 𝑏2 + 𝑎3 − 2𝑎1},

𝑃 (𝑥) = 𝑔 ∫
1

0
[1 − (𝑥 − 𝑡)2]𝑛 𝑑𝑡,

and 𝑔 is such that 𝑃(1) = 1. If 𝑠 is the least integer such that 𝑙𝑟𝑠 < 1, then the
required polynomial is

𝑅(𝑥) = 𝑄𝑛(𝑥)[𝑆(𝑥)]𝑠.

Received
12 VII 1962
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