Soviet-era science, translated into English

MATHEMATICS

V. P. PALAMODOV

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.63565

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.63565

Abstract
Full Text

MATHEMATICS

V. P. PALAMODOV

ON SYSTEMS OF DIFFERENTIAL EQUA-
TIONS WITH CONSTANT COEFFICIENTS

(Presented by Academician I. G. Petrovsky, 12 VII 1962)

In the theory of equations with constant coefficients, the questions relating to
a single equation with one unknown function and to a square system of equa-
tions reducible to it, with determinant different from identically zero, have by
now been studied in considerable detail. In particular, the “global” theory for
such equations is close to completion, i.e. the totality of problems concerning
solvability, the general form, local properties, etc. of solutions of these equa-
tions outside any boundary-value problems. At the same time, very little is
known about general systems of equations, including “underdetermined” and
“overdetermined” systems.

In the present note we shall deal with transferring the “global” theory to such
systems; namely, we shall formulate theorems on solvability and the general form
of solutions of general systems. This problem, as in the case of one equation,
splits into two essentially quite different problems: solvability and the general
form of solutions of systems in spaces of (ordinary or generalized) functions
with growth less than exponential, and in spaces in which exponential growth
is allowed.

The first problem was studied in (?). A criterion for the solvability of general
systems of equations in the space S’ (with right-hand sides from the same space)
was found in (*), and also, in a dual formulation, in () for arbitrary spaces of
functions of power growth. In (?) the general form of solutions of systems in
such spaces is also given.

For spaces in which exponential growth is allowed, solutions of these problems
were first formulated by L. Ehrenpreis (); however, his formulation of the the-
orem on the general form of solutions of systems turned out to be incorrect.
Recently a number of results in this direction were obtained independently by
B. Malgrange and by the author. We shall now formulate the theorems obtained
by us on solvability and on the general form of solutions of general systems in
spaces in which exponential growth is allowed.
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Let us write a general system of linear equations with constant coefficients:

p11(D)uy + -+ pp,, (D)u, = wy,
(1)

Pr1(D)uy + -+ + Py (D), = wy,.

Here D = (i9/0xy,...,10/0x,,), and the p;; are polynomials. We shall denote
by p(D) the matrix of operators; for convenience put u = (uq,...,u,,), W =
(wq,...,wy). We shall choose the right-hand sides and seek solutions in the
spaces ® of the following collection: the spaces Sg/ and £, 0<a <1,0<
B < oo, of generalized, respectively infinitely differentiable, functions defined
in the whole space with various growth conditions at infinity (see (%%)); the
spaces Sg/(Q) and 55 (), 1 < B < oo, of generalized, respectively infinitely
differentiable, functions defined in an arbitrary open convex domain ) (see
(1))

All the results that we shall formulate are equally applicable to any of these
spaces.

The product of ¢ copies of the space ® will be denoted by [®]9.

Let us first consider the question of the solvability of system (1). We note that,
in order for system (1) to be solvable, it is necessary that every linear relation
with coefficients of the form ¢, (D), ..., ¢, (D), where ¢y, ..., q; are polynomials,
which holds between the rows of the matrix p(D), should also hold between the
right-hand sides w. The converse is also true.

Theorem 1. For the solvability in [®]™ of system (1) with w € [®]*, it is
necessary and sufficient that, for any operators q,(D), ..., q,(D) with constant
coefficients such that ) q;p;; = 0 for every j, the relation ) q;w; = 0 be satisfied.

It is known from algebra that, in order to verify the fulfillment of this condition,
it is enough to use a finite number of suitably chosen vectors gy, ..., .

A special case of this theorem, concerning one equation and the space D’ of all
generalized functions of finite order, was obtained as early as 1953 by Malgrange
(1) and Ehrenpreis (?).

For the space &y(€2) of infinitely differentiable functions in an arbitrary convex
domain 2, a somewhat different solvability criterion was obtained independently
by Malgrange (°).

We now pass to the problem of describing the general form of the solutions of
(1) with w = 0. We note that this problem reduces to its special case concerning
a system of equations with one unknown function

pr(D)u = = p(Dju =0, (2)
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Moving in (1) the terms with us, ..., u,, to the right-hand side and considering
the resulting equations as equations with respect to u;, we apply to them the
solvability criterion described in Theorem 1. We obtain a finite system of equa-
tions with respect to u,,...,u,,. Knowing the general form of the solutions of
this system, we can find the general solution of system (1). Indeed, for every
solution (ug,...,u,,) of the new system we can, by Theorem 1, find a function
u; such that the row u = (uq, ..., u,, ) satisfies (1); moreover, the general form of
such functions w; is the sum of a particular solution u; and the general solution
of a system of the form (2) with p, =p,;, ¢ =1, ..., k. With the new system we
can carry out the same operation, singling out the function u,, and so on.

Thus, let us consider system (2). Performing the Fourier transform, we arrive
at the system

pi(s)li = =py(s)i =0 3)
in the dual space $. For all spaces ¢ that we consider here, d is the space
of entire functions ¢ of n variables s = (sq,...,s,) satisfying the system of
inequalities

lp(s)| < ¢y oMo (2), (4)

where {M_ (z)} is a certain (depending on ®), generally speaking uncountable,
family of positive functions.

Let p be the polynomial ideal generated by the polynomials p,,...,p., and let
p = q,N--Nq, be its representation as an intersection of primary ideals. For each
ideal q,, we can choose a splitting of the variables s into two groups s = (& 1w nu)
such that, for every subspace of the form 7, = 172, the ideal qu(nﬂ), formed
by the restrictions to this subspace of polynomials belonging to q,,, is a zero-
dimensional ideal.

The well-known theorem of Max Noether asserts that, in order that a polynomial
f(&,) belong to the zero-dimensional ideal q #(772), it is necessary and

it is sufficient that at each root 52 of this ideal a finite number of linear relations
be satisfied among the derivatives f(§,,). The meaning of these conditions is that
the polynomial f({,) must be a linear combination of polynomials belonging to
q,, (1), with coefficients that are formal power series in £, —&). These conditions
can be written in the form of the vanishing, at the point fg, of a certain finite
collection of differential operators applied to f(§ #). The number and orders of
these operators are bounded at all points s = ( 2, 772) belonging to the variety
N, of the roots of the ideal q,. We shall call these operators Noetherian and
denote them by d!,(s°, D), |i| <o, p=1,...,p.

It is clear that every exponential polynomial which is the Fourier transform of

a functional of the form d/,(s% D)d(s —s°), s € N, is a solution of (1). Indeed,
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every functional of this form vanishes on the ideal p, and consequently on all
functions of the form pyp; + - + PrYr, Y155 P% € ®’, and thus satisfies the
system (3). It turns out that the converse is also true: every solution of the
system (2) can be composed from such exponential polynomials.

It can be shown that if we discard from the variety N, a sufficiently large
neighborhood of the set of its singular points, then on the remaining set N 2 ,
under a proper normalization of the Noetherian operators, their coefficients will
be rational functions with moduli growing no faster than a certain power of
|s|+1. Thus, for any function ¢ € ®’, the functions d,(s, D)¢(s) on the set N}
satisfy estimates of the form (4).

Theorem 2. The general form of the solutions of the system (2) is given by
the equality

(p) =3 /N s DB (), g e,

(278 ©

where d/\z (s) are arbitrary measures concentrated on Ng and defining continuous
functionals on &', i.e. such that J M, (s)|dXi,(s)] < oo for all a.

This theorem generalizes and refines analogous results (7, 1°) concerning a single
equation. Malgrange in (°) independently obtained the following result: every
solution of (2) in the space D’ (2) of generalized functions of finite order, concen-
trated in an arbitrary convex domain §2, is the Fourier transform of a functional
of finite order concentrated on the variety N, = Uu N,, of common roots of the
polynomials py,...,p,. However, as is clear from Theorem 2, not every such
functional is the Fourier transform of a solution of the system (2).

Let us note that in the general case we cannot construct a system of Noethe-
rian operators with constant coefficients, as is asserted in essence in (*). This
can be verified from the following example: n = 3, p,(s) = s7, py(s) = s3,
p3(s) = 8351 — 85, N, is the s3-axis. We may put, for example, d(s,D) = 1,
d(s, D) = 0/0s, +830/0s,. Any other system of Noetherian operators consists
of combinations of these operators and, consequently, contains operators with
variable coeflicients.

The theorems formulated allow one to carry over to arbitrary systems many
results known for a single equation, in particular, to investigate questions of hy-
poellipticity and hyperbolicity of such systems. The role which, for one equation,
is played by the variety of roots

of the corresponding polynomial, for the system (1), will be played by the union
of the varieties N, corresponding to all systems of the form (2) obtained in the
course of the transformation of the system (1) described above, or, what is the
same thing, the variety N on which the rank of the matrix p(s) is less than the
number of unknown functions.
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In this note we shall only observe that all the results of (®) concerning a single
equation carry over to the general system if we replace the variety of roots of
the corresponding polynomial by the variety N (moreover, in the formulations
of the theorems of (%), the restriction o > 0 may even be replaced by « > 0).

In conclusion, the author expresses his gratitude to B. Malgrange for providing
the opportunity to become acquainted with his work (°) before its publication.
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named after M. V. Lomonosov

Received
4 VII 1962

References

1 B. Malgrange, C. R., 237, 1620 (1953).

2 L. Ehrenpreis, Am. J. Math., 76, No. 4, 883 (1954).

3 L. Ehrenpreis, The Fundamental Principle and Some of its Applications, War-
saw Conference on Functional Analysis (in print).

4 B. Malgrange, Division des distributions. Séminaire Schwartz, 1959/1960,
No. 21—24; Séminaire Bourbaki, 1959/60, No. 203.

5 B. Malgrange, Coll. Intern. du Centre Nat. de Rech. Sci., Paris, 1962.

6 1. M. Gel'fand, G. E. Shilov, Spaces of Basic and Generalized Functions,
Moscow, 1958.

7 V. P. Palamodov, DAN, 137, No. 4, 774 (1961).

8 V. P. Palamodov, DAN, 140, No. 5, 1015 (1961).

9 V. P. Palamodov, DAN, 141, No. 6, 1302 (1961).

10V, P. Palamodov, DAN, 143, No. 6, 1278 (1962).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.63565 Machine Translation


https://sovietrxiv.org/items/ru-196301.63565

	Abstract
	Full Text
	MATHEMATICS
	ON SYSTEMS OF DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS
	References


