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Abstract
Full Text
V. K. KOROBKOV

ESTIMATING THE NUMBER OF MONO-
TONE FUNCTIONS OF THE ALGEBRA OF
LOGIC AND THE COMPLEXITY OF AN
ALGORITHM FOR FINDING A RESOLVING
SET FOR AN ARBITRARY MONOTONE
FUNCTION OF THE ALGEBRA OF LOGIC
(Presented by Academician S. L. Sobolev, 22 XI 1962)

In paper (1) a class of algorithms was considered for finding a resolving* set for
an arbitrary monotone function 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛), depending on no more than 𝑛
variables, specified by an operator 𝐴𝑓 , which determines, for any point 𝛼 ∈ 𝐸𝑛,
the value of the function 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) at that point. The process of finding
the resolving set consisted of the following: a point 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) ∈
𝐸𝑛 was chosen; with the aid of the operator 𝐴𝑓 the value of the monotone
function 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) at the point 𝛼 was computed; depending on the value
𝑓(𝛼1, 𝛼2, … , 𝛼𝑛), a new point 𝛽 ∈ 𝐸𝑛 was chosen, and the process was repeated.

This process may be represented in the form of a tree**, whose vertices (with
the exception of the pendant vertices) correspond to points of 𝐸𝑛. In what
follows we shall say that a vertex 𝑎 has number (𝛼1, 𝛼2, … , 𝛼𝑛) if the point
(𝛼1, 𝛼2, … , 𝛼𝑛) ∈ 𝐸𝑛 is put in correspondence with it. The arcs issuing from
a vertex with number (𝛼1, 𝛼2, … , 𝛼𝑛) correspond to the possible values of the
operator 𝐴𝑓 at the point (𝛼1, 𝛼2, … , 𝛼𝑛), and to each pendant vertex 𝑏 there
corresponds a monotone function 𝜑(𝑥1, 𝑥2, … , 𝑥𝑛) for which the conditions are
satisfied:

𝐺(𝜑, 𝑀) ⊆ 𝑁; (1)

𝜑(𝛼𝑖) = 𝛽𝑖 (𝑖 = 0, 1, 2, … , 𝑘), (2)

where 𝑁 = {𝑎0, 𝑎1, … , 𝑎𝑘, 𝑏} is the set of vertices of the path connecting the root
vertex of the tree 𝑎0 with the given pendant vertex 𝑏, 𝐺(𝜑, 𝑀) is a resolving
set for the function 𝜑(𝑥1, 𝑥2, … , 𝑥𝑛); 𝑁 = {𝑎0, 𝑎1, … , 𝑎𝑘} is the set of numbers
of the vertices of the path 𝑁 , and {𝛽0, 𝛽1, … , 𝛽𝑘} are the values of the operator
𝐴𝑓 for the corresponding arcs (𝑎0, 𝑎1), (𝑎1, 𝑎2), … , (𝑎𝑘, 𝑏). Thus, for 𝑛 = 1, 2 the
trees will have the following form:
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tree diagrams for 𝑛 = 1, 2, with leaves labeled 𝑓1 ≡ 1, 𝑓2 = 𝑥, 𝑓3 ≡ 0, and
𝑓1 ≡ 1, 𝑓2 = 𝑥1 ∨ 𝑥2, 𝑓3 = 𝑥1, 𝑓4 = 𝑥2, 𝑓5 = 𝑥1&𝑥2, 𝑓6 ≡ 0

Figure 1: tree diagrams for 𝑛 = 1, 2, with leaves labeled 𝑓1 ≡ 1, 𝑓2 = 𝑥, 𝑓3 ≡ 0,
and 𝑓1 ≡ 1, 𝑓2 = 𝑥1 ∨ 𝑥2, 𝑓3 = 𝑥1, 𝑓4 = 𝑥2, 𝑓5 = 𝑥1&𝑥2, 𝑓6 ≡ 0

* In the present note the terminology introduced in (1) is used.
** For the definition of a tree and its elements, see (2).

It is obvious that specifying an algorithm 𝐴 for finding a resolving set, even
in the form of normal (3) algorithms, uniquely specifies the corresponding tree
𝐻𝐴, and conversely, specifying the tree uniquely determines the algorithm for
finding the resolving set.

Let 𝐹(𝑛) be an algorithm for finding a resolving set for an arbitrary monotone
function depending on no more than 𝑛 variables, and let 𝐻(𝑛) be the tree
corresponding to the algorithm 𝐹(𝑛). Consider the following characteristic of
the tree 𝐻(𝑛): let 𝑆 = {𝑠} be the set of paths connecting the root vertex with
any terminal vertex of the tree, and let 𝜆(𝑠) be the length of the path 𝑠; then
we shall call the height of the tree 𝐻(𝑛) the number

𝜌(𝐻(𝑛)) = max
𝑠∈𝑆

𝜆(𝑠),

and it is natural to estimate the complexity of the algorithm 𝐹(𝑛) by the quan-
tity 𝜌(𝐻(𝑛)).
The problem may be formulated as follows: it is required to construct an al-
gorithm 𝐹(𝑛) for finding a resolving set for an arbitrary monotone function
depending on no more than 𝑛 variables and satisfying the following conditions:

For any monotone function 𝜑(𝑥1, 𝑥2, … , 𝑥𝑘) (𝑘 ≤ 𝑛)
there exists in the tree 𝐻(𝑛) one and only one terminal vertex 𝑎 having proper-
ties (1), (2).

(3)

𝜌(𝐻(𝑛)) ≤ 𝜌(𝐻′(𝑛)), where 𝐻′(𝑛) is a tree,

corresponding to an algorithm 𝐹 ′(𝑛) possessing property (3).

(4)

It is easy to show that, for any algorithm 𝐹(𝑛) possessing property (3), the
following lemma holds.

Lemma 1.
𝜌(𝐻(𝑛)) ≥ 𝐶 [𝑛/2]

𝑛 + 𝐶 [𝑛+2]+1
𝑛 .
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Indeed, consider the monotone function 𝜑(𝑥1, 𝑥2, … , 𝑥𝑛), defined as follows:

𝜑(𝛼1, 𝛼2, … , 𝛼𝑛) =

⎧{{
⎨{{⎩

1, if [𝑛
2 ] + 1 ≤

𝑛
∑
𝑖=1

𝛼𝑖 ≤ 𝑛,

0, if 0 ≤
𝑛

∑
𝑖=1

𝛼𝑖 ≤ [𝑛
2 ] .

It is obvious that 𝐺(𝜑, 𝑀) contains exactly 𝐶 [𝑛/2]
𝑛 +𝐶 [𝑛/2]+1

𝑛 points; then, taking
(1) and (3) into account, we easily obtain the assertion of the lemma.

In the present work an algorithm 𝐹(𝑛) is proposed, satisfying condition (3), for
which

𝜌(𝐻(𝑛)) ≤ 5𝐶 [𝑛/2]
𝑛 .

By virtue of (3), it is obvious that the number of monotone functions 𝜓(𝑛)
depending on no more than 𝑛 variables is equal to the number of terminal
vertices of the tree 𝐻(𝑛); then from the estimate for the height of the tree 𝐻(𝑛)
it follows that

𝜓(𝑛) ≤ 2𝜌(𝐻(𝑛)) ≤ 25𝐶[𝑛/2]
𝑛 .

The currently known estimate, obtained in (4), has the form

2𝐶[𝑛/2]
𝑛 ≤ 𝜓(𝑛) ≤ 𝑛𝐶[𝑛/2]

𝑛 + 2.

We proceed to the description of the algorithm 𝐹(𝑛) for finding a resolving set
for an arbitrary monotone function depending on no more than 𝑛 variables. We
shall construct the algorithm by induction on the number of variables.

For 𝑛 = 1, 2 the corresponding trees 𝐻(𝑛) were given above. Suppose that for
any 𝑘 < 𝑛 algorithms satisfying (3) have already been constructed; we pass to
the construction of the algorithm 𝐹(𝑛).
An arbitrary monotone function 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) can be represented as follows:

𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) =

= ⋁
{(𝜎1,𝜎2,…,𝜎𝑘)}

𝑥𝜎1
1 &𝑥𝜎2

2 & ⋯ &𝑥𝜎𝑘
𝑘 &𝑓(𝜎1, 𝜎2, … , 𝜎𝑘, 𝑥𝑘+1, 𝑥𝑘+2, … , 𝑥𝑛),

where

𝑓(𝜎1, 𝜎2, … , 𝜎𝑘, 𝑥𝑘+1, 𝑥𝑘+2, … , 𝑥𝑛) = 𝑓𝜎1,𝜎2,…,𝜎𝑘
(𝑥𝑘+1, 𝑥𝑘+2, … , 𝑥𝑛)

are monotone functions of 𝑛 − 𝑘 variables. Consider the points
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𝜆𝑖 = (𝜎𝑖
1, 𝜎𝑖

2, … , 𝜎𝑖
𝑘),

for which

𝑘
∑
𝑗=1

𝜎𝑖
𝑗 = 2𝑙 + 1 (𝑙 = 0, 1, … , [𝑘

2]) ,

and renumber them in some way as 𝜆𝑖 (1 ≤ 𝑖 ≤ 2𝑘−1). Consider 𝐻(𝑛 − 𝑘): its
vertices (with the exception of dangling vertices) correspond to the points 𝐸𝑛−𝑘.
For each point 𝜆𝑗 (1 ≤ 𝑗 ≤ 2𝑘−1), define the tree 𝐻(𝜆𝑗, 𝑛 − 𝑘) as follows: in the
tree 𝐻(𝑛−𝑘), to each nondangling vertex with number (𝛼1, 𝛼2, … , 𝛼𝑛−𝑘) assign
the number (𝜎𝑗

1, 𝜎𝑗
2, … , 𝜎𝑗

𝑘, 𝛼1, 𝛼2, … , 𝛼𝑛−𝑘). It is clear that the tree 𝐻(𝜆𝑗, 𝑛−𝑘)
uniquely determines, for an arbitrary monotone function 𝑓(𝑥1, … , 𝑥𝑛) specified
by the operator 𝐴𝑓 , the algorithm 𝐹(𝑛, 𝜆𝑗) for finding a resolving set for the
function

𝑓𝜎𝑗
1,𝜎𝑗

2,…,𝜎𝑗
𝑘
(𝑥𝑘+1, … , 𝑥𝑛).

Successive application of the algorithms 𝐹(𝑛, 𝜆1), 𝐹(𝑛, 𝜆2), … , 𝐹(𝑛, 𝜆2𝑘−1)
makes it possible to find resolving sets for all functions

𝑓𝜎𝑖
1,𝜎𝑖

2,…,𝜎𝑖
𝑘
(𝑥𝑘+1, … , 𝑥𝑛),

for which

𝑘
∑
𝑗=1

𝜎𝑖
𝑗 = 2𝑙 + 1 (𝑙 = 0, 1, … , [𝑘

2]) .

Let these sets be 𝐺(𝜆1), 𝐺(𝜆2), … , 𝐺(𝜆2𝑘−1). Then the following is true.

Lemma 2. The set

𝐾𝑓 = 𝐸𝑛 ∖ ⋃
1≤𝑖≤2𝑘−1

⎛⎜
⎝

𝐺(𝜆𝑖) ∪ ⋃
𝛼∈𝑃(𝜆𝑖)

𝑁(𝛼) ∪ ⋃
𝛼∈𝑄(𝜆𝑖)

𝑉 (𝛼)⎞⎟
⎠

(where 𝑃(𝜆𝑖) is the set of upper zeros of the function

𝑓𝜎𝑖
1,𝜎𝑖

2,…,𝜎𝑖
𝑘
(𝑥𝑘+1, … , 𝑥𝑛),

and 𝑄(𝜆𝑖) is the set of lower ones of the function
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𝑓𝜎𝑖
1,𝜎𝑖

2,…,𝜎𝑖
𝑘
(𝑥𝑘+1, … , 𝑥𝑛)

)

contains no more than

𝐶 [𝑘/2]
𝑘 ⋅ 2𝑛−𝑘

points.

Indeed, consider two points 𝛼, 𝛽 ∈ 𝐸𝑛, let 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛), 𝛽 =
(𝛽1, 𝛽2, … , 𝛽𝑛), 𝛼𝑖 = 𝛽𝑖 (𝑘 + 1 ≤ 𝑖 ≤ 𝑛); then 𝛼, 𝛽 ∈ 𝐾𝑓 if ̃𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑘)
and ̃𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑘) are incomparable Boolean vectors (5), or else ̃𝛼 = ̃𝛽.
Indeed, if ̃𝛼 and ̃𝛽 are comparable Boolean vectors, then, if ̃𝛼 ≠ ̃𝛽, there is
always a point 𝛾 ∈ 𝐸𝑛, following one of them and preceding the other, such
that ‖𝛾‖ = 2𝑙 + 1, i.e. 𝛾 ∉ 𝐾𝑓 , and then, by monotonicity of 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛),
either 𝛼 ∉ 𝐾𝑓 , or 𝛽 ∉ 𝐾𝑓 . Since the number of incomparable Boolean vectors
in 𝐸𝑘 does not exceed 𝐶 [𝑘/2]

𝑘 (see (5)), the assertion of the lemma follows from
this.

Finally, we obtain that the algorithm 𝐹(𝑛) will consist of the successive applica-
tion of the algorithms 𝐹(𝑛, 𝜆1), 𝐹(𝑛, 𝜆2), … , 𝐹(𝑛, 𝜆2𝑘−1), and of the algorithm
𝐹(𝑛, 𝐾𝑓) for computing 𝐴𝑓 on the set 𝐾𝑓 . It is easy to see that the algorithm
𝐹(𝑛) satisfies condition (3). From what has been set forth it follows directly
that

𝜌(𝐻(𝑛)) ≤ 𝜌(𝐻(𝑛 − 𝑘)) ⋅ 2𝑘−1 + 𝐶 [𝑘/2]
𝑘 ⋅ 2𝑛−𝑘. (5)

Theorem.

𝜌(𝐻(𝑛)) ≤ 5𝐶 [𝑛/2]
𝑛 .

It is obvious that 𝜌(𝐻(𝑛)) ≤ 2𝑛, and therefore the validity of the theorem for
1 ≤ 𝑛 ≤ 14 follows from the relation 5𝐶 [𝑚/2]

𝑚 ≥ 2𝑚 (𝑚 = 1, 2, … , 14). Cons⋯
considerations analogous to those given above, one can easily obtain the re-
lation*: 𝜌(𝐻(𝑛)) ⩽ 2𝜌(𝐻(𝑛 − 2)) + 2𝑛−2, whence it follows that 𝜌(𝐻(𝑛)) ⩽
2𝑛−1 + 2[𝑛/2]. Using this estimate, one can obtain, for 15 ⩽ 𝑛 ⩽ 56,

𝜌(𝐻(𝑛)) ⩽ 2𝑛−1 (1 + 1
27) ⩽ √ 2

𝜋
2𝑛
√𝑛 5 15

√
15

16
√

14
𝑒−1/42 ⩽ 5𝐶 [𝑛/2]

𝑛 .

Here and below we use the estimates
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√ (2𝑚 + 1)3

8𝑚(𝑚 + 1)2

−1/6𝑚

√ 2
𝜋

2𝑛
√𝑛 ⩽ 𝐶 [𝑛/2]

𝑛 ⩽ √ 2
𝑛

2𝑛
√𝑛 𝑒1/24𝑚 for 𝑛 ⩾ 2𝑚.

Assuming that the theorem is valid for all 𝑙 < 𝑛, and putting in (5)

𝑘 = 2([𝑛/6] + sgn(𝑛/6 − [𝑛/6])),

we obtain, for 𝑛 ⩾ 57,

𝜌(𝐻(𝑛)) ⩽ 5𝐶 [(𝑛−𝑘)/2]
𝑛−𝑘 ⋅ 2𝑘−1 + 𝐶 [𝑘/2]

𝑘 ⋅ 2𝑛−𝑘 ⩽

⩽ √ 2
𝜋

2𝑛
√𝑛 (5√𝑛 𝑒1/24[(𝑛−𝑘)/2]

2
√

𝑛 − 𝑘
+

√𝑛 𝑒1/24[𝑘/2]
√

𝑘
) ⩽

⩽ √ 2
𝜋

2𝑛
√𝑛 ( 5𝑒1/24⋅18

2√37/57
+

√
3 𝑒1/24⋅10) ⩽

⩽ √ 2
𝜋

2𝑛
√𝑛 5√ 573

224 ⋅ 292 𝑒−1/168 ⩽ 5𝐶 [𝑛/2]
𝑛 .

In conclusion we give a table of lower and upper estimates for the height of the
tree 𝐻(𝑛) for small 𝑛, obtained in the present work.

𝑛 1 2 3 4 5 6 7 8

𝐶 [𝑛/2]
𝑛 +

𝐶 [𝑛/2]+1
𝑛

2 3 6 10 20 35 70 126

𝜌(𝐻(𝑛)) 2 3 6 10 20 36 72 136
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