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Abstract
Full Text

MATHEMATICS
M. D. Ramazanov

ON A BOUNDARY-VALUE PROBLEM

(Presented by Academician S. L. Sobolev, 9 IV 1963)

Consider, in the domain Qp = (0 <t < T, 0 < x < 1), the differential equation

Pu+ P,(t,x)u = f(t, ), (1)

where Pu = u, + (—1)™ugemi1; Pi(t,2)u = ag(t, 2)ugem + - + agpn (¢, 2)y;
ag(t,z) € C,ifm(@T), ap(t,z), k = 1,...,2m, are summable, bounded in @T
functions; f(t,z) € L*(Qr).

We shall be interested in the question of unique solvability of equation (1) under
the conditions

u(0,z) = 0; (2)

Uk (1,0) = uyu(t,1) =0, k=0,..,m; 1=0,...,m—1. (3)

(If condition (3) is satisfied for u(t, x), we shall say that u € I".)

A similar problem in the case m = 1 was considered by Cattabriga (1), who
obtained existence and uniqueness theorems for this problem in some special
cases.

Theorem 1. Let

=

ult,w) =Y ap(t) Xy (), (4)

k=1

where a;(t) € C1(0,T), a,(0) =0, k= 1,..., N; {X,}$° is a complete (?) system
of eigenfunctions and associated functions of the operator

—1)m+l aet X 0,1 Xel
( ) d$2m+1 (x)’ MS ( I )’ € .
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Then there exist positive constants K and o, such that, for all o > o,, any
T > 0, and any function u(¢,z) of the form (4), the inequalities

_2m-l
”’U,ml ”LZ(QT) S Ko 2mi1e T”Pu”L2(QT)7 = O, ceny 2m. (5)

hold.
The constants K and o, depend neither on 7" nor on N.

We extend the given function u(¢, x) to the domain (T' <t < oo, 0 <2 < 1) by
a function z(t, z), which we construct as follows:

z(t,x) € Ctlﬁmﬂ in the domain (T <t < o0, 0 <z <1),

Pz=0, zel, 2T, z) =u(T, ), |2(t, z)| < Ceo?

with some constants C' and o4 > 0.

Then the function wu(t,z) € Ctl,’szH in the domains (0 < ¢t < T, 0 <z < 1)
and (T <t < oo, 0 <z < 1) is continuous at t = T, and |u(t,z)| < C,e" with
some constant C;.

Applying now the Laplace transform with respect to ¢ to the identity

Uy + (1) ugoma = f = Pu,

we obtain that the function

v(\, ) :/ u(t, x)e N dt
0

must satisfy the equation

>\’U + (_1)m11x2m+1 = F()\,l'), v E F7 F()Hx) = / PU 67)\25 dtv
0

A=o0+1, o>o09>0.

Consider the functions wy (A, z) = v(A, 2)p(x) and wy (A, x2) = v(A, z)p(1 — z),
where ¢(z) is equal to 1 for € [0, 1], is equal to 0 for z € [3,1], p(z) € C>(0, 1),
lo(z)| < 1. Wenote that v(\, ) = w, (A, ) for 0 < z < § and v(A, ) = wy(A, @)
for % < z < 1. Taking wy(\,z) to be equal to zero for 1 < z < oo, we may
regard it on the half-axis (0, 00) as a solution of the equation
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d2m+1

Aw; + (—l)mle =hy (A ), (6)
where
2m
hy ()‘7 1‘) = F(/\v x)(p(z) + (_1>m Z Ogm-',-lvxk (/\’ x)‘ﬁxzm“*k ($),
k=0

and wy (A, x) satisfies the conditions

Wik (A, 0) = wy e (A, 00) =0, k=0,...,m; 1=0,...,m—1.

Similarly, the function ws (A, z), extended by zero for x < 0, is regarded on the
half-axis (—oo, 1) as a solution of the equation

d2m+1
Awy + (—1)’”Ww2 = hy(\, ) = F(A 2)p(1 — )+
2m
3 IRCE 0 0 2) a1 (1 1) ()
k=0

under the conditions

Wopk (A, —00) = wai (A, 1) =0, k=0,....m; 1=0,...,m—1.

With the aid of representations of the solutions of problems (6) and (7) in
terms of the corresponding Green’ s functions, one can prove the validity of the
following estimates: for m odd,

2m—k

2m

lvgrllio,1/2) = lwigkllo,1/2) < Coo™ 2mt <||F|(0,1) + U0 2@m50) Z vz ||(1/2,1)) )
1=0

(8)

2m
_2m—k
||Ua;k||(1/2,1) = sza;k||(1/2,1) < Cyo 2mit (”F”(OJ) + Cy Z v ||(0,1/2)> ;o (9)
1=0

for m even,

sovietrxiv.org/items/ru-196301.60180 Machine Translation


https://sovietrxiv.org/items/ru-196301.60180

2m
_2mk
lvarll0,1/2) = lwigklo,1/2) < Coo 2mt <|F||(o,1) +Cs Z vz ||(1/2,1)> . (10)
1=0

2m
_ 2m-k 1
lvgrll(12,1) = lwagkll1/2,1) < Coo™ 2ms (||F|(0,1) + Cgo 2@miT) Z lvg: ||(0,1/2)> )
1=0
(11)

k=0,1,...,2m.

Here [y, denotes, as usual,

b 1/2
( / y<x>2dx) |

Take o sufficiently large and solve (8)—(9) (or (10)—(11)) with respect to
lvzrli0,1/2)s Ivarll1/2,1), & =0,...,2m. Then, for even as well,

and for odd m

_2m-k
[vaillg ) < Ko 35 [Flg,  k=0,...,2m. (12)

The estimates (5) are now easily obtained with the aid of Parseval’ s equality
from the inequalities (12).

It follows from Theorem 1 that on the set of functions (4) one can introduce the
scalar product

[u, v] = (Pu, Pv) z2(q,)- (13)

The Hilbert space obtained by completing this set in the metric (13) will be
denoted by H(Q7). The inequalities (5) show that the embedding H(Q,) C
Wo2™(Qr) is valid.

Definition. A function u(t,z) € H(Qr) is called a generalized solution of
problem (1)—(3) if there exists a sequence of functions u,, (¢, x) of the form (4),
converging as n — 0o to u(t,z) in the norm of H(Qr), and such that

B [P+ Py, — (4 g, = O

It is easy to see that the generalized solution thus defined satisfies the integral
identity
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—(u,wy) g2(Qpy T (1) ugem, W) g2, + (Pt ) g2y = (fsw) 22y

for any function w € W3 (Qy), w(T,z) = w(t,0) = w(t,1) = 0.

Theorem 2. For every function f(t,x) € £2(Qy) there exists a unique gener-
alized solution of problem (1)—(3).

Lemma. For every function f(t,z) € £2(Qy) there exists a unique generalized
solution of the problem

Pu=f, u(0,2) =0, uel.
The validity of the lemma follows from Theorem 1 and the completeness of the
system of functions {X,}5° in £2(0 <z < 1) (?).
Remark. After the substitution

u(t, z) = v(t, ) exp {(—1)%1 /0 St 6) dg}

for the function v(t,z) one obtains an equation of the same form as (1), but
with ay(t,z) = 0. Therefore it suffices to carry out the proof of Theorem 2 for
the equation

Pu+ Py(t,x)u=f, (14)

Py(t, x)u = ay(t, 2)uzam1 + - + a9, (¢, 2)u; ap(t,x), k=1,...,2m,

summable bounded functions in @T.

From the lemma follows the existence of the operator P~ : £2(Q4) — H(Q7),
and hence also the existence of the operator A = PP, : H(Qr) — H(Qr).
In this case problem (14), (2), (3) turns out to be equivalent to the operator
equation in the space H(Qr)

u+ Au=h=P71f. (15)

Using the estimates (5), one can show that A is a completely continuous oper-
ator, i.e. equation (15) is of Fredholm type. Therefore, to complete the proof
of Theorem 2 it is enough to show the uniqueness of the trivial solution of the
homogeneous equation
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Pu+ Pu=0, u(0,z) =0, uel. (16)
Let the function u(t,z) be a solution of this problem in the domain Q,; then
u(t,z) is also a solution in any smaller domain Qp , 0 <T; <T.

From Theorem 1 we have

2m—1
||U||H(QT1) = Hpu”£2(QTl) = ||P2u”£2(QT1) <M ; [ ||£2(QT1) <
=0

PR =P oT
< MKo zmit Z o 2m+l e 1||“||H(QT1)7 (17)
k=0

where M is the maximum of the moduli of the coefficients of the operator P,.

Choose o so large that

2m—1
1 < _2m-—k-1 ]_
MKO’ 2m+1 E o 2m+1l < —,
k=0 4

Then, for 7} < 11n3, inequality (17) is possible only when lull £, y = 0. That
1
is, w = 0 in the domain (0 <t < T, 0 < x < 1).

By the definition of a generalized solution, there exists a sequence of smooth
functions w,, (¢, x),

N,

n

un(t7 (E) = Zak<t)Xk(x)7 Un(07£17) = Oa
k=1

converging in H(Qr) to the function u(t,z) and such that

It can be shown that the functions v, (t, z) = u,, (¢, )y (t), where ¥(t) € C1(0,T),
P(t) =0for 0 <t <Ty/2; P(t) =1 for Ty/2 < ¢t < Ty, [¥(@)] < 1, form a
sequence of the same type as {u,, }. Moreover, v,,(T}/2,x) = 0.

Thus, the sequence of functions vl >(t, x) = v, (t+ T,/2,x) defines in the space
H(Qr_r,/2) the function

uV(t,z) = lim v, (t,2) (in H(Qqp_r, 12)),

n—o0
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which is, in the domain Qr_r /o, a generalized solution of the problem

T,
PuV) + P, (t + ?1795) uM) =0, u(0,2) =0, uM eT.

Applying inequality (17) again, we obtain

oW (t,z) =0 for 0 <t <1y,

i.e.

3
u(t,z) =0 for 0 <t < §T1.

Taking, instead of 1(t), a function 1), () equal to 0 for 0 < ¢ < T; and equal to 1
for 3Ty <t < T, [¢,(t)] <1, ¢, (t) € C*(0,T), and repeating all the preceding
arguments, we obtain u(t,x2) = 0 in the domain (0 <t <27}, 0 <z < 1). It is
clear that in this way, after a finite number of steps, we prove that v = 0 in the
entire domain @7, as was required.

In conclusion, the author expresses sincere gratitude to V. I. Mikhailov for
posing the problem and for supervising the work.

Moscow State University
named after M. V. Lomonosov
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