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Abstract
Full Text

MATHEMATICS
V. N. MASLENNIKOVA

THE FIRST BOUNDARY-VALUE PROBLEM
FOR QUASILINEAR SYSTEMS OF DIFFU-
SION
(Presented by Academician S. L. Sobolev on 12 I 1963)

In the author’s preceding work (1) a class of systems of equations of the mathe-
matical theory of diffusion with a linear principal part in the parabolic operator
was considered. The results of that work can be extended to more general
quasilinear parabolic operators with a nonlinear principal part.

Consider a system of the form

Λ𝑢 = ℎ(𝑥, 𝑡, 𝑢, 𝑤),

𝜕𝑤
𝜕𝑡 = 𝑔(𝑥, 𝑡, 𝑢, 𝑤), (1)

where

Λ𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥𝑘

) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+ 𝑓 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥𝑘

) − 𝜕𝑢
𝜕𝑡 (2)

is a quasilinear parabolic operator.

System (1) contains two unknown functions 𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡) and is given in a
cylindrical domain 𝐷𝑇 with boundary 𝜕𝐷𝑇 , which consists of the lateral surface
𝑆 of the cylinder and its base 𝐵 at 𝑡 = 0; here 𝐵 is a bounded 𝑛-dimensional
domain in the space of the variables 𝑥 = (𝑥1, … , 𝑥𝑛).
We seek a solution of system (1) under the boundary conditions:

𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) on 𝜕𝐷𝑇 ; (3)

𝑤(𝑥, 𝑡) = 𝑤0(𝑥) on 𝐵 for 𝑡 = 0. (4)
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Problems of this type occur in the theory of nuclear reactors, in the study of
heat processes in solidifying solutions, and in other questions of mathematical
physics.

Problem (1), (3), (4) in the case of a linear operator Λ was studied in (2); in the
case of one space variable, for an operator Λ quasilinear in 𝑢, it was studied by
the finite-difference method in (3) and in the work of K. Rektorys*.

We shall assume that the following conditions are fulfilled:

A. ℎ(𝑥, 𝑡, 𝑢, 𝑤) is a nonincreasing function of 𝑤, and 𝑔(𝑥, 𝑡, 𝑢, 𝑤) is a nondecreas-
ing function of 𝑢; the functions ℎ, 𝑔 with respect to 𝑢 and 𝑤, and the functions
𝑎𝑖𝑗 and 𝑓 with respect to 𝑢, satisfy the uniform Lipschitz condition

|ℎ(𝑥, 𝑡, 𝑢1, 𝑤1) − ℎ(𝑥, 𝑡, 𝑢2, 𝑤2)| ≤ 𝑀 (|𝑢1 − 𝑢2| + |𝑤1 − 𝑤2|) (5)

for (𝑥, 𝑡) ∈ 𝐷𝑇 and for all values of 𝑢, 𝑤 from some bounded domain.

Essentially in the same way as in (4), comparison theorems are proved, the
principal one of which is the following:

Theorem 1. Let {𝑢1, 𝑤1}, {𝑢2, 𝑤2} be two pairs of continuous functions de-
fined in 𝐷𝑇 . Suppose that their second derivatives with respect to 𝑥𝑖 and first
derivatives with respect to 𝑡 exist, are uniformly bounded in 𝐷𝑇 , and satisfy in
𝐷𝑇 the differential inequalities

Λ𝑢1 − ℎ(𝑥, 𝑡, 𝑢1, 𝑤1) ≥ Λ𝑢2 − ℎ(𝑥, 𝑡, 𝑢2, 𝑤2),

𝜕𝑤1
𝜕𝑡 − 𝑔(𝑥, 𝑡, 𝑢1, 𝑤1) ≤ 𝜕𝑤2

𝜕𝑡 − 𝑔(𝑥, 𝑡, 𝑢2, 𝑤2). (6)

* Reported at the Conference on Differential Equations and Their Applications
in Prague in September 1962.

In addition, let

𝑢1 ⩽ 𝑢2 on 𝜕𝐷𝑇 , 𝑤1 ⩽ 𝑤2 on 𝐵 when 𝑡 = 0.

Then

𝑢1 ⩽ 𝑢2, 𝑤1 ⩽ 𝑤2, in 𝐷𝑇 .

From Theorem 1 follows the uniqueness of the solution of problem (1), (3), (4)
having continuous, in the closed domain, derivatives entering the system (1).
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In proving the existence theorem for the problem under consideration, the exis-
tence theorem for a classical solution of a quasilinear parabolic equation of the
form

∑ 𝑎𝑖𝑗 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥𝑘

) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+ 𝐴 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥𝑘

) − 𝜕𝑢
𝜕𝑡 = 0. (7)

will be used. For example, for definiteness one may consider the operator Λ in
the form

Λ1𝑢 ≡ 𝑑𝑎𝑖 (𝑥, 𝑡, 𝑢, 𝜕𝑢/𝜕𝑥𝑘)
𝑑𝑥𝑖

+ 𝑎 (𝑥, 𝑡, 𝑢, 𝜕𝑢
𝜕𝑥𝑘

) − 𝜕𝑢
𝜕𝑡 (8)

and use the results of O. A. Ladyzhenskaya and N. N. Ural’tseva (5) on the
first boundary-value problem for quasilinear parabolic equations.

Let the following conditions be satisfied:

B. Let Ψ(𝑥, 𝑡) be an extension into the interior of the domain of the boundary
function 𝑢0(𝑥, 𝑡), and let Ψ(𝑥, 𝑡) have second derivatives with respect to 𝑥𝑖 and
first derivatives with respect to 𝑡, satisfying the Hölder condition with exponent
𝛽 (0 < 𝛽 < 1) in 𝑥 and the Lipschitz condition in 𝑡. In this case, under those
conditions on the coefficients which will be formulated below, the boundary
condition 𝑢0(𝑥, 𝑡), without loss of generality, can be reduced to zero. Let the
compatibility conditions of zero and first order for the boundary function 𝑢0(𝑥, 𝑡)
also be satisfied for 𝑥 ∈ 𝑆 when 𝑡 = 0.
C. Let the lateral boundary 𝑆 ∈ 𝐶𝛽

2 , i.e., have second derivatives with respect
to 𝑥𝑖, satisfying the Hölder condition with exponent 𝛽.
D. Let the coefficients of the operator Λ1 in (8) satisfy the following conditions
(cf. (56)):

1) For (𝑥, 𝑡) ∈ 𝐷𝑇 and arbitrary 𝑢(𝑥, 𝑡), the inequalities

𝑢 [𝜕𝑎𝑖(𝑥, 𝑡, 𝑢, 0)
𝜕𝑥𝑖

+ 𝑎(𝑥, 𝑡, 𝑢, 0)] ⩾ −𝑏1𝑢2 − 𝑏2, 𝑏𝑖 ⩾ 0; (9)

𝜕𝑎𝑖(𝑥, 𝑡, 𝑢, 𝑝𝑘)
𝜕𝑝𝑗

𝜉𝑖𝜉𝑗∣
𝑝=0

⩾ 0, (10)

are fulfilled, where

𝑝𝑘 = 𝜕𝑢/𝜕𝑥𝑘, 𝑝 = (
𝑛

∑
𝑘=1

𝑝2
𝑘)

1/2

.
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2) In each finite part of the domain {(𝑥, 𝑡) ∈ 𝐷𝑇 , |𝑢| < ∞} and for arbi-
trary 𝑝𝑘, the functions 𝑎𝑖(𝑥, 𝑡, 𝑢, 𝑝𝑘) and 𝑎(𝑥, 𝑡, 𝑢, 𝑝𝑘) are continuous, 𝑎𝑖
are differentiable with respect to 𝑥𝑘, 𝑢, 𝑝𝑘, and they are subject to the
inequalities

𝜕𝑎𝑖(𝑥, 𝑡, 𝑢, 𝑝𝑘)
𝜕𝑝𝑗

𝜉𝑖𝜉𝑗 ≥ 𝜈(|𝑢|)
𝑛

∑
𝑖=1

𝜉2
𝑖 ;

𝑛
∑
𝑖=1

(|𝑎𝑖| + ∣𝜕𝑎𝑖
𝜕𝑢 ∣ +

𝑛
∑
𝑗=1

∣ 𝜕𝑎𝑖
𝜕𝑥𝑗

∣) (𝑝 + 1)+

+
𝑛

∑
𝑖,𝑗=1

∣ 𝜕𝑎𝑖
𝜕𝑝𝑗

∣ (𝑝 + 1)2 + |𝑎| ≤ 𝜇(|𝑢|)(𝑝 + 1)2. (11)

3) In every finite part of the domain {(𝑥, 𝑡) ∈ 𝐷𝑇 , |𝑢| < ∞, |𝑝| < ∞}
the functions 𝑎𝑖, 𝑎, 𝜕𝑎𝑖/𝜕𝑝𝑗, 𝜕𝑎𝑖/𝜕𝑢, 𝜕𝑎𝑖/𝜕𝑥𝑗 are continuous, and sat-
isfy, with respect to 𝑥𝑘, 𝑡, 𝑢, 𝑝𝑘, the Hölder condition with exponents
𝛽, 𝛽/2, 𝛽, 𝛽, respectively; moreover, 𝑎𝑖, 𝑎, ℎ with respect to 𝑡, and
𝑎, 𝜕𝑎𝑖/𝜕𝑝𝑗, 𝜕𝑎𝑖/𝜕𝑢, 𝜕𝑎𝑖/𝜕𝑥𝑗 with respect to 𝑢, satisfy the Lipschitz
condition, the function 𝑎(𝑥, 𝑡, 𝑢, 𝑝𝑘) is differentiable with respect to 𝑢, 𝑝𝑘,
and the constants in the Lipschitz conditions and the quantities |𝜕𝑎/𝜕𝑢|,
|𝜕𝑎/𝜕𝑝𝑘| are bounded by some constant 𝑀 .

Theorem 2. Suppose that conditions A, B, C, D are fulfilled; the function 𝑤0(𝑥)
satisfies the Hölder condition with exponent 𝛽 > 0; the functions ℎ(𝑥, 𝑡, 𝑢, 𝑤),
𝑔(𝑥, 𝑡, 𝑢, 𝑤) satisfy the Hölder condition with exponent 𝛽 in 𝑥𝑖; the function 𝑔
satisfies the Hölder condition with exponent 𝛽/2 in 𝑡 for (𝑥, 𝑡) ∈ 𝐷𝑇 and all
bounded values of 𝑢, 𝑤.

Suppose, moreover, that there exist two pairs of functions {𝑢′, 𝑤′}, {𝑢″, 𝑤″},
continuous in (𝑥, 𝑡) and satisfying the Hölder condition with exponents 𝛽, 𝛽/2,
respectively, and possessing continuous and bounded second derivatives with re-
spect to 𝑥𝑖 and first derivatives with respect to 𝑡, which satisfy the system of
inequalities:

Λ1(𝑢′) − ℎ(𝑥, 𝑡, 𝑢′, 𝑤′) ≥ 0 ≥ Λ1(𝑢″) − ℎ(𝑥, 𝑡, 𝑢″, 𝑤″),
𝜕𝑤′

𝜕𝑡 − 𝑔(𝑥, 𝑡, 𝑢′, 𝑤′) ≤ 0 ≤ 𝜕𝑤″

𝜕𝑡 − 𝑔(𝑥, 𝑡, 𝑢″, 𝑤″),
𝑢′(𝑥, 𝑡) ≤ 𝑢0(𝑥, 𝑡) ≤ 𝑢″(𝑥, 𝑡) on 𝜕𝐷𝑇 ,
𝑤′(𝑥, 0) ≤ 𝑤0(𝑥) ≤ 𝑤″(𝑥, 0) for 𝑡 = 0.

(12)

Then there exists a solution of the system (1), (3), (4) with operator Λ1, belonging
to the classes

𝑢 ∈ 𝐶𝛾,𝛾/2
2,1 (𝐷𝑇 ); 𝑤, 𝜕𝑤/𝜕𝑡 ∈ 𝐶𝛾,𝛾/2(𝐷𝑇 )
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with some 𝛾 (0 < 𝛾 ≤ 𝛽).
This theorem is proved by the method of successive approximations. As the
zeroth approximation the functions 𝑢″, 𝑤″ are taken, and the successive approx-
imations are found from the system

Λ1𝑢𝑛 − 𝑀𝑢𝑛 = ℎ(𝑥, 𝑡, 𝑢𝑛−1, 𝑤𝑛−1) − 𝑀𝑢𝑛−1; (13)

𝜕𝑤𝑛
𝜕𝑡 + 𝑀𝑤𝑛 = 𝑔(𝑥, 𝑡, 𝑢𝑛−1, 𝑤𝑛−1) + 𝑀𝑤𝑛−1; (14)

𝑢𝑛(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) on 𝜕𝐷𝑇 ; (15)

𝑤𝑛(𝑥, 𝑡) = 𝑤0(𝑥, 0) for 𝑡 = 0, (16)

where 𝑀 is the constant taken from condition A.

Each equation (13), (14), with the corresponding boundary conditions (15) and
(16), is uniquely solvable; (13), (15) by virtue of Theorem 2 of paper (56).
Next, the convergence at every point of the domain 𝐷𝑇 of the sequences
{𝑢𝑛}, {𝑤𝑛} is proved; moreover, the inequalities

𝑢′ ≤ 𝑢𝑛 ≤ 𝑢𝑛−1 ≤ 𝑢″,

𝑤′ ≤ 𝑤𝑛 ≤ 𝑤𝑛−1 ≤ 𝑤″ (17)

hold.

Thus, the limit of the sequences {𝑢𝑛}, {𝑤𝑛} exists and defines functions
𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡) in 𝐷𝑇 . On the basis of (17) and Theorem 1 of paper (56), the
following estimate holds in the metric 𝐶1+𝛼:

|𝑢𝑛|𝛼 + ∣𝜕𝑢𝑛
𝜕𝑥𝑘

∣
𝛼

< 𝑐 (18)

for some 𝛼 > 0, where the constant 𝑐 does not depend on 𝑛. Therefore from
the sequence {𝑢𝑛} one can select a subsequence {𝑢𝑛𝑘

} converging in the metric
𝐶1+𝛼1 , where 0 < 𝛼1 < 𝛼 < 1. Passing to the limit along this sub-

of a sequence; we obtain that 𝑢𝑛𝑘
→ 𝑢(𝑥, 𝑡), 𝜕𝑢𝑛𝑘

/𝜕𝑥𝑖 → 𝜕𝑢/𝜕𝑥𝑖 uniformly,
and we have Hölder continuity of the functions 𝑢(𝑥, 𝑡), 𝜕𝑢/𝜕𝑥𝑖 with exponent
𝛼1, where 0 < 𝛼1 < 𝛼 < 1.
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Likewise, as is proved in [4], 𝑤, 𝜕𝑤/𝜕𝑡 satisfy the Hölder condition with exponent
𝛽 in 𝐷𝑇 .

It is then proved that {𝑢, 𝑤} is a solution of the posed problem and

𝑢 ∈ 𝐶𝛾,𝛾/2
2,1 (𝐷𝑇 ); 𝑤, 𝜕𝑤

𝜕𝑡 ∈ 𝐶𝛾,𝛾/2(𝐷𝑇 )

for some 𝛾 (0 < 𝛾 ⩽ 𝛽).
The operators Λ may also be taken in nondivergence form, and also with
arbitrary growth in 𝑝, but satisfying conditions such that the corresponding
boundary-value problem is solvable for it in the classical sense and a priori
estimates of type (18) hold. In particular, one may take an operator Λ satisfying
the conditions of Theorem 5 of [5�] or the conditions of Theorem 10 of [5�].
Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
9 I 1963
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