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Abstract
Full Text

S. A. LOMOV

A POWER BOUNDARY LAYER IN PROB-
LEMS WITH A SMALL PARAMETER

(Presented by Academician 1. G. Petrovskii on 6 VII 1962)

In this note we consider the construction of an asymptotic expansion in powers
of the small parameter ¢ > 0 for the solution of the Cauchy problem and of a
boundary-value problem for the equation

Loy =(e+a)y™ +a, 1 (x)y" Y + a4, 5(2)y" > + -+ ag(2)y = h(z). (1)

Although for ¢ = 0 the order of equation (1) is not lowered, nevertheless one
boundary condition is lost, since the equation

Low = zw™ + a, 1 (z)w™ ™V 4+ a, o(@)w™ 2 + ..+ ag(z)w = h(z) (2)

is degenerating at the left endpoint of the interval [0,a], on which we consider
equation (1). Therefore in such problems (including equations in partial deriva-
tives) the phenomenon of a boundary layer arises naturally, as in problems in
which, for € = 0, the order of the equation is lowered. Here the boundary layer
has a power order of decrease as € — 0; more precisely, it has the form

Po[In(1+z/e)]/(1+ x/e)",

where P, (u) is a polynomial of degree m, ¢ > 0, P,,(0) # 0. In considering
the Cauchy problem we restrict ourselves to the case where a,,_;(0) = « is not
an integer. In what follows this must be kept in mind. The boundary-value
problem is considered for n = 2, both for integral and nonintegral a,(0) > 1.

1. Let us consider the behavior of the solution y_(z) of equation (1) for
sufficiently small £ under zero initial conditions:

y.(0) = yL(0) = - =y V(0) = 0. (1)

For fixed € > 0, problem (1), (1’) has a unique solution. For ¢ = 0, equation
(1) turns into equation (2), whose solution can no longer satisfy the conditions
(1”), but does satisty the conditions
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w(0) = w'(0) = - = w”2(0) = 0, |w™ V) (x)] < M. (27)

Theorem 1. If the coefficients of equation (2) a;(x), h(z) € C*V(0,a), and
a,_1(0) = a >0, then equation (2) has a unique solution wy(zx) € C™*™(0,a)
satisfying the conditions:

(r=0,1,...,n—2);  |wl V(@) <M. (27)

We take the solution w(z) of the limiting problem (2), (2") as a certain approx-
imation to the solution y,(z). Now it is necessary to eliminate the discrepancy
in the last initial condition (1”). To this end we shall seek the solution of the
problem (1), (1”) in the form y (x) = w.(x) + v.(x), so that L w, = h(z) and
L.v, =0. The point = —¢ for the equation L v, = 0 is a singular point. The
roots of the indicial equation, which is introduced in the same way as in the
analytic case, are

Po = Oa P11 = 17"'7pn72 = TL—2, Pp—1 =N — 1 _anfl(_g)'

The root p,,_; gives grounds to suppose that the boundary layer should be
sought in the form

0.(@) = cv(a,e) /(@ + &)t e,
(ap_1(—€) >0, 0<e <egp).
Subjecting vgkl)(ac) to the condition
w™ D (0) + vV (0) = 0,
we find that
v.(z) = " Lequ(w, ) /(1 + t)n-r(me)=ntl (t=uz/e).

Therefore in L_v_(z) we substitute v_(z) = v(z,e) v(t,e). Taking into account
that the function v(t, e) satisfies any of the equations of the form

(1+8)09 + (a,_1(—) —n+i)0V =0, i=1,..,n,
and grouping the terms—

Taking into account their dependence on €, we express the operator L, in terms
of two operators M, and L,:

n—1
L.ov.(r)=vMv+ Zs’"*”lKiv - (Lo)m=h), *)
=0

where
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n—1

Moo= (e+2)0™ +Y b, gy (o)™ FD),
k=0

Kyv = v(z,¢), K =Cr gl 4 Z di oy (z,e)0 1 (i=1,..,n—1),

by a(@,8) = Ay (@0)/(@te)',  di (@) = ALy (z,8)/(ate)*H.

For brevity we do not write out the dependence of the sufficiently smooth func-
tions A,_,_;(x,e) and A’ . ,(z,e) on the coefficients a;(x) and a,,_;(—¢).
We can now obtain separately equations for v(z,e) and (¢, e), by putting
(e+2)"2M.v = 0 and L.v = 0. For ¢ = 0 these equations give zero ap-
proximations to the functions v(x,¢) and v(t, ¢):

Myv = 2™ o™ + x”’zgsfl(:r)v(”“) +

-0 -0 -0
ey (@ + By (@ + B ()0 = 0, (3)

Lyv= (14t +(a—n+1)v=0, (4)

where Bio(x) =2 (x), i =1,...,n—1, Bg(x) = 2" 2b9(z), and, for a > 0,
-0

all b; (0) # 0, while b , ,(z) = b,_;_1(z,0). As the zero approximation to

the function v(x,e) we take the solution vy(x) of equation (3) (vy(0) # 0),

continuous together with its derivatives up to a certain order; its existence will

be established with the aid of the following facts. The indicial equation for

equation (3) has the form:

-0
pllo=1)p =2 (o —n+ 1)+ (p— 1)(p—2) = (p =+ 25,1 (0) +
0 )
~+ (p—1)by (0) + by (0)] = 0. (5)
Theorem 2. If the coefficients of the equation
n—1

zw™ + Z a;(z)w? =0, (6)
=0
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a;(z) € C’égj)l), i=0,1,...,n—1; a,_1(0) > 0, then a fundamental system of
solutions of equation (6) admits the representation: w,(x) = zPip,;(x), where
p; =dfori=0,1,....,n—2; p,_ ; =n—1—a, (0) are the roots of the indicial
equation; ¢, (x) € Cég7$n7i>; v;(0) # 0, if p,,_; is not equal to an integer.

Corollary. A fundamental system of solutions of equation (3), for noninteger
a,_1(0), admits the representation v;(x) = 2”:p,(x), where p, are the roots of
the indicial equation (5).

The function vy(x) = §,(z) (p, = 0) is the zero approximation to the function
v(x,e).

A solution of equation (4) is the function 7y(t) = ¢,/(1 +¢)* "1, As a result,
we obtain the zero approximation to the boundary-layer-type function v.(x):

V(@) = vo ()0 () = vgo (1),

with whose aid we satisfy the last of the initial conditions (1”) by the term of
lowest order in ¢, i.e.

d" 1, (t) V() d™'Ty(t) n—
V() dzn 1 |, T on 1 gyn1 o = —w™1(0).
=0 t=0

Hence we find the constant ¢, = "~ '¢,, where ¢, is independent of . Thus,
finally,

veo(x) = " 1egug(@) /(1 + x/e)

and the zero approxi-

--to the solution y_(z) of problem (1), (1’) has the form y_q(x) = wy(z) + v ().
It can be shown, using the representation (*), that L_y_o(x) = h(z)+O(e7"*?),
while the residuals in the initial conditions have the form yga)(O) = O(en 1),
k=0,1,...,n—2, yig_l)(()) = O(e). To obtain the subsequent approximations
we seek the functions

n+m—1
we(x)= Y ew(x)+OE"™),
=0
n+m—1 ntm—1
v(z,e) = Z el (x) + O(e"t™), u(t,e) = Z et (t) + O(ent™)
i=0 =0

and in the usual way obtain equations for determining wy(x), v, (z), v,(¢):
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Lowy(@) = —wly (@), Myvp = =3 3 bl LoBilt) = =3 iyt

k=1,....n+m—1,

where b; (z) and a’_, are the coefficients of the expansions of the corresponding
coefficients in the operators (¢ + )" 2M_ and L.
We find the functions w;(x), v,(t), and v;(x) respectively under the initial con-

ditions*:

1) wgr)(o):(), r=0,...,n—101—2, 1=0,....,n—2;

-1 k
r ntk—Il— l+r—n—k+1 n+k—Il—1
w(0) = = ST Cprtt Ny )y (),
k=0 =0

n—l-1<r<n-2, 1<Ii<n+m—1; |w§n71>(x)\ <M, 1=0,1,..,n+m—1;

7

l k
2) w" O+ e S Py o) =0, 0< i< ntm—1;
k=0 =0

3) v(0)=1,

and the v;(x) have the necessary number of continuous derivatives.

Here
Vi)=Y e (1 +4)/(1+ )0,
k=0

ie., v;(t) = e" V() (the ¢, do not depend on €). As a result we can formulate
the following theorem.

Theorem 3. If in equation (1)

anfl(x) c C((m+7z)(n—1)+1+n)(0’ a),
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a;(x) € CUmn=bin)(( q)  §=0,1,...,n—2, a, ;(0)>0, h(x)cC™(0,a),

then the solution of problem (1), (1”) for sufficiently small € > 0 can be repre-
sented in the form

n+m—1

ye(x) = Z Ek [’U}k(l') + ka(x;t)} + Zs(x) = yg,nerfl(x) + Za(x>’
k=0

where

Loy pim 1 (@) = h(2)+0(™ ), gl L 1(0) = O(E™™), i=0,1,..,n—1,

where wy(z) € C?"*™=F=1)(0, a); the derivatives of order n — 1 of

are boundary-layer-type functions of power order in a neighborhood of the point
2 = 0 and uniformly tend to zero as € — 0 on any interval [aq,a] (0 < a; < a);
the remainder term z_(x) and all its derivatives up to order n—1, as e — 0, are
O(€m+1).

2. Consider the following boundary-value problem:

Ly =(E+2)y" +a(2)y + ag(x)y = h(z), (7)

Y.(0) =y, Y. (1) = 1, (7)

where a4(0) > 1, ag(x) < 0. Denote a,(z) = 1+ k(x), kg = k(0) > 0. For £ = 0,
equation (7) takes the form

Lyw = zw” + (1 + k(z))w’ + ag(z)w = h(x). (8)

Problem (8), (7’) has no solution, but for equation (8) there is a unique solution
to the problem in the following formulation:

lwo(x)| <M, 0<z< wo(rg) =4, 0<xp <L (8)

* Terms with negative upper indices are replaced by zeros.
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Using the representation (*) for n = 2, we obtain the equation for v(z,e) and
u(t,e):

M, v = (e42)v"+(1+k(x)—2k(—e) )v'+ (ao(x) + k(_€>(kif)€_ k<$))> v =0;

9)

Lov=(1+t)0 + k(—e)v =0.

1) In the case of nonintegral k,, as in the Cauchy problem, we find v, (z)
and Uy (t) = ¢/ (1 + )% (vy(0) =1, Ty(0) = yo — w,(0)) and set y.o(x) =
wo(x) + vo ()0 (t)-

Having found w, (z), v, (z), and 9, (t) = (¢; +cIn(1+t))/(1+t)*0, and subjecting
v1(t) to the condition v;(0) = —w;(0) — v,(0), we observe that discrepancies
of a new kind appear: y_(1) = y; + ¢o(e)e¥o + ¢, (e)eFot Ine; therefore it
is necessary to introduce into the expansions of the functions w_(x) and v_(x)
terms with g0 +J In” e, and to expand the functions ¢, (g) in powers of €.

2) In the case of integral k, the first iterative process is carried out as in the
nonintegral case, since the proof of Theorem 1 for n = 2 remains valid also
for integral k, > 0; only the expansion is conducted in powers of eIn"e. It
can be proved that equation (9) has two linearly independent solutions of
the form vy (x,¢) = (x + )" ®w(z, ) and

vy(x,€) = z(x,€) + vl(x,e)/ ( dt

t+ 6)](:(*5)7]604'1 )
0

where w(—e,e) # 0, z(—e,e) #0 (0 < e < gy). For z(z,¢e) there arises a differ-
ential equation of second order, and z(z, €) is sought in the form of a polynomial

ko—1

in powers of eln"e. Up to powers ¢ , we shall take as approximations of a

boundary-layer function

! w)ko~1 duy
v.(x) = 2(z, €)i(t,€) + w(x, ) /0 W

the corresponding approximations for the product z(z,e) - v(t,e). With the
appearance in this product of the power e*0~1, it is also necessary to take the
integral term into account. Thus, in cases 1) and 2) we arrive at the theorem:

Theorem 4. If the coefficients of equation (7) satisfy k£(0) > 0, ay(x) < 0, and
a) for nonintegral k, = k(0): k(z) € C2(0,1); ay(x), h(z) € C(0,1);
b) for integral ky: k(x) € C?™*+3)(0,1); ay(x), h(z) € CP™+2)(0,1),
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then the solution of equation (7) under conditions (7’), for sufficiently small &,
is representable in the form

l,m,p

y(x) = > ot e [whi(x) + uk (w3 t)] + 2. ()
i,7,k=0

in the case of nonintegral k;, and in the form

m,l .
y.(z) = Z e’ e [wy;(x) + ug(w; )] + 2. ()
4,7=0

in the case of integral k,, where the functions w?j(x) € Cm=i+2)(0,1), w;;(w) €
Cm=i+2)(0,1); ufj (z;t) and u;;(7;t) are boundary-layer functions of power type
in a neighborhood of the point z = 0, and the remainder term z_(z), together
with its derivative, has the following order in e: z.(x) = O(e™), zl(z) =
O(em™1).

In conclusion I express my deep gratitude to Prof. M. I. Vishik, under whose
guidance the present work was carried out.

Moscow Power Engineering Institute

Received
4 VII 1962
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