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TINUOUS COEFFICIENTS

(Presented by Academician S. L. Sobolev on 20 VII 1962)

1°. Recently, in a number of works (1=, boundary-value problems for elliptic
equations of the 2nd order with discontinuous coeflicients have been studied by
various methods.

In (19 the authors considered boundary-value problems and eigenvalue prob-
lems for elliptic equations of the 2nd order with discontinuous coefficients by
functional methods connected with the use of inequalities of Garding type.

In the present note the solvability, in the generalized and ordinary sense, of
general boundary-value problems for elliptic equations of arbitrary order with
discontinuous coefficients is proved; the boundary conditions and conjugation
conditions on the surfaces of discontinuity are given by general differential op-
erators*.

In works (11-16) boundary-value problems for equations with continuous coef-
ficients were investigated with the aid of energy inequalities with a boundary
norm.

In the present note, problems for equations with discontinuous coeflicients are
studied with the aid of inequalities of this kind, proved by the authors (7). Here
the well-known functional method is used. The notation in this note is the same
as in (17,

2°. Let G be a bounded domain of n-dimensional Euclidean space E, with
boundary I'; G, a subdomain of G with boundary 7, having no points in common
with T; G, = G\ G;**. Introduce the direct sum of Sobolev spaces

W5(Gy) + W5(Gy) = Wi(G) = W5 (1> 0 integer);

every function u € W can be represented in the form u(x

e | ) = uy () + uy(),
where u,;(z) = u(x), v € G;; u;(z) =0, z € G\ G, (i = 1,2);

if1>0, €,
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then u,;(z) denotes the limiting value of u(z) from the side of G,.

Consider the elliptic differential operator A with discontinuous complex coeffi-

cients
Alu)(z), z € Gy,
O 0
(A%u)(z), z € Gy,
where
A= 3" al(x)D", z€G, (i=1,2);
[u|<2m
10
= . N DH = D'u'1 ...Dﬁ"- D - .
1% <lu’1? 7/’(’77,)7 1 ; k Zax

AT is an operator of type (1), formally adjoint to A.

(10)

* In the authors’ note 'Y, not only differential operators were allowed as bound-

ary operators.
** All results are also valid for a partition of G into a finite number of domains.

We also introduce boundary operators (on I') and conjugation operators (on
7):

Bj= Y bj,(x)D" (2)

(2217273; kZl?"'7ri;

Y — 1,02 j
=Ty =2m, rg=m; my=mi=my; mj<2m—1),

where the complex functions b}:w(:n) (i = 1,2) are defined on ~, and biu () on

I'. The system of boundary operators B} is called normal (%) if all of them
are of different orders and I' is not characteristic for any one of them. The
normality of systems of conjugation operators is defined analogously.

Let W3™(gr) denote the subspace of functions u € W2™ for which

[Bra) = Biuy — Bjuy | =0 (k=1,...,2m),

B, |,=0 (j=1,...m). (3)
By W™ (gr)* we denote the subspace of all such v € W2™ that the equality
(Au,v)y = (u, ATv), holds for all u € W3™(gr) if and only if v € W3™ (gr) ™.

Using integration by parts one can show that, if the operator is ellip-
tic, the systems of boundary operators and conjugation operators (2)
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“w
b3, (x) € crax{2m=mi=Lmi}T) and T and + are of class C2™, then Wi (gr)*
is determined by conditions analogous to (3), and the systems of the
corresponding conjugate operators B} are also normal.

are normal, ' (z) € CWH(G,), b}iw(x) € omax{Zmomi—lmid(h) (j = 1,2),

The following lemma plays an essential role below.

Lemma 1. The normal operators (2) cover * the operator A if and only if the
conjugate operators B}l (i =1,2,3) cover AT.

The proof of this lemma is rather cumbersome; for our case it is obtained by

developing the algebraic apparatus applied in (1418).
3°. Consider the boundary-value problem
Au=f,  ue Wi (gr) (4)
and the conjugate problem
Atv =g, v e Wi (gr)t. (5)

A function u € L, will be called a weak solution of problem (4) if (u, Atv), =
(f,v)g, v € Wi (gr)*. The weak solution of problem (5) is defined analogously.

From the results of (") and Lemma 1 it follows that, if the normal operators
(2) cover A, aL(x) € CH(@)), bli“(ac) € C?m=mi(y) (or ') (i = 1,2,3), bffu(x) €
C2m=mi (4) (or T), and ' and v are of class C?™, then there exist—

x The definition of covering for the case of discontinuous coefficients is given in
(17) (Definition 2).

there exists a constant ¢ > 0 such that

e Huldy, < Blu,u) + Jull < clul3,, — uweWs™ (6)
cHol3, < B (v,0) + I < clvl3,,  veWF™ (7
Here
2m m
B(’U,, U) = (Au7 AU)O + Z<[Bku]v [Bk’UDQm—mk—l + Z<B§u7 B?U>2m—m§?—1;
k=1 j=1

B*(u,v) is defined analogously.
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Denote by N (N*) the subspace of solutions in W3™ of problem (4) with f =0
(respectively, of problem (5) with g = 0). From inequalities (6), (7) it follows
easily that N and N* are finite-dimensional.

For the positive space H, = W2™ and the null space H, = L,, construct the
space with negative norm H_ = W, 2™ (10).

Theorem 1. Suppose the operators A?, B,iC are such that inequality (7) holds.
If f e Wy2™ (f,N*), =0, then there exists a weak solution u € L., of problem
(4).

Theorem 2. Suppose, in addition to the conditions of Theorem 1, f € W3,
v and T are of class C*™*5, a! (z) € Crmamaxiluls} (G, b};u(:v) € C?mrs=l(y)
(or T) (i = 1,2,3). Then the weak solution u found in Theorem 1 belongs to
ng“ and, consequently, is a solution in the ordinary sense.

Theorem 1 is proved with the aid of Riesz’ s theorem on the representation of
a linear functional in a Hilbert space.

Theorem 2 is proved by a method analogous to that used in (10:14:19:20),

From Theorems 1 and 2 one can derive that if the smoothness conditions of
Theorem 2 are satisfied, then for f € W3 every weak solution u of problem (4)
belongs to W3™ s,

49 In this subsection the smoothness requirements will be the same as in
Theorem 2. Then N C WZ™*. Denote by M?™*5(gr) the set of elements
u € W2 (gr) D W™ for which (u, N), = 0. Analogously, denote by M?*
the set of those f € W3 for which (f,N), = 0. In a similar way one defines
]\4*27ﬂ+s(gr)+7 M*$ in W;m(grﬁ, N*.

For the positive spaces W5* = M, W, 2™ = M*27"+5(gr)* and the null space
L,, construct the spaces with negative norm Wy, W}/=2m=s,

Theorem 3. Consider the mapping A : u — Au (u € M?*™(gr), s > 0) as an
operator acting in one of the following pairs of spaces:

]\42m-',-s(gr)%]\4*57 W2/—s_>W2//—2m—s.

Then for the first pair of spaces A, and for the second pair of spaces its closure
A, is a homeomorphism between the indicated spaces. An analogous assertion
holds for the operator A*.

5%, Consider the problem with nonhomogeneous boundary conditions and con-

jugation conditions:

Au=feWs, s =05

[Byul, = @y € C* "5 (y), k=1,..,2m; (8)
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B?u\F =1; € C2m=m;*ts(T), j=1,...,m.

If the systems of operators (2) are normal, and their coeflicients are sufficiently
smooth, then one can find a function u, € W3™"* such that Bk“oLY = ¢,

B;’uo|r = 1;; then for w = u — u, we shall have a problem with homogeneous

conditions on I' and v and with right-hand side f; = f — Aw; for this problem
everything stated above is valid.

The authors express their sincere gratitude to Yu. M. Berezanskii for posing
the question and for discussion of the results.
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