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plication

(Presented by Academician V. I. Smirnov on 4 I 1963)

1. In the works of Hecke (!) there are introduced the so-called characters of
absolute value

Aa) = afla] = e,

where a is an algebraic number. Hecke poses and solves the problem of the
asymptotic distribution of the prime numbers of quadratic fields in homothet-
ically expanding contours. Subsequently these investigations were continued
and asymptotic formulas with remainder terms were obtained in the works of
H. Rademacher (%) and 1. Kubilius (?). To solve these problems one considers
the Z-functions introduced by Hecke in (1).

Naturally there arises the question of the distribution of prime numbers of sev-
eral quadratic fields. Namely: let K, K,, ..., K, be r imaginary quadratic fields
(assumed, for simplicity, to be one-class fields); to the number a; = z;+iy; € K,
we shall associate the point of the plane 7; with coordinates (z;,y;). It is re-
quired to find the number of such systems (py,ps, ..., p,) of prime numbers of
the fields K, K,, ..., K, that

Nk /rP1 = Ng,/gP2 == Nk /b,

and the images pi,pPs,...,p, lie in homothetically expanding contours

D(lt),D(;),...,Dgf) (t is the coefficient of similarity). In the case of fields
with several classes, instead of prime numbers one must consider ideal prime
numbers (see Hecke (1)). This problem is connected with the question of the
analytic continuation of the scalar product of Hecke series:

2 (s ) S L

)

S
Ny, yroy=-=Ng /r0 (NKI/Ral)
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where the summation extends over all integers a; € Ky,...,«, € K,.. This
formulation of the problem is due to Yu. V. Linnik.

In the present note this question is considered for two quadratic fields K; =
R(vV—1) and K, = R(v/=3) (R is the field of rational numbers). The consider-
ation of any other pair of imaginary one-class quadratic fields is analogous. We
state the main results.

Theorem 1. The number of pairs of prime numbers (p,q) (p € R(vV—1); q €
R(v/—3)) in the domain

p Sargp < @, Py <argq < &y, Ng,/rP = Ni,)r0 < X,

is equal to

6 X du
_ _ 5. —c1Vlog X
(Wg)/z gy (P2~ B1) + 0 (XeevioeX)

Theorem 2. Let D, : r; = fi(¢;) and Dy : 15 = f5(¢5) be two smooth closed
contours in the planes T} = {(z,v)}, Ty, = {(2,t)} ((r;, ¢;) are polar coordinates

on T; and T,). Let C’;t) and C’éw be contours similar to C; and C, (the center
of similarity is the origin, the coefficient of similarity is t); Qgt) and Qg> are the
domains bounded by Cit) and Cét). Then the number of pairs of prime numbers

(b.9) (p € R(V=1): q € R(V=3)) such that p € Q). q € Q). Ny, np =
Nk, r9, 1s equal to

6 27 27 ) t2 t2
(ﬁ) </o /o min{f7(¢,), f3(p2)} dioy d%) log? +0 <log2t> .

The main step in the proof of these theorems is the following lemma, which
apparently is also of some independent interest.

Lemma 1. Put f(z) = 23 + 23 — 23 — 323; the number of integral points on
the surface f(x) = 0 in the region xy,xq, 25,24 = 0; tgp < x9/x; < tg(p +
Ay); tgP < x4/25 < tg(@ + Ay); 22 4+ 23 < X, under the condition A; >
X200 A, > X1/250 s equal to

6
Ngi(l,QDQ(AlaAz) =CXA A, (ﬁ) +0 (X1*1/500) 7

where

X—o0
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and N (X) is the number of points on the surface f(z) = 0 in the region #3 +x3 <
X, oy, 29, 25,2, >0, 0< xy/15 <3

In § 2 we shall show how, from Lemma 1, by means of analytic continuation of
the scalar product of Hecke series, the theorems can be proved, and in § 3 we
shall outline the plan of the proof of Lemma 1.

2. Let « € K; = R(V-1); 8 € K, = R(vV—3). We call characters the

functions
o} . 8 )
by a) - ezarca7 M(ﬁ _ ~ _ ezarcﬁ,
@) =1a] =18
and let
)\4n(a) Mﬁm(ﬂ)
Z(s, A1) = —————~— and Z(s,u™) = —_—
ek, (NKI/Ra>S 3;;2 (NK2/R(5>)S

(the summation is over the integers @ € K, f € K,, lying in the regions
0 <arca < 7/2, 0 <arcf < m/3). These functions were first introduced and
studied by Hecke in (1).

Consider the scalar product of Hecke series:

/\4n a 6m 6
Z(57A4na,u6m) = (]V( )Iua)gs) =
Ny, ra=Ng,/rB Ki/R

—1

1
| (1 _ A4n<p>u6m<q>>
2s
Ny, /rP=Ng,/r4 <NK1/Rq)

B H (1_;*5)

p#1 (mod 12)

(where the sum extends over all integers, and the product over all prime numbers
of the region 0 < arca < 7/2, 0 < arc 8 < 7/3, p is a rational prime number).
It follows directly from Lemma 1 that Z(s, \*", u%™) is a function analytic for
Res > 1/2—1/3000, nm # 0.

Indeed,

Ax = > A (a)ptm(B) =
Ny, /ra=Npg, pB<X

[%Xl/1500] [%Xl/lsoo]

1.3 —1/1500 13 —1/1500 _ _
_ E E e4nsz +6milX NkX71/1500’ 1~1/1500 (X 1/15007 X 1/1500)+
k=0 1=0
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— — ;v —1/1500
+0 (Z Nix-1/1500_1x-1/1500 (X 1/1500 x—1/1500) . ‘1 _ eiX (4n+6m)‘) —
kL

/2 e/
= / / Anip+6mi% 4, 4050 X +-0 (X1/500)+O (X1‘1/750X1/750‘1/1500) -0 (X1‘1/1500) )
0 0

Z(s 2u uﬁm) = M -
NK,/R*=NK,/R# (NI /R)%

< AX 1 1 B

7; ZAX (XQS(XH)?S)

G 2s - 1
=0 (Z AXX23+1> =0 (Z X25+1/1500> ’
X=1 X=1

where the last series converges absolutely for Res > 1/2 —1/3000. Similarly, it
is not difficult to prove the following lemma.

Lemma 2. In the domain 1/2 —1/3000 < Res < 2

| Z (s, N7, 1) < ep(1 + |n| + [m])* (1 + [¢]),
where ¢t = Im s.

Hence, as usual (see, for example, (?)), Lemma 3 is obtained.

Lemma 3. There exist constants cs,c3,c, > 1 such that Z(s, A*", u™) has no
zeros in the domain

1
 cylog(1+ [n] + [m|)log(1 + [t])’
B 1
cylog(1 + n| 4 |m|)(1 +c5)’

‘t| > C5v
Res >

It < c5

Now Theorem 1 is obtained with the aid of one lemma of I. M. Vinogradov in
the same way as Theorem 9 in paper (2). Theorem 2 is a simple consequence of
Theorem 1.

3. To prove Lemma 1 one applies the Hardy—Littlewood method and a gen-
eralization of I. M. Vinogradov’ s lemma on the expansion into a Fourier
series of smoothed characteristic functions of a set (Remark 9, Ch. III, §
4 of monograph (?)).
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First one obtains the asymptotic formula

—vg(x)+2mi( A T+ Ao Ta+ Az T3+ A Ty)

e
f(x)=0
1
1 1 firicexp (*%(Li?g Lﬂ”))
=K=-| — dt | +
v\2mi ) t(4—1t)

1 —3/4+11n/2+¢
10 (() ) |
14

where
\/A§+A§+A§+A§ <2 250 b0,
1, g=41 (mod 12),
21 S X12(9) (g
k=223 LDAD @ =1, g= 5 (mod 12)
=1 0, (¢,12) #1;

©(q) is the Euler function; f(z) = 2% + 23 — 23 — 323, g(x) = 2% + 2% + 23 + 3x3.

The plan for deriving this formula is the same as the plan for the proof of
Theorem 1, § 3, Ch. III of monograph (3). Hence Lemma 1 is obtained by
a method similar to the proof of Theorem 3, § 4, Ch. III of the monograph
mentioned above.

In conclusion I express my gratitude to Yu. V. Linnik and A. V. Malyshev for
a number of useful remarks made in the course of solving this problem.

Received2 I 1963
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