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Abstract
Full Text
MATHEMATICS

A. I. LOGUNOV

ON THE QUESTION OF INTEGRAL IN-
EQUALITIES FOR VOLTERRA-TYPE EQUA-
TIONS WITH DELAYED ARGUMENT
(Presented by Academician L. S. Pontryagin, 14 XII 1962)

In the present paper we consider some properties of solutions of integral equa-
tions with delayed argument

𝑥(𝑡) = ∫
𝑡

𝑎
𝐹(𝑡, 𝑠, 𝑥(𝑠 − 𝑔1(𝑠)), … , 𝑥(𝑠 − 𝑔𝑛(𝑠))) 𝑑𝑠 + 𝑓(𝑡), (1)

where:

A. 𝐹(𝑡, 𝑠, 𝑥1, … , 𝑥𝑛) is continuous in the domain 𝑎 ⩽ 𝑠 ⩽ 𝑡 < 𝑏, |𝑥𝑘| < 𝐶
(𝑘 = 1, 2, … , 𝑛), and

𝐹(𝑡, 𝑠, 𝑥(2)
1 , … , 𝑥(2)

𝑛 ) ⩾ 𝐹(𝑡, 𝑠, 𝑥(1)
1 , … , 𝑥(1)

𝑛 ),

if 𝑥(2)
1 ⩾ 𝑥(1)

1 , … , 𝑥(2)
𝑛 ⩾ 𝑥(1)

𝑛 ; |𝑥(𝑖)
𝑘 | < 𝐶 (𝑖 = 1, 2; 𝑘 = 1, 2, … , 𝑛);

𝐹(𝑡, 𝑠, 𝑥1, … , 𝑥𝑛) ≡ 0 for 𝑠 > 𝑡.
B. Continuous delays 𝑔𝑘(𝑡) ⩾ 0 (𝑘 = 1, 2, … , 𝑛) are defined for 𝑡 ∈ [𝑎, 𝑏). The
functions 𝑔𝑘(𝑡) (𝑘 = 1, 2, … , 𝑛) determine the initial set 𝐸0, consisting of the
point 𝑎 and of the values of the difference 𝑡 − 𝑔𝑘(𝑡) ⩽ 𝑎 for 𝑎 ⩽ 𝑡 < 𝑏 and
𝑘 = 1, 2, … , 𝑛.

C. The function 𝑓(𝑡) is continuous for 𝑡 ∈ [𝑎, 𝑏) ∪ 𝐸0 and |𝑓(𝑡)| < 𝐶 for 𝑡 ∈ 𝐸0.

Let us note that, by property A, the function 𝑓(𝑡) determines the solution of
equation (1) on the initial set. Such equations arise in the study of problems of
pulse engineering (see, for example, (1)).

1. We first consider the linear equation

𝑥(𝑡) = ∫
𝑡

𝑎

𝑛
∑
𝑚=1

𝐾𝑚(𝑡, 𝑠) 𝑥(𝑠 − 𝑔𝑚(𝑠)) 𝑑𝑠 + 𝑓(𝑡). (2)
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By the classical method of successive approximations (see, for example, (2,3))
one can easily prove that equation (2) has a unique continuous solution. This
solution is determined by the formula

𝑥(𝑡) = ∫
𝑡

𝑎

𝑛
∑
𝑚=1

𝑅𝑚(𝑡, 𝑠) 𝑓(𝑠 − 𝑔𝑚(𝑠)) 𝑑𝑠 + 𝑓(𝑡),

where 𝑅𝑚(𝑡, 𝑠) (𝑚 = 1, 2, … , 𝑛) are the resolvent kernels of equation (2), deter-
mined by means of a series composed of iterated kernels

𝑅𝑚(𝑡, 𝑠) =
∞

∑
𝑘=1

𝐾(𝑘)
𝑚 (𝑡, 𝑠) (𝑚 = 1, 2, … , 𝑛),

where 𝐾(1)
𝑚 (𝑡, 𝑠) = 𝐾𝑚(𝑡, 𝑠) (𝑚 = 1, 2, … , 𝑛), and each of the subsequent kernels

is determined by the recurrence relation

𝐾(𝑘)
𝑚 (𝑡, 𝑠) = ∫

𝑡

𝑠

𝑛
∑
𝑖=1

𝐾𝑖(𝑡, 𝑧) 𝐾(𝑘−1)
𝑚 (𝑧 − 𝑔𝑖(𝑧), 𝑠) 𝑑𝑧.

The resolvent kernels satisfy the integral equations

𝑅𝑚(𝑡, 𝑠) = 𝐾𝑚(𝑡, 𝑠) + ∫
𝑡

𝑠

𝑛
∑
𝑖=1

𝐾𝑖(𝑡, 𝑧)𝑅𝑚(𝑧 − 𝑔𝑖(𝑧), 𝑠) 𝑑𝑧 =

= 𝐾𝑚(𝑡, 𝑠) + ∫
𝑡

𝑠

𝑛
∑
𝑖=1

𝑅𝑖(𝑡, 𝑧)𝐾𝑚(𝑧 − 𝑔𝑖(𝑧), 𝑠) 𝑑𝑧 (𝑚 = 1, 2, … , 𝑛).

Of great interest for the equations under consideration are theorems on integral
inequalities (see, for example, (4–6)). We present several theorems of this type.

Theorem 1. Suppose that for equation (2) and the equation

𝑦(𝑡) = ∫
𝑡

𝑎

𝑛
∑
𝑚=1

𝐺𝑚(𝑡, 𝑠)𝑦(𝑠 − ℎ𝑚(𝑠)) 𝑑𝑠 + 𝜑(𝑡) (3)

the following conditions are satisfied:

1) 𝐺𝑚(𝑡, 𝑠) ≥ 𝐾𝑚(𝑡, 𝑠) ≥ 0; 𝐾𝑚(𝑡 − ℎ𝑚(𝑡), 𝑠) ≥ 𝐾𝑚(𝑡 − 𝑔𝑚(𝑡), 𝑠)

(𝑚 = 1, 2, … , 𝑛);
2) 𝜑(𝑡) ≥ 𝑓(𝑡) ≥ 0; 𝑓(𝑡 − ℎ𝑚(𝑡)) ≥ 𝑓(𝑡 − 𝑔𝑚(𝑡)) (𝑚 = 1, 2, … , 𝑛).
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Then 𝑦(𝑡) ≥ 𝑥(𝑡), where 𝑦(𝑡) and 𝑥(𝑡) are the solutions of equations (3) and (2),
respectively.

From this theorem, as a special case, follows the theorem on integral inequalities
for linear Volterra integral equations of the second kind.

2. We formulate a comparison theorem for the solutions of equation (1) and
the equation

𝑦(𝑡) = ∫
𝑡

𝑎
𝐺(𝑡, 𝑠, 𝑦(𝑠 − ℎ1(𝑠)), … , 𝑦(𝑠 − ℎ𝑛(𝑠))) 𝑑𝑠 + 𝑎(𝑡) (4)

under the assumption that the solutions 𝑦(𝑡) and 𝑥(𝑡) of equations (4) and (1)
exist and are unique for 𝑡 ∈ [𝑎, 𝑏) ∪ 𝐸0.

Theorem 2. Suppose the following conditions are satisfied:

1) ∫
𝑡−ℎ𝑘(𝑡)

𝑡0

𝐺(𝑡 − ℎ𝑘(𝑡), 𝑠, 𝑥(𝑠 − 𝑔1(𝑠)), … , 𝑥(𝑠 − 𝑔𝑛(𝑠))) 𝑑𝑠

− ∫
𝑡−𝑔𝑘(𝑡)

𝑡0

𝐹(𝑡 − 𝑔𝑘(𝑡), 𝑠, 𝑥(𝑠 − 𝑔1(𝑠)), … , 𝑥(𝑠 − 𝑔𝑛(𝑠))) 𝑑𝑠

+ [𝜑(𝑡 − ℎ𝑘(𝑡)) − 𝑓(𝑡 − 𝑔𝑘(𝑡))] ≥ 0

for all continuous 𝑥(𝑡) such that |𝑥(𝑡)| < 𝐶, 𝑡0 ∈ [𝑎, 𝑏), 𝑘 = 1, 2, … , 𝑛.
2) 𝐺(𝑡, 𝑠, 𝑥(𝑠−𝑔1(𝑠)), … , 𝑥(𝑠−𝑔𝑛(𝑠))) ≥ 𝐹(𝑡, 𝑠, 𝑥(𝑠−𝑔1(𝑠)), … , 𝑥(𝑠−𝑔𝑛(𝑠)))

for all continuous 𝑥(𝑡) such that |𝑥(𝑡)| < 𝐶.

3) 𝜑(𝑡) ≥ 𝑓(𝑡).
Then, for 𝑡 ∈ [𝑎, 𝑏) ∪ 𝐸0, the inequality 𝑦(𝑡) ≥ 𝑥(𝑡) holds, where 𝑦(𝑡) and 𝑥(𝑡)
are the solutions of equations (4) and (1), respectively.

Proof. Let the solution of the integral equation (1) exist and be unique for
𝑡 ∈ [𝑎, 𝑏) ∪ 𝐸0. If the function 𝑧(𝑡) (|𝑧(𝑡)| < 𝐶 for 𝑡 ∈ [𝑎, 𝑏) ∪ 𝐸0) satisfies the
integral inequality

𝑧(𝑡) ≥ ∫
𝑡

𝑎
𝐹(𝑡, 𝑠, 𝑧(𝑠 − 𝑔1(𝑠)), … , 𝑧(𝑠 − 𝑔𝑛(𝑠))) 𝑑𝑠 + 𝑓(𝑡),

then for 𝑡 ∈ [𝑎, 𝑏)∪𝐸0 the inequality 𝑧(𝑡) ≥ 𝑥(𝑡) holds, where 𝑥(𝑡) is the solution
of equation (1).

As is known (see, for example, (5, 7–11)), comparison theorems make it possible
to obtain nonlocal existence theorems, and theorems on uniqueness, stability,
and the asymptotic behavior of solutions. As an example, let us consider the
following uniqueness theorems.
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For equation (1), denote by 𝑃 the set of values 𝑡∗ on the interval 𝑎 ⩽ 𝑡 < 𝑏 for
which the inequality 𝑡 − 𝑔𝑘(𝑡) ⩽ 𝑡∗ holds for 𝑡 ∈ [𝑡∗, 𝑡∗ + 𝜀), where 𝜀 > 0 and
𝑘 = 1, 2, … , 𝑛.

Theorem 3. Suppose that, for each point 𝑡0 ∈ 𝑃 , in the domain 𝑡0 ⩽ 𝑠 ⩽ 𝑡 ⩽
𝑡0 + 𝜀, where 𝜀 > 0, the following conditions are satisfied:

1) 𝐹(𝑡, 𝑠, 𝑥1, … , 𝑥𝑛), for arbitrary continuous 𝑥(2)(𝑡) and 𝑥(1)(𝑡) (|𝑥(2)(𝑡)| <
𝐶; |𝑥(1)(𝑡)| < 𝐶), satisfies the inequality

∣𝐹 (𝑡, 𝑠, 𝑥(2)(𝑠 − 𝑔1(𝑠)), … , 𝑥(2)(𝑠 − 𝑔𝑛(𝑠)))
− 𝐹(𝑡, 𝑠, 𝑥(1)(𝑠 − 𝑔1(𝑠)), … , 𝑥(1)(𝑠 − 𝑔𝑛(𝑠)))∣

⩽ 𝐺(𝑡, 𝑠, |𝑥(2)(𝑠 − 𝑔1(𝑠)) − 𝑥(1)(𝑠 − 𝑔1(𝑠))|, …
… , |𝑥(2)(𝑠 − 𝑔𝑛(𝑠)) − 𝑥(1)(𝑠 − 𝑔𝑛(𝑠))|).

2) The equation

𝑦(𝑡) = ∫
𝑡

𝑡0

𝐺(𝑡, 𝑠, 𝑦(𝑠 − 𝑔1(𝑠)), … , 𝑦(𝑠 − 𝑔𝑛(𝑠))) 𝑑𝑠

has the unique nonnegative solution 𝑦(𝑡) ≡ 0.

Then the solution of equation (1) is unique.

This theorem shows that the classical scheme presented above for investigating
questions in the qualitative theory of nonstationary problems is also applicable
to equations with delay. Using this scheme, we give the following assertion,
analogous to the theorem of A. D. Myshkis (12).

Theorem 4. Suppose that, for each point 𝑡0 ∈ 𝑃 , in the domain 𝑡0 ⩽ 𝑠 ⩽ 𝑡 ⩽
𝑡0 + 𝜀, where 𝜀 > 0, the following conditions are satisfied:

1) There exist constant numbers 𝑏𝑖 > 0, 𝛼𝑖 > 1 such that

𝑔𝑖(𝑡) ⩾ (𝑡 − 𝑡0) − 𝑏𝑖(𝑡 − 𝑡0)𝛼𝑖

for all 𝑖 = 1, 2, … , 𝑛.

2) 𝐹(𝑡, 𝑠, 𝑥1, … , 𝑥𝑛), for arbitrary 𝑥(2)
𝑖 and 𝑥(1)

𝑖 , where |𝑥(2)
𝑖 | < 𝐶; |𝑥(1)

𝑖 | <
𝐶; 𝑖 = 1, 2, … , 𝑛, satisfies the inequality

∣𝐹 (𝑡, 𝑠, 𝑥(2)
1 , … , 𝑥(2)

𝑛 ) − 𝐹(𝑡, 𝑠, 𝑥(1)
1 , … , 𝑥(1)

𝑛 )∣ ⩽ 𝐾
𝑛

∑
𝑖=1

|𝑥(2)
𝑖 − 𝑥(1)

𝑖 | 1
𝛼𝑖 .

Then the solution of equation (1) is unique.

Received
14 XII 1962
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