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Abstract

Full Text
MATHEMATICS
A. 1. LOGUNOV

ON THE QUESTION OF INTEGRAL IN-
EQUALITIES FOR VOLTERRA-TYPE EQUA-
TIONS WITH DELAYED ARGUMENT

(Presented by Academician L. S. Pontryagin, 14 XII 1962)

In the present paper we consider some properties of solutions of integral equa-
tions with delayed argument

o(6) = [ Fltss, s = g,(5). e s = 9,(5))) ds + ) 1)

where:

A. F(t,s,zq,...,z,) is continuous in the domain a < s < t < b, |z,] < C

(k=1,2,...,n), and
F(t,s,:c(f),...,a:ﬁ?) = F(t,s,aj(ll),...,xsll)),

it ol > 2V el el BV <o (i=1,2 k=1,2,...,n);
F(t,s,zq,...,x,) =0 for s > t.

B. Continuous delays g, (t) > 0 (k = 1,2,...,n) are defined for ¢t € [a,b). The
functions g, (¢t) (kK = 1,2,...,n) determine the initial set E,, consisting of the
point a and of the values of the difference ¢t — g, (t) < a for a < t < b and
k=1,2,...,n.

C. The function f(t) is continuous for ¢ € [a,b) U E; and |f(¢)| < C for t € E,.

Let us note that, by property A, the function f(¢) determines the solution of
equation (1) on the initial set. Such equations arise in the study of problems of
pulse engineering (see, for example, (1)).

1. We first consider the linear equation

o0 = [ 3 Koultss)als = g, (o) ds + 1) @)
a m=1
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By the classical method of successive approximations (see, for example, (>?))
one can easily prove that equation (2) has a unique continuous solution. This
solution is determined by the formula

o0 = [ 3 Bolt) (s = (o)) ds + £10),

where R, (t,s) (m =1,2,...,n) are the resolvent kernels of equation (2), deter-
mined by means of a series composed of iterated kernels

Ry(t,s) =Y KiW(ts) (m=1,2.,n)
k=1

where K,(,?(t, s)=K,,(t,s) (m=1,2,...,n), and each of the subsequent kernels
is determined by the recurrence relation

t n
Kgf)(t,s) = / ZKi(t,z) Kﬁff*”(z—gi(z),s) dz.
s =1

The resolvent kernels satisfy the integral equations

Ron(t5) = Kp(t9)+ [ DKt 2Ry (2 = 0i(2),)d2 =

t n
=K, (t,s) +/ Y Ryt 2)K, (2 —g,(2),5)dz (m=1,2,..,n).
s =1
Of great interest for the equations under consideration are theorems on integral

inequalities (see, for example, (4-6)). We present several theorems of this type.

Theorem 1. Suppose that for equation (2) and the equation

y(t) = / S Gt (s — () ds + (1) 3)

the following conditions are satisfied:

1) Gt s) 2 K (t,8) 2 05 Koy (= hyp(E),8) 2 K (8= g, (), 8)

(m=1,2,...,n);
2) () = f(t) 2 0 f(t—hy ()= f(t—gp(H) (m=1,2,..,n).
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Then y(t) > xz(t), where y(t) and z(t) are the solutions of equations (3) and (2),
respectively.

From this theorem, as a special case, follows the theorem on integral inequalities
for linear Volterra integral equations of the second kind.

2. We formulate a comparison theorem for the solutions of equation (1) and
the equation

y(t) = / G(t,s,y(s =y (s)), - y(s = hy(s))) ds + a(t) (4)

under the assumption that the solutions y(t) and z(t) of equations (4) and (1)
exist and are unique for ¢ € [a,b) U E,.

Theorem 2. Suppose the following conditions are satisfied:

t—hy,(t)
1) / G(t —hy(t),s,2(s — g1(5)), .., (s — g, (5))) ds

0

+ [p(t = hy () — f(E = g,(1))] 2 0
for all continuous z(t) such that |x(¢)| < C, t, € [a,b), k=1,2,...,n.

2) G(ta S, m(3_91<8)>7 737(8_971(5))) > F(tv S, .’13(8—91(3)), ) x(s—gn(s)))
for all continuous x(¢) such that |z(t)| < C.
3) w(t) = ().
Then, for t € [a,b) U E,, the inequality y(t) > x(t) holds, where y(t) and x(¢)

are the solutions of equations (4) and (1), respectively.

Proof. Let the solution of the integral equation (1) exist and be unique for
t € [a,b) U E,. If the function z(t) (|2(t)] < C for t € [a,b) U E,) satisfies the
integral inequality

2() > / Ft, 5,25 — g1())s s 2(5 — go(s))) ds + (1),

then for ¢ € [a,b)UE, the inequality z(¢) > x(t) holds, where x(t) is the solution
of equation (1).

As is known (see, for example, (5, 7-11)), comparison theorems make it possible
to obtain nonlocal existence theorems, and theorems on uniqueness, stability,
and the asymptotic behavior of solutions. As an example, let us consider the
following uniqueness theorems.
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For equation (1), denote by P the set of values t* on the interval a < ¢ < b for
which the inequality ¢t — g, (t) < ¢* holds for ¢t € [t*,t* + ¢), where ¢ > 0 and
k=1,2,...,n.

Theorem 3. Suppose that, for each point t, € P, in the domain t; < s <1t <
ty + ¢, where ¢ > 0, the following conditions are satisfied:

1) F(t,s,xq,...,x,), for arbitrary continuous = (t) and 2™ (t) (|z@(t)| <
C; |z (t)| < C), satisfies the inequality
|E(t, 5,23 (s — g1 (), e, 2P (5 = g, (5)))
— F(t, 5,2 (s — g,(5)), ..., aM (s — g, (5)))]
<G(tys, [2?(s = g1(s)) =2V (s = gy ()], ...
oy |23 (s = g (5) — 2 (s — g, (5))]).

2) The equation

y(t) = / Gt 5,y(s — g1())s - y(s — gn(s))) ds

has the unique nonnegative solution y(t) = 0.
Then the solution of equation (1) is unique.

This theorem shows that the classical scheme presented above for investigating
questions in the qualitative theory of nonstationary problems is also applicable
to equations with delay. Using this scheme, we give the following assertion,
analogous to the theorem of A. D. Myshkis (12).

Theorem 4. Suppose that, for each point t, € P, in the domain ty < s <t <
to + €, where € > 0, the following conditions are satisfied:

1) There exist constant numbers b; > 0, «; > 1 such that
9:(t) > (t —1tg) = b;(t —1o)™
foralli=1,2,...,n.

2) F(t,s,2q,...,2,), for arbitrary x52> and xil), where |m§2)| < C; |x§1)\ <

C; i=1,2,...,n, satisfies the inequality

1
L

‘F(t, s,x(12), ,xﬁ?) — F(t, s,xgl), ,x;”)] < KZ |x§2) — M

Then the solution of equation (1) is unique.

Received
14 XII 1962

sovietrxiv.org/items/ru-196301.57263 Machine Translation


https://sovietrxiv.org/items/ru-196301.57263

CITED LITERATURE

1.

2.

10.

11.

12.

D. A. Morgugin, Impulse Devices with Delayed Feedback, Moscow, 1961.

F. Tricomi, Integral Equations, Moscow, 1960.

. V. I. Smirnov, A Course of Higher Mathematics, 4, Moscow, 1957.
. N. V. Azbelev, Z. B. Tsalyuk, Mathematical Collection, 56, 3, 325 (1962).

. M. A. Krasnosel’ skii, Ya. D. Mamedov, Scientific Reports of Higher

School, Physico-Mathematical Sciences, No. 2, 32 (1959).

. A. Ya. Lutsis, Scientific Notes of the Latvian State University, 6, issue 1,

51 (1952).

. Z. B. Tsalyuk, DAN, 134, No. 1, 52 (1960).
. A. 1. Perov, Dissertation, Voronezh State University, 1959.

. A. V. Kibenko, M. A. Krasnosel’ skii, Ya. D. Mamedov, Scientific Notes

of Azerbaijan University, Physico-Mathematical Sciences, No. 3, 13 (1961).
C. Corduneanu, An. Sti. Univ. Iasi, sec. 1 (N. S.), 6, No. 1, 47 (1960).

F. R. Gantmakher, Applied Mathematics and Mechanics, 25, issue 3, 591
(1961).

A. D. Myshkis, UMN, 4, issue 5, 99 (1949).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.57263 Machine Translation


https://sovietrxiv.org/items/ru-196301.57263

	Abstract
	Full Text
	ON THE QUESTION OF INTEGRAL INEQUALITIES FOR VOLTERRA-TYPE EQUATIONS WITH DELAYED ARGUMENT
	CITED LITERATURE


