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GEOPHYSICS
M. I. Yudin, I. L. Vulis

APPLICATION OF STATISTICAL METH-
ODS TO THE STUDY OF THE FINITE-
DIFFERENCE STRUCTURE OF THE BAL-
ANCE EQUATION
(Presented by Academician A. A. Dorodnitsyn on 18 VI 1963)

Let us consider the errors of a difference approximation of the balance equation

𝑙∇2𝜓 + 2 [𝜕2𝜓
𝜕𝑥2

𝜕2𝜓
𝜕𝑦2 − ( 𝜕2𝜓

𝜕𝑥 𝜕𝑦 )
2
] + 𝜕𝜓

𝜕𝑥
𝜕𝑙
𝜕𝑥 + 𝜕𝜓

𝜕𝑦
𝜕𝑙
𝜕𝑦 = ∇2Φ. (1)

Here 𝑙 is twice the vertical component of the angular velocity of the Earth’s
rotation, 𝜓 is the stream function, Φ is the geopotential, 𝑥, 𝑦 are horizontal
coordinates, and ∇2 is the two-dimensional Laplace operator in the plane 𝑥, 𝑦.
Equation (1) is widely used in the practice of numerical weather prediction
(2,3 ), for computing the wind field from the geopotential field. In doing so, one
passes from differential operators to grid operators. On the basis of forecast-
ing experience, the grid step ℎ in most cases varies from 250 to 400 km, and
reducing it, given the existing density of the aerological network and the accu-
racy of the initial data, seems inexpedient. Therefore, when choosing optimal
methods of grid approximation, it is meaningless to be guided by methods of
error estimation associated with expansion in powers of the small parameter
ℎ. It is more rational to rely on information about the statistical structure of
meteorological fields (5,6 ). Indeed, in problems of numerical weather prediction,
where the same equations are integrated many times in order to find solutions
under different initial conditions, it is entirely natural to regard the initial data
as random fields possessing certain statistical regularities.

Let the differential equation under consideration have the form

ℒ𝑓 = 0, (2)
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Fig. 1

Figure 1: Fig. 1

where ℒ is a differential operator.

For a given step and grid shape there remains the freedom to choose the angle
𝜗 between the coordinate axes and the axes determining the arrangement of the
grid points (see Fig. 1); denote the corresponding finite-difference operator by
ℒℎ,𝜗. Then the grid equation corresponding to (2) may be written as

ℒℎ𝜗𝑓 = 𝜀, (3)

where 𝜀 is the error of the difference approximation.

Fig. 1

The quantity 𝜀 can be determined at each grid point and is a random function
of the coordinates, while the individual values of the function refer to different
moments of time.

In order to be able to apply the theory of random fields in the investigation,
let us randomize the position of the origin of coordinates. Then, far from the
boundaries of the region, 𝜀 may be regarded as a statistically homogeneous field
in the space of Cartesian coordinates 𝑥, 𝑦. Since the correlation function of the
error field 𝜀 decreases rapidly with the distance between points*, then, for an
approximate probabilistic estimate of the approximation error, the properties
of the function may be extended to the infinite plane. Now let us carry out the
spectral expansion of the error 𝜀 (see, for example, (9)):

𝜀(𝑥, 𝑦) = ∫
∞

−∞
∫ 𝑒𝑖k⋅r 𝑑𝑍𝜀(𝑘1, 𝑘2). (4)

* Cf. also Table 1, showing that the spectral density of the error in the wave-
length interval 𝜆 ⩾ 8ℎ (ℎ is the grid step) becomes very small.

In the expression of the Fourier—Stieltjes integral (4), k⋅r is the scalar product of
the wave vector k(𝑘1, 𝑘2) and the radius vector of the point r(𝑥, 𝑦); 𝑑𝑍𝜉(𝑘1, 𝑘2)
are increments of the random function 𝑍𝜉(𝑘1, 𝑘2).
Let us represent the solution of equation (1) in the form of the sum of the stream
function of the basic motion (westward transport with some stationary velocity
𝑈(𝑦)) and a deviation 𝜓′. We regard the latter as a homogeneous random
function with mean value equal to zero, and represent it in the form of a Fourier
—Stieltjes integral. We represent Φ′ analogously. Then we obtain:
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𝜓 = − ∫ 𝑈(𝑦) 𝑑𝑦 + ∫
∞

−∞
∫ 𝑒𝑖k⋅r 𝑑𝑍𝜓(𝑘1, 𝑘2),

Φ = −𝑙 ∫ 𝑈(𝑦) 𝑑𝑦 + ∫
∞

−∞
∫ 𝑒𝑖k⋅r 𝑑𝑍Φ(𝑘1, 𝑘2).

(5)

In formulas (5) it is not indicated that the functions 𝜓 and Φ depend paramet-
rically on time 𝑡 and on pressure 𝑝.
When replacing derivatives at the grid point 𝑂 by finite differences, we use the
8 nearest grid points shown in Fig. 1.

Varying the angle 𝜗, we shall try to make the mathematical expectation of the
error ̄𝜀, hereafter called the systematic error, equal to zero. We then vary the
expression for the difference Laplace operator Δℎ in order to reduce the error
variance 𝜀2.

To investigate the systematic error arising in passing to the difference form of
equation (1), it is sufficient to consider the nonlinear terms of the equation.
Indeed, under the condition 𝜓′(𝑥, 𝑦) = 0, for any linear grid operator we have:

ℒℎ,0𝜓′(𝑥, 𝑦) = 0.

The spectral expansion of the nonlinear terms of the differential balance equation
is given in (8). Using it, it is not difficult to obtain an expression for the
systematic error of the corresponding difference expression. For the case 𝜗 = 0,
when the second differences 𝛿2𝜓/𝛿𝑥2 and 𝛿2𝜓/𝛿𝑦2 are expressed through the
values of the function at the points 0, 1, 3, 2, 4, and the difference 𝛿2𝜓/𝛿𝑥 𝛿𝑦
through the values of the function at the points 5, 6, 7, 8, the systematic error
takes the form

̄𝜀 = 1
ℎ4 ∫

∞

−∞
∫ {sin2 𝜇1ℎ sin2 𝜇2ℎ − 16 sin2 𝜇1ℎ

2 ⋅ sin2 𝜇2ℎ
2 } 𝑑𝑍𝜓(𝜇1, 𝜇2) 𝑑𝑍∗

𝜓(𝜇1, 𝜇2).

Let us next consider the case 𝜗 = 𝜋/4, when the difference approximation for
the nonlinear term is determined by the formula:

𝛿2𝜓
𝛿𝑥2

𝛿2𝜓
𝛿𝑦2 − ( 𝛿2𝜓

𝛿𝑥 𝛿𝑦 )
2

=

= 1
4ℎ4 {(𝜓5 + 𝜓7 − 2𝜓0)(𝜓6 + 𝜓8 − 2𝜑0) − (𝜓1 − 𝜓2 + 𝜓3 − 𝜓4)2} . (6)

In this case the quantity ̄𝜀 vanishes identically, which settles the question of the
choice of the direction of the coordinate axes*.
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Since the differential Laplace operator is invariant with respect to rotation of
the coordinate axes, the question of choosing its finite-difference approximation
is not completely solved by choosing the angle 𝜗 of rotation of the grid axes
at the first stage of the investigation. We leave aside here the question of the
difference approximation of the terms 𝜕𝜓

𝜕𝑥
𝜕𝑙
𝜕𝑥 and 𝜕𝜓

𝜕𝑦
𝜕𝑙
𝜕𝑦 as less essential.

When the 9 points indicated above are used, the expression of the operator Δℎ

* The advantages of a grid rotated by 𝜋/4 for calculating nonlinear terms were first indicated by B. Bolin (10), who proceeded from other considerations.

taking into account the symmetry properties has the form (1):

Δℎ𝜓 = 𝛼
2ℎ2 (𝜓5 + 𝜓6 + 𝜓7 + 𝜓8 − 4𝜓0) + (1 − 𝛼)

ℎ2 (𝜓1 + 𝜓2 + 𝜓3 + 𝜓4 − 4𝜓0). (7)

Here 𝛼 is a certain constant that we may choose in order to reduce the variance
of the error.

Using the representation of the functions 𝜑 and Φ in the form (5), we obtain
the spectral form of the differential balance equation:

(𝑘2
1 + 𝑘2

2) [ 𝑙 𝑑𝑍𝜓(𝑘1, 𝑘2) − 𝑑𝑍Φ(𝑘1, 𝑘2) ] =

= ∫
∞

−∞
∫(𝜇1𝑘2 − 𝜇2𝑘1)2 𝑑𝑍𝜓(𝜇1, 𝜇2) 𝑑𝑍∗

𝜓(𝜇1 − 𝑘1; 𝜇2 − 𝑘2). (8)

The spectral form of the corresponding grid equation has the form:

4
ℎ2 (sin2 𝑎1 + 𝑎2

2 + sin2 𝑎1 − 𝑎2
2 − 2𝛼 sin2 𝑎1 + 𝑎2

2 ⋅ sin2 𝑎1 − 𝑎2
2 ) ×

×[ 𝑙 𝑑𝑍𝜓(𝑘1, 𝑘2) − 𝑑𝑍Φ(𝑘1, 𝑘2) ] = 4
ℎ4 ∫

∞

−∞
∫[sin 𝑏1 sin(𝑏2 − 𝑎2)−

− sin 𝑏2 sin(𝑏1 − 𝑎1)]2 𝑑𝑍𝜓(𝜇1, 𝜇2) 𝑑𝑍∗
𝜓(𝜇1 − 𝑘1; 𝜇2 − 𝑘2) + 𝜀(𝑘1, 𝑘2), (9)

where 𝜀 is the error of the difference approximation; 𝑎1, 𝑎2, 𝑏1, 𝑏2 are dimension-
less variables: 𝑎1 = 𝑘1ℎ

√
2/2; 𝑎2 = 𝑘2ℎ

√
2/2; 𝑏1 = 𝜇1ℎ

√
2/2; 𝑏2 = 𝜇2ℎ

√
2/2.

Using formulas (8) and (9) and the expression for the spectral density of the
product of two random functions (8), we obtain the expression for the spectral
density of the error
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𝑆𝜀(𝑘1, 𝑘2) = 32
ℎ8 ∫

∞

−∞
∫ {

2 (sin2 𝑎1+𝑎2
2 + sin2 𝑎1−𝑎2

2 − 2𝛼 sin2 𝑎1+𝑎2
2 sin2 𝑎1−𝑎2

2 ) (𝑏1𝑎2 − 𝑏2𝑎1)2

(𝑎2
1 + 𝑎2

2) −

−[sin 𝑏1 sin(𝑏2 − 𝑎2) − sin 𝑏2 sin(𝑏1 − 𝑎1)]2}2 ×

×𝑆𝜓(𝜇1, 𝜇2) 𝑆∗
𝜓(𝑘1 − 𝜇1; 𝑘2 − 𝜇2) 𝑑𝜇1𝑑𝜇2. (10)

In specific calculations it was assumed that the spectral density of the stream-
function field 𝑆𝜓 is proportional to the spectral density of the geopotential field,
estimated in (7):

𝑆𝜓(𝑘1, 𝑘2) = 3𝛽3
0𝐵𝜓(0)

2𝜋[𝛽2
0 + 𝑘2]5/2 , (11)

where 𝐵𝜓(0) and 𝛽0 are constant quantities, 𝛽0 = 10−6 m−1.

Formula (1) is based on a small amount of experimental material, but apparently
describes with sufficient accuracy the structure of the field in that interval of
wave-vector values outside which the integrand in the right-hand side of (10) is
relatively small.

The calculations of the spectral densities of the error were performed for the
following values of the wave vector: 𝑎1 = 𝜋/6, 𝑎2 = 0; 𝑎1 = 𝜋/3, 𝑎2 = 0;
𝑎1 = 2𝜋/3, 𝑎2 = 0; 𝑎1 = 𝜋/6

√
2, 𝑎2 = 𝜋/6

√
2; 𝑎1 = 𝜋/3

√
2, 𝑎2 = 𝜋/3

√
2;

𝑎1 = 2𝜋/3
√

2, 𝑎2 = 2𝜋/3
√

2.
The calculations were carried out on the Ural-1 computer. In computing the
double integrals, the integration domain was chosen on the basis of the require-
ment that the values of the integrands on the boundaries of the domain should
not exceed 1% of their maximum values.

For each region of the spectrum, the value of the parameter 𝛼 = 𝛼0 was esti-
mated at which the spectral density of the error in the given interval of wave-
vector values becomes minimal. These values, as well as the values of the spectral
density of the error for 𝛼 = 𝛼0, 0, and 1, are given-

Table 1

Values of the parameter 𝛼0 and of the spectral density of the errors
𝑆𝜀(𝑎, 0)/𝐵2

𝜓(0)𝛽6
0 and

𝑆𝜀 ( 𝑎√
2

, 𝑎√
2

) /𝐵2
𝜓(0)𝛽6

0
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𝑎 𝜆/ℎ 𝛼0

𝑆𝜀(𝑎, 0)/𝐵2
𝜓(0)𝛽6

0 ,
𝛼 = 𝛼0

𝑆𝜀(𝑎, 0)/𝐵2
𝜓(0)𝛽6

0 ,
𝛼 = 1

𝑆𝜀(𝑎, 0)/𝐵2
𝜓(0)𝛽6

0 ,
𝛼 = 0

𝑆𝜀 ( 𝑎√
2

, 𝑎√
2

)

𝛽2
𝜓(0)𝛽6

0

𝜋/6 8,4 1,77 0,0052 0,0061 0,0099 0,0123
𝜋/3 4,2 1,14 0,0782 0,0791 0,1375 0,0684
2𝜋/3 2,1 0,84 0,0160 0,0243 0,2574 0,0727

are given in Table 1. In the last column of the table are given the values of the
spectral densities of the error for 𝑎1 = 𝑎2, when the choice of the parameter
𝛼 becomes immaterial. It is seen that the errors increase as the wavelength
decreases. From a comparison of the second and fourth columns of Table 2 it
follows that replacing the optimal value of the parameter 𝛼 by unity increases
the error only insignificantly.

Table 2

Relative error of approximation of the grid balance equation

𝑎
√𝑆𝜀(𝑎, 0)

𝑆(3) ,
𝛼 = 𝛼0

√𝑆𝜀(𝑎, 0)
𝑆(3) ,
𝛼 = 1

√𝑆𝜀(𝑎, 0)
𝑆(3) ,
𝛼 = 0

√√√√
⎷

𝑆𝜀 ( 𝑎√
2

, 𝑎√
2

)

𝑆(3)(𝑎)
𝜋/6 0,12 0,13 0,17 0,19
𝜋/3 0,30 0,30 0,40 0,28
2𝜋/3 0,11 0,13 0,43 0,23

In view of the fact that the idea of the quasi-solenoidal approximation consists
in taking account of the nonlinear term discarded in the quasi-geostrophic ap-
proximation, it is natural to relate the calculated values of the spectral densities
of the error to the quantity 𝑆(3), the spectral density of the nonlinear terms in
the balance equation (8).
It follows from Table 2 that these ratios are not small, especially when the
parameter 𝛼 is equal to zero. These values somewhat exceed the relative error
at values of the wave numbers 𝑎1 = 𝑎2, so that refinement of the difference
scheme by varying the parameter 𝛼 appears expedient. It makes it possible to
use, to a greater extent, the advantages of the quasi-solenoidal forecast model
over the cruder quasi-geostrophic one, than has been done in the works of a
number of authors (10−12).
In conclusion we note that the proposed method may have a rather general
significance in the analysis of many natural processes for which the statistical
characteristics of the fields under study (structural or correlation functions) are
known and which are described by equations of mathematical physics.
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