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N. I. Shkil

ON THE ASYMPTOTIC SOLUTION OF A SYSTEM OF
LINEAR DIFFERENTIAL EQUATIONS CONTAINING
A PARAMETER

(Presented by Academician N. N. Bogolyubov on 10 I 1963)
MATHEMATICS

1. Numerous works have been devoted to the construction of the asymptotic
solution of systems of differential equations containing a parameter (1_7).
Fundamental results were obtained by N. N. Bogolyubov ().

Consider, in n-dimensional space, the system of differential equations*
dx )
YT A(1,e)x + eB(1,¢e)e®, (1)
where A(7,¢) is a real matrix of order n; B(T,¢) is an n-dimensional vector,
admitting formal expansions

A(r,e) =) e*A¥)(r),  B(r,e)=) eB¥(r), 0<7=et<L; (2)
s=0 s=0

€ is a small real parameter.

The asymptotic solution of system (1) is determined by the behavior of the roots
of the equation

det|[A© (1) — AE|| = 0, (3)

where E is the identity matrix.

In (?) a solution was obtained for the case of simple roots on the segment [0, L]
of equation (3). The case of multiple roots is partially considered in (3’4’7). The
asymptotic splitting of system (1) is given in (>°) for arbitrary behavior of the
roots of equation (3).

In the present article we consider the case when several multiple elementary
divisors correspond to a multiple root.
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2. Denote by A;(7), Ay(7), ..., A,(7) the roots of equation (3), having respec-
tively the constant multiplicities &y, ko, ..., k, (ky +ky + -+ k, =n), and
suppose that to the root A\;(7) (j = 1, ..., p) there correspond r; elementary

divisors

(A= A1) s (A= A(r)

Sq +t+s.. =k j=1,.. . Then one can indicate a nonsingular
( jl Jr; 7 ] ) 7p g
matrix T'(7) such that

Wi, (1) 0
T (m)AO()T(r) = W(r) = , (4)
0 W, ()

P

* Many differential equations are reducible to a system of the form (1), in par-
ticular differential equations with a small parameter at the highest derivatives.

where
Ws . (T) )\j<T> 1 0
W (1) = 0 - 0|, Sj"j( ) = 0 Aj?T) 1 0 . 0
Simj (7) 0 0 .. ()

T~1(7) is the matrix inverse to the matrix T'(7).

Suppose that the function iw(7) (w(t) = df/dt, i = /—1) at isolated points
of the segment [0, L] becomes equal to one of the roots of equation (3), for
example A\ (7), but iw(7) # A\, (1) (kK =2,...,p) for any 7 € [0, L]. This case is
customarily called “resonant.”

Theorem 1. If A(7,¢), B(T,¢), w(T) have derivatives of all orders with respect
to 7, and for all T € [0, L] the Vjn,-component of the vector

dTl/jnj,1+1 (T)

C(r)=T7*1) A(U(T)Tvmrﬁl(ﬂ — . , (6)

where T, +1(7) is the column of the matriz T (1) numbered Vin, 111 (anj =
'nr]'* J

ky+ o+ kg +s;+ 0+ Sjn,i My = Li,ry =1, , D), is not equal to
zero, then the asymptotic solution of system (1) in the “resonant” case can be
represented in the form
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"1
T = Z [Ulnl (T7M1n1)h1n1 + Pnl (T7M1n1)] 619+
ni=1

+Z Z Uknk T Mknk)hk:nk (7)

=2 ny=1
dhlnl .

P Ain, (7o b1y, ) —iw(T) By, + 2, (Toptyy, ), =100, (8)
LT h =1 . k=2 9
dt - knk(Tmu’knk) kny,» N =L,y T3 = 4,3 D,s ( )
where Uy, (T [hjn, ), Pp (T, p11,,,) are n-dimensional vectors; P, Zp (Tyb1p,)

are scalar functzons (n =1l..,r;5=1...p p), admitting formal expansions
U‘n T “Jn Z“J”; Jn Ajn, (T"“J'n = X(T) + Z“Jﬂ Jn ); (10)
n T Mlnl Zlu’lnlpéi) 7 Zn T, /u’lnl Zlulnlzn1 (11)
ujnj = Sj%a ’I’L] = 1a arj; .]: 17 ap' (12)

Substituting the vector x, determined by relations (7)—(9), into system (1) and,
in the identity obtained, equating the coefficients of the functions hjnj and the
free terms, we have

(A—)\jnjE) ’ EUJ’n ;o ny=1ry j=10,p% (13)
(A—iwE)P, =Uy, 2z, +e(P, —B), n;=1,..,r. (14)

* Here and below we omit the arguments of the quantities.

To determine the coefficients of the series (10), we shall use relation (13). Equat-
ing in it the coefficient of ugn', we have
J

(A<0>—/\jE)UZ.(2i =0, nm,=1,..,r;5j=1,..,p. (15)
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Introducing the vector

Q, =T, s=0.1.., (16)

)
an;

equation (15) may be put in the form

(W= NE)Qy =0, (17)

n

or, according to (4),

Wy —NEQY =0,  ny=1,.,r;rj=1.,p, (18)

jnjk,

where Qg?l) . is the vector with components
Jr
0 0 0 0
Qo k. = Hap s {0 Y v L 1), (19)

l,=k +-+k,; r=1,..,p.

From (18) we find

0 . )
Q;TL)J_,% =0, jFET dr=1,..,p; n;=1,..,r; (20)

For r = j, equation (18) is representable in the form

(0) —
<Wsjij - )‘jE)anjsjij =0, (21)
where
(0) _ (0) (0) (0)
anjsjij - <{anj}viﬂ-,1+1? {anj}vijj71+27 ceey {anj }Uijj>’ (22)

Uijj — kl _|_ . _|_ k]il + sjl + . + S

J;

Taking (5) into account, from (21) we find

0 0 . .
{qg‘n)j}viﬂ,lﬁ == {q;n)j}vijj =0, ni;=1,..,r;5 j=1..,p.  (23)
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The component {q;-?}vv ;.11 Is arbitrary. Put
ST

1. i .=n.

0 ) )

CTR T S e (24)
i 0, ij#n; ipn; =175 j=1,..,p.

To determine the vector Qﬁl)_ and the function )\5‘12', compare in (13) the coeffi-
J J

cients of u}nj Then, repeating the preceding arguments, we find:

37377

T,j = 177p,

1 1 1 1
o Yo 2= Ne A by, s = = (g hoy, =0 (20)

Jng— jnj—

The component {qﬁ),}vj +1 1s arbitrary. We put it equal to zero. Equating
g7 Ving—

Sjn,—1 .
now in relation (13) the coefficients successively of ,u?nj, ey ,uj; 7 and applying
J
the method of induction, we have

(Sjnj_l) o (1) \8jn,—1 (an,j) _
{an~ }v. - ()‘jn> - I {an }71~ - 07 0 S njnj S Sjnj -2

J ing f i in
(27)

Sjn;
Jn;

Then, equating in (13) the coefficients of u
find

and taking (27) into account, we

All subsequent coefficients of the series (10) are determined in the same way.

The vector P, (7, y,, ) and the function z, (7, u1,,) (ny =1,...,7) are deter-
mined from relation (14).

Applying the method set forth in (1), one can prove the following theorem.

Theorem 2. If the conditions of Theorem 1 are satisfied and
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Jn
x‘tzo = xm‘tzo; Re g ujnj ]n <0, nj=1,..,r; Jj=1..,p,

(29)

where x,, is the vector defined by relations (7)—(12); if the series are cut off
after the m-th terms, then for any L > 0 and 0 < Min, < ﬁjnj one can indicate

constants C,

o independent of the parameter M, s such that

p T
HiC — Ty Z Z :u’jn+2 o jnj’ (30)
j=1n,=1

Relation (30) proves the asymptotic character of the solution z,,
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Note: Figure translations are in progress. See original paper for figures.
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