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(Presented by Academician P. S. Novikov on March 8, 1963)

1. Let C be the space of all continuous 27-periodic, with respect to each of the
variables z and y, functions f(z,y), and let S,,,,(f; z,y) be the Fourier sum
of order (m,n) of the function f(z,y) € C. It is well known that, among
all trigonometric polynomials T, (x,y) of order not exceeding (m,n),
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the least value of the integral
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is delivered by S,,,,(f;z,v).

Let a system of equidistant points (z;,y,) be given, where z;, = 2ir/M, i =
1,2,...,M;y; =2jr/N,j=1,2,..,N; M and N are arbitrary natural numbers
greater than 2m + 1 and 2n + 1, respectively.

It is easy to verify that, among all trigonometric polynomials T, (x,y) of order
not exceeding (m, n), the least value of the sum
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is delivered by the polynomial with coefficients
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(b=0,1,2,....m; v=0,1,2,...,n).

We shall call this polynomial the polynomial of best (quadratic) approximation
for the function f(z,y) in the system of points (z;,y;), where z; = 2mi/M,
i=1,2,...,M;y; =2mj/N, j=1,2,...,N, and shall denote it by

TN (f; 2, y).

Substituting the values of the coefficients «,,, 3 4,,, we obtain for the

polynomial TMN( £,z y) the expression
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where

is the Dirichlet kernel.

If M =2m+1, N = 2n+ 1, then TMN(f;2,y) turns into the interpolating
trigonometric polynomial §mn( f;x,y) for the function f(z,y) with equidistant
interpolation nodes. If M = r(2m + 1), N = s(2n + 1), then in the limit as
r,$ — 0o we obtain the Fourier sum S,,,,(f;z,y).

2. Let H,, ,, denote the class of functions f (z,y) of period 27 with respect
to 2 and 1y, satisfying the condition

sovietrxiv.org/items/ru-196301.57090 Machine Translation


https://sovietrxiv.org/items/ru-196301.57090

|f(@1,91) = [(29, y2)| < wi (2 — 25) + wally; — 3al),

where w; (t) and w,(2) are convex moduli of continuity. By & {re) (z,y) we denote
the exact least upper bound of the deviations of the functions f(z,y) from the
Tr(2m+1)s(2n+1)

polynomials Ty, (f;x,y), extended over the entire class Hy, o.:

T,8 r(2m+1)s(2n+1
6&n><x,y>:ﬂs{up (2, y) — T ™ 5 (fr ).
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wi,wo

It is not difficult to verify that the upper bound 5%’;)(95, y) is an even function,
periodic with period A" = 27/r(2m + 1) with respect to x and with period
g'®) = 27/s(2n 4 1) with respect to y.

Theorem. For any integers r, s > 1 the following asymptotic equality holds
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where
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Passing to the limit as r, s — oo, from the theorem we obtain the result of P. T.
Bugaits (1):
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where

Pon, = O{(lnm—l—lnn) [W1<2m27_r|_ 1) "‘Wz(%)}}‘
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3. Let us also note the following. We shall regard TMN(f;x, y) as a linear
operator (for fixed z,y, a linear functional) in the space C, where the
norm of f(z,y) is taken to be sup,  |f(z,y)|. Denote by L,A,fflv the norm
of this operator. We have
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Here LMY (z,y) is a function periodic with period h = 27/M with respect to

x and with period g = 27/N with respect to y, and is even. We indicate an
expression for the norm of the operator LMY (z,y).

Let

M=2m+1+1+p, 0<p<2m+1; N=2n+1+¢q, 0<g<2n+1.

In this case
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If M >2(2m+1), N >2(2n+ 1), then

LMN (3, y) = = 3
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(0<z<ih, 0<y<ig),
where
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The corresponding equalities can be written for the cases when
2m+1<M<22m+1),N>22n+1)and 2n+1< N <2(2n+1),
M >2(2m+1).

It M=r2m+1), N=s(2n+1), where r, s are integers, then

Lr(2m+1)s(2n+1)(x y) = 4lnmlInn cos [2% — 2’”2+lx] cos |

mn
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2s 2 y] nm an
T2 rssin(w/2r) - sin(mw/2s) +O0(Inm)+O0(Inn),

whence, putting z = 0, y = 0 and passing to the limit as r, s — 0o, we obtain
the expression for the Lebesgue constant

16
Lo = gy Inmlnn+ O(lnm) + O(lnn).
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