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Abstract
Full Text

M. I. MATIICHUK

FUNDAMENTAL MATRICES OF SOLUTIONS OF
PARABOLIC AND ELLIPTIC SYSTEMS WITH CO-
EFFICIENTS SATISFYING AN INTEGRAL HOLDER
CONDITION

(Presented by Academician 1. N. Vekua, 14 XII 1962)

Fundamental matrices of solutions (f.m.s.) of parabolic and elliptic systems have
at present been constructed under the assumption that the coefficients of the
system satisfy the Hélder condition (172). In this note f.m.s. are constructed
under weaker restrictions on the coefficients of the system: it is assumed that
the coefficients of the system satisfy an integral Holder condition (the Dini
condition). In this case the f.m.s. of a parabolic system is defined as a matrix
Z(t,T,x,£), whose columns satisfy the system for ¢ > 7, x # £, analogously to
the way in which the fundamental solution was defined in (*). For systems of
second order more precise results are obtained.

1. Construction of fundamental matrices of solutions of
parabolic systems

Definition. We shall say that a function f(z,t), continuous in the domain
Q = Q X [ty, T], where Q is some domain in the space (zq,...,x,,), belongs to
the class H™ if its modulus of continuity with respect to x

w(h) = sup [f (@) = f(&,1)]

|z—&|<h, to<t<T

has the property

w(h) < [ nh).
k=1

where wy(h) are continuous nonincreasing nonnegative functions such that, for

some a, the integrals
/a wy (h) dh
b h

converge.
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Consider a system parabolic in the sense of I. G. Petrovskii,

% = Z Ay (z,t) DPu+ Z Ay (x,t)DFu = Py(z,t, D)yu+P,(z,t, D)u = Pu,
|k|=2b |k|<2b—1
(1)
where

DF = gFtthn Jgki g o QR
whose coefficients are defined in the strip II{t, <t < T, —o0 < z, < +00, § =
1,2,...,n}.
Theorem 1. If: a) the coefficients of system (1) are continuous and bounded
functions of x,¢ in II, and the continuity with respect to ¢ of the coefficients of
Py(z,t, D) is uniform in x; b) the coefficients of Py(x,t, D) belong to the class
H? with function

w(h) < wy(h)wsy(h) < ws(h)wy(h)wy(h),

and the coefficients of P,(x,t, D) belong to the class H? with function &(h)
(which, for simplicity, we take to coincide with w;(h)), then there exists an
fm.s. Z(t,7,x,€) of system (1), satisfying the estimates

(D™ Z(t, 7,2, €)| < Cppy (t=7) 72 { (£ — 1) 720 wp[(t — 1) ws (|2 — €]*) \$2— &7} exp{—cp}.

If, in addition to conditions a) and b), the following condition is satisfied: c)
the coefficients Py(x,t, D) belong to the class H* (ws(h) < ws(h)wg(h)), then

AW D™ Z(t, 7,2, )] < Gy ([B]) (¢ — 7)~(mba)/2s £ 7y=n/2b
tws(lz — €|z — &7 + &+ h — & w5 (| + h — €]*) }exp(—cp)  (3)

for |h| < a(t —7)'/?*, where |m| < 2b,

n
p= Z ‘xs - fs'q(t - T)_1/<2b_1)a
s=1

0<a<1/2b, ¢ =2b/(2b—1), A, f(z) = flz+h)— f(z), ¢,C,,,C,, are
positive constants, and a is an arbitrary positive number.

Proof. Let the system
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Ou/0t = P(z,t,D)u — Au (4)

have the fm.s. Z(t,7,x,€). Then Z(t,7,2,€) = Z(t,7,x,€) exp{A(t—7)} is the

~

f.m.s. of system (1). Thus it suffices to construct Z(t, 7, z,£). Denote the Green
matrix of the auxiliary system Ou/dt = Py(y,t, D)u — Au by G(t,7,2 — &£, y).
Following Levi, we shall seek A (t,7,2,€) in the form

~

t
Z(t7Tax?£):G(t’T7x_§a€)+/ dﬁ/G(taﬁ,x_yay)%0(657-7ya§)dy

EG(t,T,I—f,f)—|—W(t,7’,$,§>. (5)

Suppose that for the function ¢(t, 7, z,§) the estimates

ot 72, 8)] < C(t — 1) lwy[(t — 7)%[w — €| "wy (|o — &|*) exp{—cp},  (6)

Anp(t, 7,2, )] < Ot — ) eag[(t — 7)o (|B]) { (¢ — ) /204

wy(lz —&*)  ws(lr+h—=&*) | _.
o &n T jeth_gn } ’

+ (7)

hold for |h| < a(t — 7)Y/?*. These a priori assumptions are proved below. Then,
with the help of the arguments of (1¢) and of the easily proved inequality
|z =&

[ (lzf/” el ibely—€)
®)

(this inequality remains valid also for z = &), it is shown that the function
W(t,7,z,§), for t > 7, x #+ £, has all the derivatives entering system (1). In
order that g(t,r,x,f), as a function of x,¢ for t > 7, = # &, be a solution of
system (1), it is necessary that ¢(t, 7, x, ) satisfy the integral equation

ol =8)

Z=T

t
ot r2,€) = K(t,7,2,6) + / dp / K(t, 8,2, 9)0(B, 7,9, 6) dy,  (9)
where

K(t,7,2,&) = [Py(x,t,D) — Py(&,t, D)]G + P, (x,t,D)G.
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Thus,

trmfzi[( (t,7,2,8). (10)

m=1

By virtue of the hypotheses of the theorem, the estimates of the Green matrix (1),
and inequality (8), the following estimate of the iterated kernels is established:

K7, )] < G5 PN = 1) (6 = )l — €~y (f—
—el)exp {—ep— 56—}, (1)

where

Hence,

wol(t — 7)) we — &%) . m fm—
‘g@(t,’l’,l’,f)‘g Qt_TT 1|x_§|n PZC’ F 1

Choosing the arbitrarily taken constant A so large that
> Cr PN T) < o,

we obtain that, for |z — &| > 6, t — 7 > 0, where 0 is a sufficiently small
positive number, the series (10) converges uniformly and absolutely, and for its
sum the estimate (6) is valid. In establishing estimate (7) the following cases
are distinguished: 1) |z —¢| < 2[h|%, 2) |z —&| < 2|h]*, 0 < a < 1/2b; the
estimate of the Green matrix is also used. The proof of estimate (8) is based on
the method of (1), by means of which the Holder property of the fundamental
matrix of solutions was established for systems with Holder coefficients.

Remark. For systems of second order (b = 1) the estimate of the norms of the
repeated kernels can be carried out without using estimate (8), by means of the
convolution formula for the fundamental solution of the heat equation. This
makes it possible, under weaker restrictions on the function w(h), to construct
the fundamental matrix of solutions and to obtain for it the usual estimates

(1a).
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2. Construction of the fundamental matrix of solutions of an elliptic
system which is the right-hand side of a parabolic system in the sense
of I. G. Petrovskii. Consider the elliptic system

P(z,D)u = Py(z, D)u+ P, (xz, D)u = Z A (z)DFu+ Z Ay (z)DFu. (12)
k|=2b k|<2b-1

Theorem 2. If: 1) the coefficients of system (12) are defined, continuous, and
bounded in a domain Q sufficiently small in diameter; 2) the coefficients of
Py(z, D) belong to the class H?, and the coefficients of P,(xz, D) to the class H!,
then in every subdomain §)y strictly contained in ), there exists a fundamental
matriz of solutions of system (12) satisfying the estimates

C, n+|m| <2b—1,

1

Cmlx — E[7=ImF28 0 4 Im| > 20,
(13)
We give the scheme of proof of this theorem. Denote by Gy(t — 7,2 — &,y)
the Green matrix of the parabolic system du/dt = Py(y, D)u. The fundamental

matrix ¢, (x—¢&,y) of the elliptic system Py (y, D)u = 0 is defined by formula (31)
of paper (1*). Suppose a priori that the function f(z,&) satisfies the inequalities

[f(z, )| < Clo — & wy (e — &%), (14)

(15)

A, fz,€)| < Cw(|h]®) {WQ(|$ — &%) N wo(|lz + h — &%) } |

p—gn T lerh—gr

Applying to the function

t
[ ar [1Got =m0 = 0) = Pyt = =300 50 )y,
0 Q

x £ & x € Qy, the operator P — 9/9t and then passing to the limit as ¢ — oo,
taking account of (31) from (1?), we obtain the formula

P(%D)/Q%(w—y, y)f(y, &) dy =

=—ﬂ%®+/P@D%JM&mww%wwﬁm®®- (16)

Q
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Seeking the f.m.s. of system (12) in the form

P(2,6) = oz — £,6) + /Q ol — ,9) F(,€) dy, (17)

we arrive at an integral equation for determining f(x,¢):

fla,€) = K(x,6) + /Q K () (5.€) dy, (18)

whose kernel K(z,£) = [P(x, D) — Py (&, D)]pg(x — &, &), by virtue of the condi-
tions of the theorem and the estimates for p,(z — &, &) (1), for |z —¢&| < 1, has
the estimate

K (2,8)] < Cow(lz —yl)/|lz —y[™ (19)

With the aid of the inequality

[l —sloly e, el =80
3 |z —y|™ ly — ¢ |z — &
for equation (18) “in the small” the convergence of the method of successive
approximations is established, and then the a priori assumptions are proved.
The estimates (13) are established with the aid of (14), (15), (20) and the
integral Holder continuity of ¢, (x — &, y) with respect to the argument y.

3. The Cauchy problem. The constructed f.m.s. of the parabolic system (1)
makes it possible to consider the question of correctness classes for the Cauchy
problem in the spaces of rapidly increasing functions L, ;) y, introduced in
(1#). Consider the Cauchy problem for the nonhomogeneous system

Ou/ot = P(x,t,D)u+ f(z,t), uly_y, = (). (21)

Theorem 3. 1) If for the coefficients of system (1) conditions a) and b) are
fulfilled, then the uniqueness class of the solution of the Cauchy problem for
system (1) is the collection L;Q,Zg))w of functions u(x,t), whose derivatives with
respect to x up to order 2b inclusive for t > t, belong to the space L, 1)y and,
in each finite domain D, {|z| < a, to <t < 1y}, satisfy the integral Hélder
condition. 2) If f(x,t) in each domain

tg,a

belongs to the class H' and
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ty
@, = [ 10, ., dE < o0,

to

then

ule, t) = / 2t to, 2, €)p(€) dé + / Cdr / Z(tr O f (61 e (22)

is a solution of problem (21) in the strip (ty,t,], satisfying the estimate

ue. ), 0 < Ol oy + 1F@ D). (23)

3) If Hf(x,t)HMp < o0 and f(x,t) in D, , belongs to the class H?, then the
solution u(zx,t), defined by formula (22), belongs to the uniqueness class.

The proof of assertion 1) is analogous to that which is carried out for systems

with Holder coefficients in (4). Theorem 3 establishes the correct solvability of
(2b,w)

the Cauchy problem in the space prk(t),zv'

I express my sincere gratitude to S. D. Eidelman for posing the problems con-
sidered here and for his help in solving them.

Chernivtsi State University
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