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Abstract
Full Text
MATHEMATICS
O. M. FOMENKO

ON THE FOURIER COEFFICIENTS OF
POINCARÉ SERIES OF DIMENSION −2
(Presented by Academician I. M. Vinogradov on 4 VII 1963)

Let Γ(1), Γ(𝑁) be the well-known groups of integral unimodular matrices of the

second order (1), 𝐴 = (𝑎0 𝑎3
𝑎1 𝑎2

) ∈ Γ(1), 𝐼 = (1 0
0 1), 𝔖(𝐴) the system of

matrices 𝑀 = (𝑚0 𝑚3
𝑚1 𝑚2

) from the adjoining class 𝐴Γ(𝑁), for which the pairs

(𝑚1, 𝑚2) are all distinct; 𝜏 = 𝑥+𝑖𝑦 is a complex variable, 𝑦 > 0; 𝑙, 𝜈 are positive
integers; 𝑇 ≪ 𝑆, where 𝑆 > 0, is I. M. Vinogradov’s notation indicating that
|𝑇 | ≤ 𝑐𝑆; in our work the 𝑐’s are absolute constants; 𝜏(𝑙) is the number of
divisors of 𝑙;

𝑊𝑚1
(𝑙, 𝜈) = ∑

𝑗 (mod 𝑚1𝑁)
𝑗≡𝑎2( mod 𝑁), (𝑗,𝑚1)=1

exp (2𝜋𝑖 𝑗𝑙 + ℎ𝜈
𝑚1𝑁 )

is a Kloosterman sum, where ℎ𝑗 ≡ 1 + 𝑚1𝑎3 (mod 𝑚1𝑁), ℎ ≡ 𝑎0 (mod 𝑁).
This sum can easily be expressed in the form of the ordinary Kloosterman sum
𝑆(𝑢, 𝑣, 𝜆, Λ, 𝑞) (2), but precisely this form is convenient for us. 𝐽1(𝑥) is the
Bessel function of index 1. Let

𝑆(𝐴, 𝑁, 𝑙, 𝜈) = ∑
𝑚1≡𝑎1( mod 𝑁)

𝑚1≠0

𝑊𝑚1
(𝑙, 𝜈)

|𝑚1| 𝐽1 (4𝜋
√

𝑙√𝜈
𝑁|𝑚1|) . (1)

In the present note we estimate the sum 𝑆(𝐴, 𝑁, 𝑙, 𝜈) with respect to 𝑁, 𝜈, 𝑙.
The estimate obtained is of interest because it cannot be improved with respect
to 𝑙. This fact is connected with deep results of A. Weil and Eichler.

Theorem 1. Let ( 𝑙
(𝑙, 𝑁) , 𝑁) = 1. Then

𝑆(𝐴, 𝑁, 𝑙, 𝜈) ≪ 𝜏(𝑙)𝜈5/6𝑁7/4. (2)

If 𝐴 = 𝐼 , then one can obtain an unimprovable estimate also with respect to 𝜈.
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Theorem 2. Let ( 𝑙
(𝑙, 𝑁) , 𝑁) = ( 𝜈

(𝜈, 𝑁) , 𝑁) = 1. Then

𝑆(𝐼, 𝑁, 𝑙, 𝜈) ≪ 𝜏(𝑙)𝜏(𝜈)𝑁6.

The proofs of the theorems are based on a series of lemmas and some facts from
the theory of modular forms.

Let

𝐺−2(𝜏, 𝐴, 𝑁, 𝜈) = ∑
𝑀⊂𝔖(𝐴)

exp (2𝜋𝑖 𝑀𝜏
𝑁 𝜈)

(𝑚1𝜏 + 𝑚2)2

be a Poincaré series of dimension −2 (3). It is known (2) that 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)
is an entire parabolic form of dimension −2, belonging to the group Γ(𝑁), and
the following expansion into a Fourier series in a neighborhood is valid-

at the cusp at infinity (2
3):

𝐺−2(𝜏, 𝐴, 𝑁, 𝑣) =
∞

∑
𝑙=1

𝑎𝑙 exp (2𝜋𝑖 𝜏
𝑁 𝑙) ,

𝑎𝑙 = 𝛿𝑣
𝑙 + −2𝜋

𝑁√𝑣 𝑙1/2𝑆(𝐴, 𝑁, 𝑙, 𝑣), (3)

where 𝛿𝑣
𝑙 is the Kronecker symbol.

As is known (4), the space of integral parabolic forms 𝔖(𝑁) of type {Γ(𝑁), −2}
(we denote its dimension by 𝑔) is the direct sum of the subspaces 𝔖(𝑡, 𝜒, 𝑁),
consisting of integral parabolic forms of divisor 𝑡 and character 𝜒. On the
space 𝔖(𝑁) one introduces the Petersson inner product (𝑓, 𝑔) (5). Each of
the subspaces 𝔖(𝑡, 𝜒, 𝑁) has an orthogonal basis consisting of eigenfunctions
of all Hecke operators 𝑇𝑛, where (𝑛, 𝑁) = 1, acting on this subspace, and the
eigenfunctions from different bases are orthogonal (5). From the bases of the
subspaces 𝔖(𝑡, 𝜒, 𝑁) we form an orthogonal basis of the space 𝔖(𝑁). Let this
basis consist of the functions

𝑓𝑖(𝜏) =
∞

∑
𝑛=1

(𝑛,𝑁)=𝑡

𝜏𝑖(𝑛) exp (2𝜋𝑖 𝜏
𝑁 𝑛) (𝑖 = 1, 2, … , 𝑔). (4)

We may assume that 𝜏𝑖(𝑡) = 1. Then from the results of (6−9) it follows that

𝜏𝑖(𝑙) < 𝜏(𝑙)
√

𝑙, (5)
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where ( 𝑙
(𝑙, 𝑁) , 𝑁) = 1.

Lemma 1.

(𝑓𝑖(𝜏), 𝑓𝑖(𝜏)) > 1
4𝜋𝑒4𝜋 . (6)

The proof is analogous to the proof of Lemma 2 (10), taking into account that
as a fundamental domain 𝐷 of the group Γ(𝑁) one may choose a domain in the
𝜏 -plane containing the domain of the upper half-plane bounded by the straight
lines 𝑥 = 1, 𝑥 = (2𝑁 − 1)/2, 𝑦 = 1.

Lemma 2.

𝑎𝑙 ≪ 𝑙𝑣1/3

𝑁13/4 . (7)

The proof is trivial and uses the simplest properties of the function 𝐽1(𝑥) in the
following estimate, which follows from the results of Salié (11):

𝑊𝑚1
(𝑙, 𝑣) ≪ |𝑚1|3/4𝑣1/3.

Lemma 3. Let 𝐵 ∈ Γ(1). Then

𝐺−2(𝜏, 𝐴, 𝑁, 𝑣)/𝐵 = 𝐺−2(𝜏, 𝐴𝐵, 𝑁, 𝑣).

For the proof see (2).
Lemma 4.

(𝐺−2(𝜏, 𝐴, 𝑁, 𝑣), 𝐺−2(𝜏, 𝐴, 𝑁, 𝑣)) ≪ 𝑣1/3

𝑁2/3 . (8)

Proof. Let 𝐷1 be a region of width 𝑁 , obtained by shifting the fundamental
domain 𝐷0 of the group Γ(1) (one may assume that 𝐷0 consists of points 𝜏
satisfying |𝜏 | > 1, 𝑥 < 1/2 (!)) to the right by 1, 2, … , 𝑁 and taking the union
of the resulting regions; let 𝑃 be the part of the upper half-plane of the 𝜏 -plane
bounded by the straight lines 𝑥 = −1/2, 𝑥 = (2𝑁 − 1)/2, 𝑦 =

√
3/2. Clearly,

𝐷1 ⊂ 𝑃 . As was shown in (10), one can choose a system of matrices 𝜎(0)
𝑖 from

Γ(1), in number
𝑟 = 𝑁2 ∏

𝑝∣𝑁
(1 − 1

𝑝2 ) ,

such that
(𝐺−2(𝜏, 𝐴, 𝑁, 𝜈), 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)) =
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=
𝑟

∑
𝑖=1

∬
𝐷1

𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)/𝜎(0)
𝑖 ⋅ 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)/𝜎(0)

𝑖 𝑑𝑥 𝑑𝑦.

Replacing in each integral the region 𝐷1 by 𝑃 , and then applying Lemma 3, the
expansion (3), and termwise integration, we obtain

∬
𝐷1

𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)/𝜎(0)
𝑖 ⋅ 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)/𝜎(0)

𝑖 𝑑𝑥 𝑑𝑦 ≪

≪
∞

∑
𝑙=1

|𝑎𝑙|2 ∫
∞

√
3/2

exp (−4𝜋 𝑦
𝑁 𝑙) 𝑑𝑦.

Using (7) and carrying out elementary estimates, we obtain (8).

Proof of Theorem 1. Expand 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈) in the orthonormal basis (4):

𝐺−2(𝜏, 𝐴, 𝑁, 𝜈) =
𝑔

∑
𝑖=1

𝛼𝑖𝑓𝑖(𝜏); (9)

whence

𝑎𝑙 =
𝑔

∑
𝑖=1

𝛼𝑖𝜏𝑖(𝑙).

Clearly,

(𝐺−2(𝜏, 𝐴, 𝑁, 𝜈), 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)) =
𝑔

∑
𝑖=1

|𝛼𝑖|2(𝑓𝑖(𝜏), 𝑓𝑖(𝜏)).

It is known (1) that 𝑔 ≪ 𝑁3. Using (5) and (6), we easily derive

𝑎𝑙 ≪ 𝜏(𝑙)√ 𝑙𝑁3 (𝐺−2(𝜏, 𝐴, 𝑁, 𝜈), 𝐺−2(𝜏, 𝐴, 𝑁, 𝜈)) .

The assertion of the theorem now follows from (8).

The proof of Theorem 2 is carried out by means of formula (110) (2) and (5),
(6).
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Note: Figure translations are in progress. See original paper for figures.
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